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Abstract: We study the two-stage stochastic infinity norm optimization problem with
recourse based on the Jordan algebra. First, we explore and develop the Jordan algebra
structure of the infinity norm cone, and utilize it to compute the derivatives of the
barrier recourse functions. Then, we prove that the barrier recourse functions and the
composite barrier functions for this optimization problem are self-concordant families
with reference to barrier parameters. These findings are used to develop interior-point
algorithms based on primal decomposition for this class of stochastic programming
problems. Our complexity results for the short- and long-step algorithms show that
the dominant complexity terms are linear in the rank of the underlying cone. Despite
the asymmetry of the infinity norm cone, we also show that the obtained complexity
results match (in terms of rank) the best known results in the literature for other
well-studied stochastic symmetric cone programs. Finally, we demonstrate the efficiency
of the proposed algorithm by presenting some numerical experiments on both stochastic
uniform facility location problems and randomly-generated problems.

Keywords: Jordan algebras, Infinity norm optimization, Stochastic programming,
Interior-point methods, Polynomial-time complexity
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1. Introduction

The core aim of this paper is to study, based on a Jordan algebraic treatment, the
two-stage stochastic infinity norm programming (SINP for short) problem with K
scenarios:
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K
min ¢’z + Z %) () where 55 (x) £ min d(k)Ty(k)
k=1
st. Az =b, st. WRyR) =gk y 7Rg £ =1,2,... K,
n. k m —
x eI y®err k=1,2,... K
(1)

Here, Z™ is the nth-dimensional infinity norm cone of the first-stage decision variable
x € R”, and Z*" is the mth-dimensional infinity norm cone of the second-stage decision
variable y*) € R™ for k = 1,2,..., K. The function p*)(x) is called the recourse
function. We also assumed that A, W*) and d®), k = 1,2,..., K, have already
absorbed the scenario probabilities.
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Figure 1: Graphs of the infinity norm cone (in light red) and the second-order cone
(in light blue) in R3. The picture to the left shows the graphs of two-dimensional unit
spheres in infinity and 2-norms.
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Many authors studied deterministic conic optimization problems including those over
the infinity norm cone (see, for example, [12, 14, 15, 17-19, 22, 23]). Despite the
need for studying the optimization problems in stochastic environments, there are
no algorithmic methods to specifically solve infinity norm optimization problems in
the stochastic setting. Taking this literature gap into account, we study in this paper
two-stage stochastic optimization problems over the infinity norm cone (also called
the infinity-order cone), which is defined as

e {:1: 2 [xo} ERXR" 1:go> |:z:oo}, where ||&]oo £ max |z,
T 1<i<n—1

and £ £ (21,2,...,2,-1)7 € R"71. The dual cone of I" is the nth-dimensional
first-order cone, which is defined as

n—1
cp e {w s m ERXR™ g > ml}, where [zl = 3 [ail.
=1
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The cone C}' is a special case of the p-th order cone of order n, which is defined as

n—1 1/p
cr e {az 2 {9;0} ERXR" gy > ||5;||p}7 p>1, where ||&|p £ (Z |:cz-|1’> )

i=1

Note that when p = 2, C} reduces to the well-studied second-order cone C3. Like
any p-th order cone Cy, the infinity norm cone Z" is solid (i.e., its interior, int(Z"), is
nonempty), pointed (i.e., Z" N —Z" = {0}), closed convex cone in R™ (see Figure 1).
Unlike the second-order cone C¥, the infinity norm cone is non-self-dual and hence is
asymmetric.

Benders’ decomposition has long been employed in the development of solution
methodologies for both two-stage stochastic linear and nonlinear programs [1-3, 5, 6, 8—
10, 13, 16, 20, 24, 25]. The L-shaped method, for example, uses this strategy to
construct cuts by taking into account subgradients of the recourse function. Later on
in the last two decades, decomposition interior-point algorithms have been developed to
find solution methodologies for different classes of two-stage stochastic conic programs.
These algorithms can be summarized as follows. Zhao [24] derived logarithmic barrier
interior-point methods for solving two-satge stochastic linear programming using
Benders’ decomposition. Alzalg [1] (see also [2, 5, 9]) derived decomposition-based
interior-point methods for two-stage stochastic second-order cone programming by
generalizing the work of Zhao [24]. Mehrotra and Ozevin [20] (see also Ariyawansa
and Zhu [13]) generalized the work of Zhao [24] for two-stage stochastic semidefinite
programming. The work of Alzalg and Ariyawansa [8] generalizes the results in

[1, 20, 24] to derive logarithmic barrier decomposition-based interior-point algorithms
for stochastic programming on all symmetric cones. Finally, Chen and Mehrotra [16]
(see also Zhao [25]) derived a prototype interior-point algorithm for stochastic convex
programming.

To analyze the proposed algorithm, we develop a novel Jordan algebra associated
with the undelying cone and discuss its characteristics in great detail. We exploit
this algebra to derive a logarithmic barrier primal interior-point algorithm for the
two-stage stochastic infinity norm programming (SINP) problem via a utilization of
the work of Chen and Mehrotra [16] for stochastic convex programming. While the
explicit expressions for the derivatives of the barrier function in [16] are not available,
the merit of this work is sufficiently evinced by explicitly computing such derivatives.
These derivatives are used to prove the self-concordance properties (see Nesterov and
Nemirovskii [21]) of the barrier recourse function that guarantee nice performance
of Newton’s method used for the proposed algorithms. These findings are used to
develop short- and long-step interior-point decomposition algorithms for the two-stage
SINP problem.

We will see that, for a two-stage stochastic program with K number of realizations
over infinity norm cones with ranks O(n + K'm), the short-step algorithm restores the
proximity condition in one step, while the long-step algorithm may perform several
inner iterations. Let e be the desired accuracy of the final solution, we will also see that
we need at most O((n 4+ Km)'/?In(u°/€)) outer iterations in the short-step algorithm
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to follow the central path from a starting value of the barrier parameter u° to the
terminating value €, and we need at most O((n+ Km)In(u"/¢)) outer iterations in the
long-step algorithm for this recentering. We will see that the above complexity results
agree in terms of rank the best known results in the literature for two-stage stochastic
linear programming in [24], two-stage stochastic second-order cone programming in
[1], and two-stage stochastic semidefinite programming in [20]. This agreement is in
spite of the fact that the infinity norm cone is asymmetric.

The following is how the paper is structured. In Section 2, we study and establish
algebraic structure of the infinity norm cone. In Section 3, we introduce the barrier
function associated with the infinity norm cone, compute its derivatives, and prove
its self-concordance complexity. Section 4 is devoted to explicitly computing the
derivatives of the composite barrier function and establishing its self-concordance
analytical properties. In Section 5, we state path-following interior-point algorithms
for solving our problem and present their complexity results. We present numerical
experiments to show the efficiency of the proposed algorithms in Section 6. Sections
7 draws some closing conclusions. The proofs of the complexity results are given in
Appendix A.

2. The algebraic structure of the cone

In this section, we dive into the algebraic structure of the infinity norm cone. We will
see that the algebra that we construct and associate with this cone is a Jordan algebra.
To review some preliminaries of Jordan algebras, see [4, Section 2] and [11, Appendix
2.
Let « and y are vectors in R", we write

MECUPRSC

where “,” is used to adjoin vectors and matrices in a row, and “;” is used to adjoin
them in a column. For each vector & € R™ indexed from 0, we denote & the sub-vector
comprising entries 1 through n — 1; therefore = (z0;Z) € R x R* L.

By £™ we mean the nth-dimensional real vector space R x R"~1. We use I, to denote
the identity matrix of order n and I$" to denote a matrix of order n such that all its
entries are zeros except the (i,7)th-entry which is a one. By e,, = (1;0) we mean the
identity vector of E™, by u§f> we mean the vector in £" such that all its entries are
zeros except the ith-entry, which is a one for i = 1,2,...,n — 1, by O we mean the
zero matrix of appropriate size, and by 0 we mean the zero vector of appropriate

dimension.

We introduce the following matrices in R™*™:

1 T 1 T T
0 ' 0 1 o ; 1 0
L | n—-1 (i) o | n—1 i S (i) a ) o _
Jn = [ 0 In—1:| ydn ' = [ 0 I<z>1:| , Rn [0 —In—1:| , Ry, 0 _17?21 ,i=1,2,...,n—1.
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Note that I, = 2" J{ and R, = J, 37— RY.

i=1

For each & € £", we associate the vectors ‘", {2 ... ("1 where each vector
x') € £ is defined as
zo
IROWA 0 +— the zero vector in R*~1,
T o <— (i + 1)th-entry,
0 +— the zero vector in R~ 1,
fori=1,2,...,n — 1. Note that each vector x € £" can be uniquely written as

n—1

x=Jn Z PRI S J,@mmA
=1

=1

The spectral decomposition of each vector () € £ is defined as

(@ N N L
e y) [u, TRl 5) | ul )
N

At (2(1)) _— A~ (2(9) -
ct(x(i) c— ((®))

We call AT (z{?) and ¢F(x(?) the eigenvalues and eigenvectors of (¥, respectively.
The trace and determinant of &' are defined respectively as

trace (mw) 2\t (m@) + AT (mm) = 2x0, and det (wm) 2\t <$<i>) AT <zc<i>) =z} — 3.

