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Abstract

Over the past few decades, considerable improvements have been made
in the approximation of high degree multivariable systems by low degree
reduced models. The resulting reduced models are used to simplify the
analysis and synthesis of complex systems as well as their modelling and

implementation.

This problem has been the subject matter of several research studies
and a variety of methods have been proposed [1,2,3,4,6,7,10,.. . etc]. The
present thesis is an attempt to further investigate this problem using new

tools.

The main contribution of this thesis may be summarized in the

following:

(1) The elaboration of two model reduction procedures, the solvents
based model reduction procedure and the spectral factors based model

reduction procedure.

(2) Definition of a new truncation criterion, based on Hankel matrix
difference, for the measure of the potential closeness of the reduced model

to the original one.

(3) Application and promotion of the use of matrix polynomial theory

in model reduction problems.
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Chapter 1

Introduction

The analysis and synthesis of complex physical or engineering systems
always start by the building up of models which realistically describe their
behaviour. The reason is that once a physical phenomenon -has been
adequately modelled so as to be a faithful representation of reality, all
further analysis can be done on the model and experimentation on the
process is no longer required. The advent of the digital computer has meant
that relatively complex models can be built and manipulated. Often, this
analysis, synthesis and modelling of a large scale multivariable system
require the search for a reduced or approximated model to make an analog

or digital simulation possible.

Model approximation and model reduction of dynamic systems refer to
methods for simplification, approximation, and order reduction. Model
approximation is of importance for the extraction of dominant features of a
model, to reduce a high order time series model to a lower order structure
motivated by physical considerations or, for evaluation of the relative
importance of subsystems in some large scale systems. Model reduction and
approximation arise in many important applications such as control and
system engineering, electrical engineering, mechanical engineering, system

identification, management and economics problems.




The term model reduction may cover several aspects such as model
order reduction in a linear system, model approximation of non-linear
differential equations by a linear system or, approximation of non-linear

systems by ignoring higher order harmonics.

Because of the availability of