Note that any € £™ can be decomposed as

et (@) e (@)
1A A
0 0
e At (e () . AT (2
_ [=o] _ / S 9 oG (L 0
r= [iz} =Jn z; (zo +:) 2) 1 + (2o — i) 2 -1 +— the (i + 1)th-entry.
1=
0
L O L 0]

This leads us to define the spectral decomposition of each vector x € £™ as

n—1
1 1 1 1
z=Ju Y | (@o+az)| 2 @ |+ @o—=)| - (i .
o\ 2 u,’ —_—— \ 2 —u,

/\?r(a:) —— ; () N————
c+(m) c; (x)
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We call \[ (z) and ¢ (z) the eigenvalues and eigenvectors of x, respectively. Note
that A7 () = AT (™) and that ¢f (x) = ¢F (™) for all i = 1,2,...,n — 1. We also
call rk(Z™) £ 2(n — 1) the rank of the cone Z".
The determinant and trace of  are defined as

n—1
det(x H A (= H det (az<i>> = (r% — x?) ,
i=1 i
and

—1
trace(x) £ Z A (z) = Z trace <z<i>> =2(n—1)zo
=1

The square of x € &" is defined as x* = J,Y 1, (i)
AT (2@)2et (20) + (A (2))2¢ (). Tt can be seen that

, where z(” £

(n— 1)1(2) +>0 11 12
2xor1
z?=J, 2z0%2 = Arw(z)z,

220Tn—1

where Arw(x) denotes the arrow-shaped matriz of x defined as

(n—=1zo 1 22 -+ Tp—1
x1 xg O - 0
Arw(z) £ J, T2 0 zo -+ 0
Tp—1 0o 0 O o

for any « € £™. Note that Arw(x) can be also redefined as

n—1 n—1 )
Arw(x) = Jn Z Arw(®) (z) = Z J:L”Arw (m<i>> ,
i=1 i=1

where
@7
o) TiW, " q
iuﬁzizl 350[7(:21

Arw{? () £ Arw <m<i>) _ [
X

fori=1,2,...,n—1.
Let & € £ be such that det(x) # 0. We define the inverse of & € £™ as

n—1
x 12, Z PARE (2)
i=1
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where
O R P Sy G0N W P oy S S S IS N S B0\
z /\+(m<i>)c (x ) + )\_(z<i>)c (a: ) det(x(?)) fxiugil det(m<i>)Rn T

We define the Jordan multiplication (1 : E™ x €™ — E™ as

n—1

z0Oy2J, Z Arw(® () ()
i=1

Z O Arw ( ) y(@

(n—1) zoyo + S0 @iy
oY1 + 1Yo
=Jn Toy2 + 290 = Arw(2)y,

ToYn—1 + Tn—1Y0

for ,y € £". Therefore, x O e,, = x. We also have

n—1

n—1
z0z ' =J, Arw? (z m(irl =Jn e, =ep = (1; 0;0;...;0 ),
> A (@) > ( )

i=1 i=1 (n—1)—times

and
n—1

n—1
z0x=J, Z Arwm(a:):v(i> =Jn Z wm? = 2.

i=1 i=1

The quadratic representation of x € £™ is denoted by Qg and is defined as

£, Z Q<I> Z J<Z>Qm< ys (3)

where
(i) & (@) (i) T @Y\ pi) z3 + a2 2:Jc0x2u< M
& = Quuy =2z fdet<w >Rn = 0 () <> (4)
2z0Tiw,, " (;E + x7 )I
fori=1,2,...,n— 1. One can easily find that Qmmen = :L'<i>2, Qw@)fl 2l = i)

(hence Q;g”,l:c(irl =), and Arw (sc“ ) Qu waz® ' =e, fori=1,2,...,n—1.

Therefore Qge,, = 22, Qu-1x = ! (hence Qw,laf1 =x),z '0Qux ! =e,, and

z~'0 Q;Elx_l =ey,. (5)
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We define the product B: " x £» — R as
1
cHly= itrace (@ Oy) = (n—Dazoyo + ' g, for @,y € E™.

It is easy to find that

n—1
T .
cBy=a"J ly= Z (a:<Z> y“)) , for any x,y € £™. (6)
i=1

Let ¢,y,z € £, and «,5 € R. It is not hard to check that O (ay + 8z) =
a(z0y)+L(x0z2), and (ax + fy) Oz = a(x0z)+4(y0z), hence “017 is a bilinear
map, and therefore the structure (£,0) is an algebra. One can also prove the following
identities: * Oy = y Oz (Commutativity), and « O (m2 O y) =0 (xOy) (Jordan
identity), which in turn imply the result in the following proposition.

Proposition 1. The algebra (£,0) is a Jordan algebra.

Table 1 compares between the Jordan algebraic structures associated with the infinity

norm cone and that with the second-order cone.
Finally, we define the Frobenius norm of € (€™,0) as

7

e £ J (v@) '+ (v @)°) = veewe,
=1
Let also y € (€™,0), then

1
22|y <l and o ®y] < 2 l@le Iyl

This can be seen by noting that

((v@)’+ (v @)”) =l

k3

=2 |- = J_l ((v@) '+ (@) <

and that
emy = |27ty

(J;1/2m>T J;l/Qy

[l ]

IN

2

aT Iy e JyT Iy

1
= VeWa/y Wy = el e,

where the last inequality was obtained using the Cauchy—Schwarz inequality.
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Table 1: Comparing the Jordan algebraic notions and concepts associated with Z" and Cc%.

Cone

Infinity norm cone Z™

Second-order cone C3 (see [7, Section 11.1])

Constraint
Inner product

Jordan multiplication
Jordan algebra
Identity

Eigenvalues
Eigenvectors

Rank
Trace

Determinant

Spectral decomposition

Square

Inverse

Arrow-shaped matrix

Quadratic representation matrix
Logarithmic barrier

Gradient Vg Indet(z)

Hessian V2, Indet(z) = —2J, 'Q, -1

z0 > ||
z By £ (n—zoyo +2'y

By
Oy, | % ,}
z-y " |wod + Yo
(e™,0)
ea |t
"~ lo

)\T(I)ézgqiz,, foralli=1,...,n—1
1 1
cféf ¢y | foralli=1,...,n—1

2 [Fu,y
rk(Z™) £ 2(n — 1) € O(n)
trace(z) £ 2(n — 1)zo

n—1

det (z) & H (23 — =)

i=1

220, 3 (N @ef @)+ (@) @)
zl z}

2x0T

N 1 1
SR (A,f(w)c" @ @ @)

& (n—1)zo z7
Arw(@) = Jn [ T 20ln—1
n—1
Qo2 (21<")z<")T - det(m<">)n,§?>>
i=1
n—1

Indet(z) £ Z In (zﬁ - 'pf)
i=1

n—1
_ 2 o
1,-1
2ntat=3 <det(z<’>) Lmﬁ“ D

=1 n—1
ne1 2 o} +a?  —2momiu,’,y
=\ (deta®)? [—2mominl | (a3 +22) 1),

n

@0 > [|2[|2
e yLagy+a'y
& o é [ m, v ,:|
v oY + Yo
(&™,0)
a 1
0
AF(2) 2 2o F |2
1
2 |F 7=
[]]2
rk(Cy) £ 2 € 0O(1)
trace(z) £ 2z

e

>
—
8

cF

det (z) £ 23 — ||@||3
z 2\ (@)et (z) + A~ (2)e (@)

2 a [m-z}
T =T 0 ;&=

2x0
1 1
a4 I
£ )\+(m)c (m)+>\7(m)c (x)
2T
ED T
Arw(z) = [i xoln—1 }

Qe 2 2z — det(z) Ry
Indet(z) £ In (zg - H:EH%)

_ 2 xo
227! =
T Qet(m) [4}

2 llz|| —2mo@"
(detz<’>)2 —2x0& det(z)l,—1 + 22887

3. The barrier function associated with the cone

In this section, we introduce the logarithmic barrier function associated with the

infinity norm cone, its derivatives, and its self-concordance properties.

Following the standard way in defining the logarithmic barriers in convex programming,
we define the logarithmic barrier associated with the infinity norm cone as () =
—Indet(x) for z = (zo; &) € int(Z™). In our setting, we have

n—1
£(xz) £ —Indet(z) = —In <H (:cg — 3:?)) = — Z In (z%
i=1

where

(O (x) 2 —In (x5 —27),i=1,2,...

n—1

i=1

n—1
—af) =Y (),

=1

,n—1.

Note that £{?(-) is a strictly convex function on int(Z") for i = 1,2,...,n — 1. Since
the sum of strictly convex functions is strictly convex, the logarithmic barrier function
{(x) is strictly convex.

The results in the following lemma are a handy tool for our subsequent development.

Lemma 1. Letx € int(Z"). We have that

1. The gradient Vl(x) = —2J,; 'a™", where 2" is defined in (2).
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2. The Hessian Vigl(x) = 2J, 'Qu—1, and hence Dyx™' = —Q -1, where Q. is defined
in (3) and Dy is the Jacobian matriz with respect to x.

3. For any wvector h € (E",0), the third derivative Vm;mﬁ(x)[h h,h] =
—4 s(z, h) B s*(z,h), where the vector s £ s(z,h) = J, 31} sz, h) € (£",0),
and
RO sm(m,h) Arw ( l)*l) h— 1 |:( zoho — xih;

det (&) i i =1,2,...,n—1.
det (z(?) [(zohi _.Tiho)ufl”_l:| » b 1Sy

Proof Note that

n—1

Vzlndet(x) = Vg H In ((zo + ;) (x0 — mz))>
i=1

n—1

= Vm (ln(mo + z;) + In(zo — z;))
n—11:1
= ( Vm(xo + i) + Ve (zo — mi))
= \=zo o — T4
= \(zo+ 961) >_1 (@o —a) |—ul’,
n—1
_ Z 2z _
= ( xo+xz)(1‘o —zi) | 2wl )
n—1

Il
V)

xo
= det —:Bl'u,@)

This proves item (1). To prove item (2), it suffices to show that Dy " = —Q i1
fori=1,2,...,n— 1. Note that

- 1
Doz " =D, — "
=@ z 2(xo + ;)

zo
2 _ 2
(

Ty — T
2

Dg i)
u

2 _ .2 n—1
Lo — &5

_ -1 [ z3 + a2 —2x0x; u( ) ]

(detm<i>)2 2xoziuw §L> 1 (2f +a3) Infl

Y T
-1 222 . 723701“,"%11 (22— a?) 1 O(i
(det xm)z —2170%'“531 2:6?[531 0 —I,7,

4T L ; ;
_(zm<z> Yo7 det () 1)R;>) - —ql,,

where the last equality follows from (4).



B. Alzalg, K. Tamsaouete 665

Finally, the following sequence of equalities proves item (3).

n—1 .
S V2 et (@)h b k]

V3 pnt@)[h, h, k] =

_ =

- Ve (thimz“’) (m)h) [h]

2

{ho ;LT] Ve (m (@2 +=2)hd +n) - 4w0mih0hi)))

,4A {hg ET] (r3 + n2) (23 + 32022) — 2hoh; («3 + 323x;)
= ((n3 + 12) (+3 + 3282;) — 2hoh; (28 + 32022)) ufﬁl

(@] + 3eoa?)(h + 3hohT) — (o + BaFw,)(hF + 3hRy))
(2ot (=)
T -
_4 [ wohg — @ih; } [ (23 +2) (h + n2) — 4zowihoh; }
1

(det (=) 00 L(2noni (23 + 22) = 2202y (h3 + n3)) w2
-1 T ) )
N Sl ROLIW RO <z>)
4 P (s n (s ) s

n_1
-y (s“)Ts(i}z) — _4sWS2

(zohi — xiho) w

The proof is complete. O

Now, we show that the function ¢(-) is a self-concordant barrier with complexity value
1.

Definition 1 (Definition 2.1.1 in [21]). Let V be a finite-dimensional real vector
space, G be an open nonempty convex subset of V, and let f be a C®, convex mapping from
G to R. Then f is called a-self-concordant on G with the parameter o > 0 if for every z € G
and h € V, the following inequality holds

Vieaf (@) [hh,h] | < % (V2o f (@) [, )™ @)

An a-self-concordant function f on G is called strongly a-self-concordant if f tends to infinity
for any sequence approaching a boundary point of G.

Table 2: 1-self-concordant barriers for most well-known conic programs.

Linear program Second-order cone program Semidefinite program Infinity norm program
z €RY x ey X eS8t NS AL

U@) =~ Inaz; fa)=—In (ac(% - ||5:H§) (X)) = —Indet(X) f(@)=— In(af —2?)
i=1 i=1

The result in the following theorem is crucial to subsequent results in this paper. The
result in this theorem is the counterpart of very well-known results in the interior-point
theory of conic programming (see Table 2).
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Theorem 1. The logarithmic barrier function £(-) is 1-strongly self-concordant on I™.
Proof Let h € (£7,0). From item (3) in Lemma 1, we have
V3 eol(@)[h, h,h] = —45 W 5%,

where s = s(x, h) € (£™,0) is given by

iy & (@1 _ 1 zoho — x;h; . _ .

81 = Anw (”“ ) h=3 () [(mohi_ziho)uyl pi=12...,n—-1

Note that

(@) + (3 @) = ———— ((z0ho — wih)? + (@ohi — ziho)?) i = 1,2,....n— 1.
: Z (det (9))?

From item (2) in Lemma 1, we also have

RTV2 l(x)h = Zth ) (z)h
S ST
=1
n—1

AT
_ 2 he BT :1:0 + :t 721011u<1> 1 ho
- ) [ho RT] o) 1@ | |k
. det —2xoTiu,,’ (33 +z) no1

=1
n—1
_ ho (w +z.) — 2xoxih;
= h hT 0 i )
; < det ( o Ml [(hz (23 +27) — 2wowiho) u§f>1D
n—1
= Z h2 ((EO + x; ) — 2xgx;hoh; + h? (wg + z?) — QIOxihohi)
i—1 det
n—1
=2 (23 + 22)(h + h3) — dzomihohs)
=7 \ (det a:<>
n—1
= > < (J»‘oho — xihi)? + (zoh; — :ciho)2)>
=1 det
n—1
= (A s+ A3(s 1)))
i=1
= 2s@s = ||s|}.

The result immediately follows from the following;:
2 2 2 i) 3/2
|Viawl(@)[h,h bl = 4|s B 52| < 2sllp ||s?[|, < 205l = 2 (V2467 h, )

Since ¢(x) tends to oo for any sequence approaching a boundary point of Z", we
deduce that ¢(x) is 1-strongly self-concordant. This completes the proof. (]



B. Alzalg, K. Tamsaouete 667

4. The composite recourse function

In this section, we compute the derivatives of the Composite recourse function and its
self-concordance properties. The two-stage barrier SINP problem is defined as

K
min 7z, p) £ 'z — plndet(x) + Z p® (@, ) st. Az =b, & €intI",
k=1
p<k)(m,u) £ min d(k>Ty(k) — plndet (y(k>> s.t. W<k)y<k) = q(k> + T<k)a:, y<k) € int 77",
k=1,... K,
(8)

where int Z" and int Z7* are the interiors of the infinity norm cones I and 7, for
kE =1,2,...,K, the function p*)(x,p), for k = 1,2,..., K, is called the barrier
recourse function, n(x, ) is called the composite barrier function, and p is positive

scalar.
In the next sections, we study common properties of all barrier recourse functions

p®) (xz, ), for k = 1,2,..., K. For this reason, we represent the barrier recourse
function as

o) (2, 1) 2 min {T <y<k>, M) W Ry — g 4 T(%}, where

9)
, (y(m,M) 2 g™y _ i det (yoc)) _

For the rest of this paper, we define the feasibility sets

£.(0)

[1>

wGR":Am:b},

L) 2 fy®) crm . wky®) = g 4 TU%}, fork=1,2,... K,

>

Fk) zeI"nLO 1Nk (z) ;é@}, fork=1,2,...,K,

K
N 7*.

k=1

w
(1>

We also make the following assumptions.
Assumption 1. The matrices A and W, k=1,2,..., K, have full row rank.

Assumption 2. The feasibility set F is nonempty.

Assumption 1 is a standard assumption in linear and convex programming. Assumption
2 is the Slater condition, and based on this assumption strong duality holds. We have
the following proposition.
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Proposition 2. Let € intZ" N L. The barrier recourse function p™ (x,p), k =
1,2,..., K, is convex in x.

Proof Let a+3=1, o,3>0, and @,z € intZ* N L. Then

ap®™ (@, 1) + Bp™) (2,1) = ad® "y (@,2) ~ apulndet (yw (w’“))
+8d®Ty®" (2, 1) — Bulndet (y(k)* (z,u))
Ol (ay(’“)* (2, 1) + By ™) (=, u))
— pindet (ay““)* (@, 1) + By™ (2, M))

> p) (am + Bz,u),

where the first inequality follows from the convexity of the barrier function — In det(-),
and the second inequality follows from the feasibility of agy®" (x, 1) + By (z, p) for

Based on Proposition 2, we conclude that is strictly convex in .

Let € int Z" N £©, y®)" (z, 1) be the optimal primal solution for (9), u®" (z, x)
be the optimal Lagrange multiplier, and define

_ -1 T
(k) (k) o [d® —2ud5" (y®) (@, )"+ WE W) (2, p)

Then the first-order KKT conditions 9(x, y® (x, u), u® (2, 1), 1) = 0 hold true for
y*) = y®" and u®) = " That is, we have

I
[=)

d® — 2! (y(W(wvu))il + WO W® (@) = (10)
WEy®" (2, 1) — g — TR g = 0.
The solution y®)" (, 1) is unique because the map r(y*), u) is strictly convex of y*)
for a given (z, p).
Now, we compute the gradient, Hessian and partial derivatives of the barrier recourse
function p®) (z, 1) and the composite barrier function n(zx, 1) associated with infinity
norm cone Z". These derivatives will be used to prove fundamental properties of these
functions.
Throughout this section and the rest of this paper, let g,(f) (z, ) and Hg,k)(w,,u)
represent the gradient and Hessian of the barrier function — Indet(y*)) with respect
to y*® at y™" (2, x). Then, using Lemma 1, we have

* -1
8 (@) £ 2050 (1 @), and P (@0 £ 2051Q 0t oyt K= 120 K
(ay
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Note that H;k) (x, 1) is positive definite since logarithmic barrier is strictly convex.

Furthermore, the matrix W ®*) Hg(f)i1 (z, p) W' is invertible since W*) has a full
row rank (Assumption 1). In the rest of this paper, we also let

—1/2
SF (@, ) 2 WOHP (@ ), k=12, K,

(%) ()T () T “low _ (12)
Py ((l?,/lz) Sy ((l?,/lz) Sy (znu‘) Sy (w7u’) Sy (.’.U,,LL), k= 1727"'7K

lI>

By applying the implicit function theoremto the KKT system (10), we conclude that
the Lagrange multiplier w(*)” (x, p) can be uniquely determined. Particularly, we have

1

u(k)*(m,u) £ - (WUC) ch)il(mvu) W(k)T)7 W<k>”§1k>71(mvu) Vy(k-)T (y(k)(m,u)vu)

T —1 —1/2
- (s;’”(m‘p,)s;’c) (m,u)) 58 (@, (=, 1) (d(m 4 }j,g,gc)(m,y,)).

y(F) =y ()™ (a0, )

(13)

For the second-stage problem (9), the Lagrangian function is given by
g(xVy(k)Vu(k%M) = d® " i det (y(m)+u(k>TW<k>y<k>_u<k>Tq<k>_u<k>TT<k)Tw. (14)
From (10), we have

Vy(k) %(wa y(k> ’ u(k>7 N)

y® =y (@,0), w®) =u(®)* (@,u)

- (doc) oy W<k>u<k)) (15)
yB =y (@), w) =u®)* (@,u)
-1
=d®) —2uJt (y(k)*(w,u)) +WBuE (@, ) = 0.
and
vu(k)%(wv y<k)7u(k)7ll)
yB =y (@,pu), uF) =) (2,4)
_ <W<k)y<k> NN T(%) (16)
y(B) =y (@,1)
W Ry B () — g TR — o
Due to strong duality, we have
p®) (@, ) = %(w,y(’“)*(m,u)m(’“)*(m,u),u) (1)
Throughout the rest of this paper, we let y*) £ y*)(x, 1), u® £ u*) (2, 1), Hg,k) =

H;k)(m, @), and Sg,k) = Sg,k)(a:, ). We need the following intermediate lemma.
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Lemma 2. Letx € intZ"NLY, and y(k)* (z, 1) and u<k)*(m,u) be the optimal solutions
of (9) and (14), respectively. Then

()" a2 (o™ T )
Day'™ (x, ) = Hy Sy’ | Sy 'Sy ", (18)
(k)* _ ® T\ k)
Dou'™ (x,pu) = —p [ Sy 'Sy ", (19)
0 * 1 k)—1/2 k K-1/2 (k
o * T\ ! —1/2
R CAE A IE AL AR (21)

where g?(,k) and H(yk) are defined in (11), S‘Sf) and P;k) are defined in (12).

Proof Note that the Jacobian of ¥(x,y®), u®), 1) with respect to (x,y"*, u) is

D (g, y(F) ulk)) ﬁ(wvy(’”,u(k),u)

Y () =gy ()%, (k) gy () *

(k) ., (k) . (k) (k)
D(y(k)yu(k))ﬁ(wvy u Hu') . Dmﬂ(a:7y U ’H’> y<k’):y(k)*,u(k):u(k)*

pHE (@, ) Wk e
w ) o} )

The matrix Dy 4,0m) ﬁ(w, y), u(k)> is invertible since H?(,k) (z, 1) positive definite

and W®*) has a full rank. In particular, one can verify that

-1

D o 19($7y(k)7u<k)7u>j|

[ (W™ ul) Y (0) =gy (B)* 4y (k) g (R)*
ky—1/2 k k)y—1/2 B2 (T k T -1

Lhg) 1—Py ) HYY HYD s (s§,>s§,) )

T -1 _ ™ -1
(s005) s (s

Since the hypotheses of the implicit function theorem are satisfied at (z, yB)" u(k)*)
in (10), we have

(k)* _
Dg |:Z(k)*:| = _[D(y(k)’u(k)) 19(%?4““)&(’“)7;1)}

X Dg ¢ (:c, y<k), u<k), ;L)

() =gy (B)* 4y (k) —qy (R)*

y(B) =y () gy (k) Zqg (k)

giving us the desired results in (18) and (19).
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To obtain the results in (20) and (21), note that the Jacobian of ¥(x,y™, u®, 1)
with respect to (y®*), u®, u) is

D(y(k)’u,(k')’lt) 19(:1:, y<k)7 u(k)7 M)

- [D(y(m,u(k)) ﬁ<w,y(k),u(k),u) . Dy ﬁ(m,y(’“’,u(’“),u)]

() gy (B)* 4y (k) —qy (k)%

. .
pH) (2, ) W) A Cn)
W k) o : 10

Again, by the implicit function theorem, the mapping from (z, 1) to y*" (z, 1) and
that from (a, u) to u®)" (x, ) are differentiable in p with

d |y (@, ) (k) . (k) -t
auLW(m,u) :’{D<y<’”»“<’”>ﬁ(w’y o “)}

X D/L ) (mz y(k) ) u(k) ) ,LL)

y(B) gy ()% 4y (k) —qu ()

y () mgy ()% gy (1) oy ()%

giving us the desired results in (20) and (21). O

Lemma 3. Letxz € intZ"NLY, and y<k)*(:1:7u) and u<k)*(:1:7p) be the optimal solutions
of (9) and (14), respectively. Then

K —1
T T —1/2
Venta) =205 ta 4 3 (109 (sif“)sg’“) ) S (a0 ) ). e
k=1
K T A -1
V2an(@,p) =20 I Que1 1> (TW sy ) T““)), (23)
k=1
) 1N (k)T ®e®TY etk g0 ~12 (k)
a(vmn(wvﬂ))Z*QJ +Z Sy 'Sy ) Sy Hy gy | (24)
k=1

9 o ~1 N (o (k) (k) ) (k)12
a(vz,mn(sc,u)):z]n Q-1+ > (Ry” (Hy” + v, Hy” ) Hy
k=1

x (1 - P;’“)) H;k>_1/2g§,’“)) RS}”), (25)

where g(k) and H?(,k) are defined in (11), ng) and P;k) are defined in (12), and
_ —1
R (@, 1) £ HP ™ (@, ) WO (500, ) SY () T®, k=12, K. (20)
Proof Using (8) and (18), and applying the chain rule, we have

“ T
Vo™ (z,p) = (Dmy““) (w,u)) V000%™ (@, 1)

Y =y ()

T ™ ! —1/2
=70 (sT) s (a4 g, (21)
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Using (14), (15), (16), (17) and (19), and by applying the chain rule, we have
Vaep® (@, p) = V%w%(m,y(k)*7u(k)*,#)
Va (Vmg + V6 SD2y ™ + V1) gDmu(k)>

— v, ( T (0 (i, u))

—TMT % Deu® (2, )

Y (B) =y () 4y (k) gy (R)*

T ™) !
— ur® (5<y>5;/) ) 7).

(28)
The gradient and Hessian in (22) and (23) are immediately obtained by plugging
the results in (27), (28) and Lemma 1 into the gradient and Hessian of the function
(@, 1) = 'z — pindet(z) + Y i, (@, 1),
Next, we obtain the partial derivative in (24). Differentiating (22) with respect to u,

w(F) = (F)* (@, 1)

and applying the chain rule, we get

K K
0 0 T 0 "
—(Van(m,p) = —2J; a7+ — (Vmp“)(%u)) =2/t =T —u® (@, p).
o = on k=1 o

(29)
The partial derivative in (24) is now immediately obtained by plugging (21) into (29).

Finally, we obtain the partial derivative in (25). Differentiating (23) with respect to p,
using the first equation in (12), and applying the chain rule, we get

9 9 - T(skgmT™ ™
— (Vaan(@,p) = 20 Qo1 + Y TW (Sy Sy ) T
o o k=1
:2J;1Qm—1
K —1 -1
1 T 9 (1 T 1 T
- 7T [ Lgkgk) ) 7(7s<’“>s(’“> )<7S(k>5<k) (k)
kX_;( W Yy Yy 8“ M’ Yy Yy L Yy y
=2J,'Qu1

K -1 -1 -1
1 T 0 T/1 T
_ T(k)T <7s(k)s(k) ) W(k) (#H(k)) W(k) (75(’“)5(’“) ) (k)
];:1: ( Pt o y PRt
1 ZK ()7 0 CANNG!
=2J, Qp-1+ (Ry 67;1 (NHy ) Ry )
k=1

K T 9
P N o (Rgm (ch) +#87#H§Jk)) Réfc))

k=1
1 (o (k) *) 0 )\ plk)
=2J, chlJFZ Ry Hy ' + 1V, 00 Hy ay Ry |-
k=1
(30)

The partial derivative in (25) is then immediately obtained by plugging (20) into
(30). |
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The following corollary is a direct consequence of Lemma 3.

Corollary 1. The derivatives V2 n(x, i) and %(an(w, 1)) can be written as

. ~ o ~
Vaen(@,u) =1By(z,1)B1" (z, 1) I and @(an(m,u)) =1 Bi(x, p)Ba(x, p)gy (z, 1),

where gy (@, 1) 2 (=27, 27 gy (x, p) gy (1) 8y (@), T2 [In o - L) €

R Kt and Bi(x, n) and Ba(x, 1) are the block diagonal matrices given by

_(2\,;1(3%71)1/2 o o)
o T (5511)5511)"')*1/2 . o
Bi(z,p) & &
o o T(K)T(S;K)S;K)T)fl/z
r N —1/2
(QJ; Qw_l) o o
T\-1/2 —1/2
1) (1 1),,(1
N o (s;’s;)) s{UuiH o
Ba(x,p) = —
VR :
o o (SLK)S;K)T>_1/23;K)H§,K)_1/2

Now, we are ready to state and prove the self-concordant properties of the family of
composite barrier functions {n®)(z, ) : u > 0}. We have the following definition.
This definition uses R} to denote the set of all positive real numbers.

Definition 2 (Definition 3.1.1 in [21]). Let G be an open nonempty convex subset
of R". Let also p € R4 and f, : R4+ x G — R be a family of functions indexed by u. Let
a1(p), a2 (p), as(p), aa(p), as(p) : Ry — R4y be continuously differentiable functions on
p- Then the family of functions fer, , is called strongly self-concordant with the parameters
a1, ag, a3, aq, as, if the following conditions hold:

(i) The function f,, is continuous on R4 x G, and for fixed u € R4y , fu is convex
on G and has three partial derivatives on G, which are continuous on Ry x G and
continuously differentiable with respect to p on Ry .

(ii) For any u € R44, the function f, is strongly au(u)-self-concordant.

(iii) For any (u,x) € R4y X G and any h € R",

Q)‘QJ

1/2
g1 V2 (RT92, fute mn) "

205 (n) KT V2, fu(z, 1) he

: gnTvzmm, W) = g nag(0) hT Ve fue, )]

RTV2 e 0n) = & (naz(0) AT V3 fu(e, ) bl

INIA

S

The following theorem contains a fundamental result because it specifies appropriate
barrier parameters to comprise a self-concordant family from the set of compos-
ite barrier functions. This enables us to prove the polynomiality of the proposed
algorithms.
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Theorem 2. The family {n(.,u) : u > 0} is a strongly self-concordant family with the
following parameters

n— m — 3/2\/m —
() = 1y an(u) = as() = 1, au(u) = YR ZDHK-1) =y 1+2VVm T

Iz 2p

The proof of Theorem 2 depends on a sequence of some intermediate lemmas that we
state and prove below.

Lemma 4.  For any fized p > 0, the barrier recourse function p(k)(m,,u) is strongly
u-self-concordant on F® fork=1,2,... K.

Proof Let y > 0 be fixed, y*) = y®)(x, 1) € £™, and h € R™. Then

Vi aap™ (@, ) s s bl = [V (49 y® (@, ) — pindet (3 (@, 10)) ) b ho b

= V2 g0 (4% 9™ — pindet (y®) ) [Day® b, Doy h, Doy F)n] |
3/2

<0 (0t (u) [P 1 Duf 0]

= i (Vi(k)y(k) (d(k)Ty(k) — plindet (y(k)>> [Dmy(k)h,Dmy(k>h])3/2

Ji
_ % (V2 <d<k)Ty(k> — plndet (™)) [, h]>3/2
2

=~ (Vi)

where the inequality holds since £(-) is a self-concordant barrier of complexity value
1 (see Theorem 1). Therefore, the inequality in (7) holds for p(®)(a, 1). Finally, for
any sequence {x;}2, in F*) approaching a point from boundary of F*), the map
p) (z;, 1) approaches infinity. Thus, p(k)(:v, 1) is strongly p-self-concordant on F (k)
fork=1,2,...,K. O

Lemma 5. For any fized pn > 0, the composite barrier function n(-, ) is strongly p-self-
concordant on F.

Proof Recall that n(x, pu) = ¢"x — plndet(x) + Z,If:l p¥) (x, ). Tt is trivial to show
that the linear map ¢« is strongly p-self-concordant on Z™ N £(®) (both sides of the
inequality in (7) are simply zeros). Theorem 1 shows that the barrier —puIn det(x) is
strongly p-self-concordant on Z" N £(?), and Lemma 4 shows that the map ,o(k)(:lz7 1)
is strongly p-self-concordant on F*). The result then immediately follows from [21,
Proposition 2.1.1(ii)]. O
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Lemma 6. For any u >0,z € F and h € R”, we have

2 (W Vantan)| < \/ A= D+ KO =), /3 e, ) B, ()
1 I
3/2
];(vimn(z,m Ih, h])] A2V = G2 e, ) [h, b, (32)
1 I

Proof This proof uses the block vector g, = gy (x, 1), the block-diagonal matrices I,
By £ By(=, ,u) and By £ By(z, 11) defined in Corollary 1, and the orthogonal projection
matrix P( defined in (12). To prove (31), by using Corollary 1, we have

0 .
gprMMuMO‘:%UBmgy

< \/hTf Bi(z, 1)B1" (2, ) fTh\/gL(w,u)BzT(w, 1)Ba(x, gy (x, 1)

= ATV n(@, why[e] (@, )BT (@, 1)Ba (@, 1)y (. 1)

</ Vien(z, p)lh, h]
oo ) @ ()

k=1

==

= V%mn(mvu) [h'v h]

. i(zvl' <(Qw_l)_1w71>*7§§ <<ngu») (nglgﬁw))>

K
=4/V2_n(z,p)h, h]J i (trace(en) + Z trace(em)>

k=1

=¢%W_D+KW_D)VQMwmmM

o
(33)

where the second inequality follows from the fact that Pg,k) is an orthogonal projection
matrix, and the third and forth equalities follow from (6) and (5), respectively. This
proves (31).

To prove (32), let h € R™ and Ré@ = R;k)h where Rg,k) is the matrix defined in (26).
Then, using the last equality in (30) and (20), one can show that



676 Algebraic-based primal interior-point algorithms

’% (thimn(m,u)h)’ = ‘2hTJ;1Qm71h

K
EROING KT k) O * b
3 (RTHERE + /YT (90 H 50 )R

k=1

< 2hTJ;1erh’

> *)T (B (k)
37 ([T H R

d
'V% o® [ 8ﬂy(k) (@, 1), Rg«;’R(m}

)

<2nTJ;'Q,- h+ZR<’“) HY Ry
k=1

K
8 * a * T
30292 64 [y ey ()] RS HU RS
k=1 I O
<2hTJ;1Qu,-1h

K
®TLER(E) | o/ BT (k)= (B s(E)T (k) k)
+Z (Ryy Hy 'Ryy +2V gy  Hy 8y Ryy Hy 'Ryy |.
k=1

where we used [21, Proposition 9.1.1] to obtain the second inequality.
Now, using (6) and (5), respectively, it follows that

[ (W79 2an(e )| = 20T

K
#30 ((1rzy () m (0 7'6) )RS HOREY)
k=1

=2h"J;1Q,-1h

K T
+Z<<1+2\/2y(k) ‘mQ 1y<k)*1)RSJ’2 H§,k>RSJ’“y>)
k=1

=2nTJ;1Q,-1h

K T
+ Z ((1 + 2\/t1race(y(k>71 O Q;Jk)fl y(k)71)> Rg;ky) Hg/k)Rglky)>
k=1

=2n"J71Q,1h

K T )
+ Z ((1 + 2\/trace(em))Rgfy) Hg,k)Rgg)
1

=2n7J;'Q,- 1h+z<(1+2\/ 1)RE) H(k)R(k)).

1 T
Note that by (26) and the fact that W(k)Hék) Wk’ = Szgk)S,E,k) , we have
T T T\ 1 -1 T ™ 1!
RY) HYIRE) = RTT() (s;’“)sg’” ) wERHE ™y *) (S§PS§,’“> ) T*p

™ -1
—hTT®" (s;’“)s;’” ) T*)p, (34)



B. Alzalg, K. Tamsaouete 677

Using (23), it follows that

9]
‘a <thi€En(m7 ;u') h) ‘ = h'TJilQ:z:_1 h
T -1
+ Z <<1 + 24/trace(2(m — 1))) RTT(T (S(yk)ng) ) T(k)h>
1 + 2
L2V = D) 12 i, wh. 0

Proof of Theorem 2. Condition (¢) in Definition 2 is satisfied. Lemma 5 satisfies
Condition (i7), and Lemma 6 shows that Condition (#i¢) holds. O

5. The algorithm and its complexity

In this section, we present a path-following primal interior-point algorithm for the
two-stage SINP problem and see that the short- and long-step versions of the proposed
algorithm obtain an e-optimal solution in polynomial number of first-stage Newton
iterations. This analysis assumes that the second stage barrier problems are solved
exactly, and hence Vgn(x, 1) and V2_n(x, 1) are computed exactly as shown earlier

in Lemma 3.
The first-stage Newton step Ax is defined at a feasible solution « of the problem
{min n(x,pn) | Az = b} as

Az £ (V:Qc:z:n(mu H))_lvmn(% /.L)
1
(V2@ p) AT (A (Viwn(fm#))_lAT) A (V2n(@, 1)~} Van@. ), (35)

where (35) is a closed solution of the system:

Vaan(@, p) Az + ATAv = —Van(z, p),

36
AlAz = 0. (36)

We also define

o(x, ) \/ AxTVZ (e, p) A (37)

The algorithm is formally stated in Algorithm 1 and is graphically visualized in
Figure 2.

Algorithm 1 starts with (z°, u°), where ° satisfies §(x%, 1) < k £ (2 —/3)/2. Tt
generates a sequence of (", u*) with pF+1
to ensure that the proximity condition of * to *(y*) is maintained by using the
criteria 0(z*, u*) < k. The process of updating (x*, i¥) to (z*+1, u*+1) is called an
outer iteration. The value u”¥ = wu® < ¢ is achieved after N outer iterations, where

ven(2) (o) o

= wp® until p* < e. The algorithm needs
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Algorithm 1: The primal interior-point decomposition algorithm for two-stage
SINP problem.

Initializei = 0,x°, u°, @, ¢; Ensureu®, w € (0,1),¢ € (0,1), 2% is feasible, §(x°, u°) < r;
while p? > ¢ do
ptt S oty
j20,290 2 g%
for k=1,2,...,K do
L solve subproblems p(*) (x| 1it1) to obtain y®) " (x¥, uiT1) and w®) (xid, pitl);

compute Vzn(z¥, uttl) using (22) ;
compute V2_n(x', 1) using (23) ;
compute the Newton direction A%z using (35) ;
compute §(z¥, u*t1) using (37);
while §(z%, u*t1) > k do
perform line search (> 0) to minimize n(z% + 0A%z) ;
iU+ & 5if 4 AT
for k=1,2,...,K do
solve subproblems p(*®) (xii ;;i+1) to obtain y(*)” (2, 4i+1) and
w®)” (@i pi+t);
compute Vgzn(z¥, pt1) using (22);
compute V2_n(z¥, y*T1) using (23) ;
compute the Newton direction A%z using (35) ;
compute §(z¥, u*t1) using (37) ;
L i%i+1;
@itl & i
P2+ 1;

Table 3: Comparison of some features between the short- and long-step algorithms for SINP.

Feature Short-step algorithm Long-step algorithm
Factor @ w=1—1/vV/n+Km, +<0.0755 Constant rate w € (0, 1)
Inner iterations Single inner iteration Several inner iterations

Outer iterations ~ O(v/n + KmIn(u®/e)) O((n + Km) In(ul/e))

Let %0 = z*. The long-step algorithm generates a sequence ¥/, j = 1,2,..., M,
till FM satisfies the desired condition &(x*M, u*+1) < k. The process of updating
(k7 P +1) to (21 *+1) is called an inner iteration. After updating ku¥, the short-
step algorithm restores the proximity condition in only one step, but the long-step
algorithm may perform many steps to restore this proximity. The following theorem
states the complexity result for the short-step algorithm.

Theorem 3. Let p° be the initial barrier parameter, ,u]“L1 = w,uk, and € be the target
precision. If §(x% 1) < v =(2—+3)/2, w=1—1/v/n+ Km, where 0 < ¢ < 0.0755, then
the short-step algorithm terminates with (2™, u™) satisfying 6(=™, pN) < k, and p~ < e in
O(Vn+ Kmin(u°/e)) outer iterations. Each inner iteration requires calculation of a single
Newton direction by solving (36).
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Begin algorithm

Initialize
i=0,x% " o€

]

verify
u, @ e (0,1),
e e (01,
2 is feasible,
&(x% %) £ x

while i > ¢
@<— ut = o
j: — 0,,\"ﬂ =

solve p®(xil, yi+h),
k=1,2...K

l

compute the
gradient and
the Hessian
of ’I('T"r."”H-l)

l

compute the New-
ton direction AYx

l

compute d(x, u*l)
check . . .
L‘}(‘\” “|+'l) < % _> '\.rtj+1] =+l 4 @aly

i=i+l

End algorithm s

Figure 2: A flowchart of Algorithm 1.

Proof: See Sub-appendix A.1. a

The long-step algorithm takes a constant value for w, say w = 0.1, and may perform
several inner iterations to restore the condition §(z*, **1) < k. The following
theorem states the complexity result for the long-step algorithm.
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Theorem 4. Let p° be the initial barrier parameter, ukH = w,uk, and € be the target
precision. If §(x°, u°) < k = (2—+/3)/2, and the long-step algorithm reduces u* at a constant
rate w, where 0 < w < 1, then the long-step algom'thm terminates with (x™, u™) satisfying
SN, u™N) <k, and pV < e in O((n+ Km)In(p°/¢)) inner iterations. Each inner iteration
requires calculation of a single Newton direction by solving (36).

Proof: See Sub-appendix A.2. |

Table 3 compares some features between the two variants of the algorithm. From
Theorems 3 and 4, it is clear that the dominant terms in the complexity expressions
are given in terms of the number of realizations, and, most notably the ranks of the
underlying infinity norm cones. The complexity results in Theorems 3 and 4 are
the counterparts of those in Theorems 1 and 2 in [24] for two-stage stochastic linear
programs with recourse those in Theorems 4.1 and 4.2 in [1] for two-stage stochastic
second-order cone programs with recourse, and those in Theorems 4.1 and 4.2 in [20]
for two-stage stochastic semidefinite programs with recourse. It is interesting to note
there is a complete matching in terms of rank between our complexity results and
their counterpart’s complexity results found in [1, 20, 24] for other stochastic conic
programming (see Table 4). This matching is despite that the asymmetry of the
infinity norm cone when it is compared with the symmetry of the three other cones
shown in Table 4.

Table 4: Comparing long-step algorithm complexities of some two-stage stochastic
conic programs with K number of realizations.

Two-stage stochastic conic program Cone rank Complexity of the long-step algorithm

Nonnegative orthant cone: € R, yF) ¢ R rk(R") O(n) O ((rk(R”) + K rk(R)) In(pe V/e))
Second-order cone: = € C¥,y*) € cp rk(Ch O ((rk(C) + K rk(Cm ) In(uO/e))
Semidefinite cone: X € Sﬁ,Y(k) esy E EErkES" + K tk(8T)) In(uO /¢))

Infinity norm cone: « € Z%, y*) e 7™ k(Z™) (n) rk(Z™) + Krk(Zm)) n(p O/E))

6. Numerical results

In order to see how the algorithm proposed in this paper works, it has been implemented
to solve numerical examples. In this section, we present two numerical examples to
show the computational performance of the long-step algorithm. In Example 1, we
test the proposed algorithm on the two-stage stochastic facility location problem.
In Example 2, we test the proposed algorithm on randomly-generated problems.
Numerical results were obtained using MATLAB R2018a (Version: 9.4.0.813654) and
on Windows XP Enterprise 64-bit operating system.

Example 1 (Stochastic uniform facility location problems). We consider in-
stances of the stochastic uniform facility location problem formulated as an SINP problem.
One way of classifying facility location problems is based on the distance measures. There
are three distance measures: Manhattan distance (measured by l;-norm), Euclidean distance
(measured by l2-norm), and Chebyshev distance (measured by lso-norm). In this paper, we
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are interested in the so-called uniform facility location problem which uses the Chebyshev
distance (see Figure 3).

Assume that we are given f existing fixed facilities with coordinates represented by fixed
points, say a1, az,...,as € R", and r random fixed facilities with coordinates represented by
random points, say b1 (w), b2(w),...,b,(w) € R™, whose realizations depend on underlying
outcomes w in an event space {2 with a known probability measure P. In the two-stage
stochastic uniform facility location problem, we plan to add a new facility in R™ among the
existing (fixed and random) facilities so that the sum of its weighted Chebyshev distances
to the fixed facilities and the sum of its weighted expected Chebyshev distances to the
realizations of the random facilities are both minimized.

Assume that we do not know the realizations of r random facilities at present time, and that
these realizations become known at some point in the future. Assume also that the location
of the new facility is to be determined so that the total sum is minimized. This decision must
be made before the random facility realizations become available. Consequently, when the
random facility realizations do become available, the new facility location that has already
been determined, say by the point z©® ¢ R™, may or may not minimize the sum of its
weighted expected distances to the realized random facilities. In order to make the location
of the new facility minimizing the total sum of all weighted distances described above, we
are allowed to change its location, say to the point z© 4+ z(w) € R", depending on the
realized outcome w € (2, if necessary. Given this, we are interested in a two-stage stochastic
model of the form

f
min 3¢ 2~ aiflw + EQE,w), (39)
x i=1

where E[Q(z?,w)] £ Joca Qx,w) P(dw), and Q(x'®,w) is the minimum value of the
unconstrained minimization problem

min 376 ) 20 + @(w) - by | (39)
j=1

where & > 0 is the weight associated with the distance between the new facility and the
i*" existing facility for 4 = 1,2,...,f, and ¢;(w) > 0 is the weight associated with the
expected distance between the new facility and the realization of the j*" random facility for

7=12...,r.

Yy —: — Chebyshev distance: doo(x,y) = max{|z1 — y1|, |z2 — y2|}.

ey
et

-------- Euclidean distance: da(z,y) = v/(z1 — y1)2 + (v2 — y2)2.

PO PSR S R I Manhattan distance: di(x,y) = |z1 — y1| + |z2 — y2|.

Figure 3: A geometric representation of Chebyshev, Manhattan and Euclidean dis-
tances.

The two-stage stochastic facility location model (38, 39) with K scenarios is written as

f K
min Z& Uq —I—Zﬁ(k)(ww))
i=1 k=1

I i:1727"'7f7

[ee]

(40)

s.t. u; > Hw(o) —a;
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where ﬁ<k)(w(0>),k = 1,2,..., K, is the minimum value of the constrained minimization
problem

min 3¢ ol

j=1 (41)
st o® > Hw(0> fa® b§.k)Hoo, i=1,2,...,r
Algorithm 1 is performed with an accuracy e = 107> for a number of two stage SINP
problems. By “Iter” we denote the required inner iteration numbers, and by “CPU(s)” we
denote the CPU time (in s) required to obtain an e-approximate optimal solution of the
underlying problem.
We run Algorithm 1 to solve the SINP problem (40) and (41), where the dimensions of
this problem take the values n = 4;12;20, the numbers of scenarios take the values K =
5;10; 15; 20, the number of fixed facilities take the values f = 3;10;20, and the number of
random facilities take the values » = 2;10;20. For each quadruple (n, f,r, K), we generate
36 instances each with a; and b§k) chosen at random from the standard normal distribution.

Finally, we choose the distance weights £; and g‘;k) randomly from a uniform distribution
n [0,1]. The numerical results of Algorithm 1 are displayed in Table 5 and are graphically
visualized in Figure 4.

Table 5: The numerical results of Algorithm 1 for the stochastic uniform facility location problem.

fr f+r K Tter. CPU(s) | n f r f+4+r K TIter. CPU(s)
3 2 5 5 5 1.1719 12 10 10 20 15 53 102.0140
3 2 5 10 5 1.2125 12 10 10 20 20 55 152.500
3 2 5 15 6 1.3344 12 20 20 40 5 29 120.6250
3 2 5 20 17  2.4219 12 20 20 40 10 49 128.8281

10 10 20 5 13 T7.1719 12 20 20 40 15 56 93.2031
10 20 10 23 7.6250 12 20 20 40 20 60 99.0091
10 10 20 15 22 17.7656 | 203 2 5 5 57 91.1871
10 10 20 20 23 178938 | 203 2 5 10 65 23.1406
20 20 40 5 23 260781 | 203 2 5 15 44 93.2031
20 20 40 10 24 26.7355 | 203 2 5 20 84 98.7813
20 20 40 15 23 45.2188 | 20 10 10 20 5 45 107.2656
20 20 40 20 33 52.6406 | 20 10 10 20 10 10 112.6520

QU U O QSOOI NG N N NN
=
o

123 2 5 5 27 7.0625 20 10 10 20 15 61 120.5010
123 2 5 10 31 6.8281 20 10 10 20 20 77  140.4008
123 2 5 15 35 13.1563 | 20 20 10 30 5 75 100.0101
123 2 5 20 41 96.4036 | 20 20 10 30 10 56 119.9630

12 10 10 20 5 28 58.3906 | 20 20 20 40 15 56 130.2250
12 10 10 20 10 48 78.3594 | 20 20 20 40 20 88 135.3012

Example 2 (Randomly-generated problems). We run Algorithm 1 on random
instances of K scenarios of the SINP problem (1) with values K = 5;15;25;35. We assume
that c € R”, d™ e R™ b e R*, ¢ € R and ¢ € R*, where the dimension of the problem
takes the values n = 10;20;...;120, m = 5;10;...;60, s = 5;10;...;60, and [ = 6;12;...;72.
The parameters of Algorithm 1 are given as e = 107°, u°,w € (0,1), with 1° > e. For each
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Figure 4: Dot plots of the numerical results obtained for the stochastic uniform
facility location problem.

quintuple (m, n, s,l, K), we generate 48 instances each with A, ¢, b, W® TF d®) and q*
chosen at randomly generated values for k =1,2,..., K.

Algorithm 1 is performed with an accuracy e = 107° for a number of two stage SINP
problems. By “Inn. Iter” we denote the required inner iteration numbers, by “Out. Iter’
we denote the required outer iteration numbers, and by “CPU(s)” we denote the CPU time
(in s) required to obtain an e-approximate optimal solution of the underlying problem. The
numerical results of Algorithm 1 are displayed in Table 6 and are graphically visualized in

)

Figure 5. The initials of «° and y(k)o, for k=1,2,..., K, were taken to be the unit vectors.

The implementation in Examples 1 and 2 shows Algorithm 1 is simple and efficient.
From the numerical results displayed in Tables 5 and 6 and visualized in Figures 4
and 5, we notice that the number of iterations and the CPU(s) using Algorithm 1 are
increasing when the number of scenarios K increases. We also find that the increase
in the number of iterations is not only influenced by the number of scenarios, but
also by dimensions of the underlying infinity norm cones. This totally agrees with the
theoretical findings stated in Theorems 3 and 4.

Finally, we point out that we have also used the solver CVX to solve Examples 1
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Table 6: Numerical results of Algorithm 1 for randomly-generated problems.

(m,n) (s,0) K Out. Tter. Inn. Iter. CPU(s)
(5,10 (5,6) 5 1 2 0.0312
(5,10) (5,6) 15 6 4 0.3125
(5,10) (5.,6) 25 7 6 0.5000
(5,10) (5,6) 35 9 7 0.6468
(10,20) (10,12) 5 13 10 0.2806
(10,20) (10,12) 15 16 12 0.7343
(10,20) (10,12) 25 18 13 1.6406
(10,20) (10,12) 35 24 15 4.6718
(15,30) (15,18) 5 25 11 0.3906
(15,30) (15,18) 15 31 17 2.9062
(15,30) (15,18) 25 38 17 5.3750
(15,30) (15,18) 35 39 21 11.2812
(20,40) (20,24) 5 21 15 2.8280
(20,40) (20,24) 15 30 19 5.8106
(20,40) (20,24) 25 35 13 12.4610
(20,40) (20,24) 35 38 21 14.7969
(25,50) (25,30) 5 32 30 1.3562
(25,50) (25,30) 15 40 36 6.7975
(25,50) (25,30) 25 48 39 15.2818
(25,50) (25,30) 35 50 41 32.1023
(30,60) (30,36) 5 46 41 2.2904
(30,60) (30,36) 15 49 43 7.7344
(30,60) (30,36) 25 53 46 16.0625
(30,60) (30,36) 35 56 47 33.0156
(35,70) (35,42) 5 50 43 3.5625
(35,70) (35,42) 15 58 48 10.1406
(35,70) (35,42) 25 60 53 25.2969
(35,70) (35,42) 35 67 56 36.8125
(40,80) (40,48) 5 58 52 3.4219
(40,80) (40,48) 15 57 58 13.6531
(40,80) (40,48) 25 58 63 27.9250
(40,80) (40,48) 35 63 67 40.0190
(45,90) (45,52) 5 65 59 7.5938
(45,90) (45,52) 15 75 61 15.9956
(45,90) (45,52) 25 80 71 40.8125
(45,90) (45,52) 35 83 80 62.0750
(50,100) (50,58) 5 78 63 11.1875
(50,100) (50,58) 15 89 69 29.7969
(50,100) (50,58) 25 93 75 53.7813
(50,100) (50,58) 35 110 84 114.4688
(55,110) (55,64) 5 80 79 17.8125
(55,110) (55,64) 15 93 84 33.9375
(55,110) (55,64) 25 98 84 52.4063
(55,110) (55,64) 35 121 89 117.6875
(60,120) (60,72) 5 104 82 29.8594
(60,120) (60,72) 15 116 95 66.7813
(60,120) (60,72) 25 129 96 109.2031
(60,120) (60,72) 35 136 87 126.6250

and 2. We have found that Algorithm 1 has no remarkable superiority to CVX in
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Figure 5: Three-dimensional plots of the numerical results obtained for
randomly-generated problems. The number of iterations results are shown to the left
(inner iter. is in light blue, and outer iter. is in light red). The CPU(s) results are
shown to the right.

terms of number of iterations or running time. It is our belief that this does not lower
the academic and practical value of this paper. Furthermore, when the number of
realizations and the ranks of the underlying cones are large (typically, more than 50
each), we have found that the results show a small tendency toward Algorithm 1.
Since the observed tendency is small and because we are keen to be cautious, we have
decided not to include these results in this section.
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7. Conclusions

In this paper, we have studied the two-stage stochastic infinity norm optimization
problem. We have developed a novel Jordan algebra specialized and associated
with the infinity norm cone. This allowed us not only to give explicit expressions
for the derivatives of the logarithmic barrier functions associated with the cone,
but also to specify the explicit barrier parameters for the self-concordant family
of the composite barrier functions. These properties opened the door to develop
primal decomposition-based interior-point algorithms for solving our optimization
problem. We have shown that the worst case iteration complexity of the developed
algorithms is the same as that for the short- and long-step interior-point algorithms
applied to the two-stage stochastic linear programming. More specifically, we have
found from our complexity results that the dominant complexity terms are linear in
the number of realizations and linear in the ranks of the underlying infinity norm
cones. We have seen that this exactly matches in terms of rank the best known
results in the literature for stochastic second-order cone programming and stochastic
semidefinite programming. Numerical experiments on stochastic uniform facility
location problems as well as randomly-generated problems have demonstrated that
the proposed algorithm not only has efficient worst case theoretical complexity, but
also gives a good performance in practice. Future work may be devoted to study the
two-stage stochastic first-order cone programming problem in which the underlying
cone is Cf.
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Appendix A: Complexity proofs

In this appendix, we present proofs for the complexity results stated in Section 6 that
bound the number of iterations. The general scheme of our proofs follows the lines of
the proofs from [16] and [5]. The proof of Theorem 3 for the short-step algorithm is
given in Sub-appendix A.1l, and the proof of Theorem 4 for the long-step algorithm is
given in Sub-appendix A.2.

1. Complexity proof of the short-step algorithm

In this part, we show that the short-step algorithm takes only one inner iteration
when w =1 —¢/v/n+ Km where 0 < ¢ < 0.0755. This value for w is derived by
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using the parameter functions ay(u), as(u),. .., as(p) of the self-concordant family

{n(z, ) : u > 0} established in Theorem 2.
Let v be a positive parameter. Let also {f,}.er,, be a family of strongly self-

concordant functions with the parameters a;(u), aa(p),...,as(p). The v-metric
function associated with the family {f,},cr,, is denoted by ¢, (f;¢,7) and is defined
as [21]

ai(uw)as(w)asz(v) | 1

it,T) £ !
u(fit,T) uﬁvmeéﬁfﬂ " a1 (v)az(v)as(u)

/tfa4(w) dw| + /tfa5(w) dw‘.

Proof of Theorem 3. In the short-step algorithm, we update p* using u'+! = wy?,
where w = 1 — ¢/v/n+ Km, and ¢ is a small positive constant. Firstly, we show
that if 0 < ¢ < 0.0755, then the proximity condition can be restored with only one
inner iteration. By Theorem 2, the 2x-metric function associated with the family

{p(x,p) : p >0} is

+7
v

1| o 2(n— 1)+ K(m—1))

/H”l L+ 2¥2ym =T

L0 i+1 - d
(Pzn(mu 1% ) i ” w'—l— . 2w w‘
— 3/2 — i+1
(\/2(n 1) +K( —1) , 142¥2Vm 1> /M 7dw‘
2 wi w
— 3/2 — i
_ V2((n 1) +K( ))+1+2 m—1 ln( p )
2 M2+1
— 3/2 —
(\/Q(n 1)+K( —D)  1+2°2Vm 1) 1n(l)
2 w
V2(( n—1)+K(m—l))+1+23/2\/m71 1n( vn+ Km )
2K 2 vn+Km—1
Assume we have that
5( ,u)<n or equivalently %<1—2—6( »M‘)- (A1)

By [21, Theorem 3.1.1], we deduce that

) i1 .
<1 - M7 which implies that &(z?, u™1) < 2. (A2)

Qo (s 1, 1 P

From the right-hand side inequality in (A2) and [21, Theorem 2.2.2(ii)], we have

§ (mi+1’ﬂi+1) < § (mi7ui+1) . (AS)

N | =

Note that one Newton step can give §(x‘*!, uit!) < k again if (A3) is combined with
the right-hand side inequality in (A2). Note also that the right-hand side inequality
in (Al) and

o 2(n—1D+K(m—-1 14232 /m—1 Vn+ EKm 1

(A4)
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ensure that the left-hand side inequality in (A2) is satisfied. As a result, the inequality
in (A4) can give us an upper bound of ¢. It is clear from (A4) that

-1
V2((n —1) + K(m — 1))

t<vVn+Km | 1—exp > ¢(n+ Km), (A5)

+1+232ym—1
K
where (+) is defined as
P2 VE | 1—exp -1 , for t € [2,00).

2 <1 + 24/t —1+ ﬁ)
2K

After a lengthy but not complex computation, one can find that " (t) < 0 on
[2,00), ¥'(2) > 0, and lim¢, o ¥(¢t) = 0. This means that ¥ (¢) is an increasing
function on [2,00), and hence (t) > ¥(2) > 0.0755, for any ¢ € [2,00). In
particular, ¥(n + Km) > 1(2). Thus, for ¢ < 0.0755, the left-hand side inequality
in (A5) is met ensuring that the number of inner iterations equals one. Because
Inw™! = —In(l — ¢/v/n+Km) ~ ¢/v/n+ Km and due to the fact that the
number of outer iterations is given by N < In(u°/e)/Inw ™!, we conclude that with
O(vn+ KmIn(u®/e)) outer iterations we can reduce u° to ¢ or less. The proof is
complete. O

2. Complexity proof of the long-step algorithm

The complexity proof of the long-step algorithm makes use of Theorems 2.1.1(i) and
2.2.3 in [21] and Lemma A.3 in [16]. We also define

o, 1) £ (e, p) —n(x* (1), 1), (A6)

S(z, p) 2 \/iAmTvgmn(m,u)Am, where Az £ & — x*(p). (A7)

The self-concordance family property of {n(x, 1) : 4 > 0}, an upper bound on ¢(x, ),
and lower bound on the decrement of n(x, i) per inner iteration are all employed in
the complexity analysis of long-step algorithm. We give some technical lemmas that
shall be used to derive the complexity result for the long-step algorithm.

Lemma 7. Let 2 6(x,pu) <1 and ¢(x, 1) be defined in (A6) and (A7). Then

‘%mw,u)’ <—2(n—1)+Km—1)l (1 - 5) .
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Proof By using the KKT condition for the first-stage problem, and applying the
fundamental theorem of calculus to %qﬁ(m, ), we have

o 1) ~ @) = ((Venta(e). "2 )
Op

l
|

%’\Qa%’\@

- (.0 |

(2o e
(oo ins)
/01 \/2 n—1)+K —1)) \/AxTV%mn<w(M)+anaH)Aw do

/1 \/2 n71)+K —1) @

0 1+ (a—1)8
=—V2(n-1)+K(m—1))In (1—5),

1

IN

da

0

IN

IN

e

The second equality is founded on the fact that a(u) is the optimal solution for the
first stage, it fulfills the optimality condition n(x(u), n) = 0. The second inequality
used Lemma 6, and we used Theorem 2.1.1(i) in [21] to obtain the third inequality.
The proof is complete. O

Lemma 8. If§ 2 6(xz,p) < ¢, for ¢ € (0,1), then
¢ (w u”l) =7 (w u”l) -7 (fc (MiH) M“) <O(n+Km)u'™.
Proof By differentiating (A6), we have

2 2 2
S ) %n(w,mfa%n(m(umf(vzn(mw),u)f ’
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From Lemma A.3 in [16], we have ¢(z, ') < (6/(1 —6) +1In(1 — §))p’. Tt follows that

. . . . 9
P, p ) = ¢ (w, p') + (W' — pt) + afuqﬁ(w,u)

“i Hi 82
. +/m+1/a 5 @ 1) di da
) <1ig o (1 B 5)> pt— (= ) V2((n— 1)+ K(m —1))In (1 - 5)

ut et g
+2K(m71)/ / — dt do
witl Jo t

< (155 +ln(1—5>> p— (ui—ui“)\/2((n—1)+K(m—1))1n(1—5)

+2K(m —1) (ui — ,u,i+1) Inw.

The desired result is obtained since é§ < ¢, pt = wpt, and ¢ and @ are constants.[]

Now, we are ready to prove Theorem 4. The focus of this complexity proof is on
bounding the number of inner iterations.

Proof of Theorem 4. We use an arbitrary constant factor @ € (0,1) to decrease the
barrier parameter p in the long-step variant of the algorithm. Each outer iterate

(x¥, u?) satisfies (z*, u*) < k. Since w is a constant, the number of outer iterations
required to reduce u to € is equal to In(u®/€)/Inw~!. We bound the number of inner
Newton iterations. We assume that after updating p* to p*+1, §(x*, u*) > x, and
that we start the inner loop by letting ¥ £ *. From [21, Theorem 2.2.3], at any
inner iterate %7, if §(x*7, 1) > 2k, then

n (wkj,ukﬂ) —n (wk(j+l)7uk+1) > Mk+1 (5 (wkj7uk+l) —In (1 +5 <wkj”uk+l))) > 0.03ui+1.

That is, the difference is decreased by at least 0.03;*t! at each inner Newton
iteration. On the other hand, Lemma 8 shows that n(z", u*+1) —n(z* (1), pbth) <
O(n + Km)u*tt. When the difference is equal to or less than 2k, by [21, Theorem
2.2.3], one Newton iteration will produce z* with §(x*M, y*+1) < k, then x**!
is taken to be 2" and the inner loop is thus terminated. Thus, each inner loop
takes only O(n + Km) Newton iterations. This therefore bounds the total number of
Newton iterations at the order O((n + Km)In(u°/e)). O
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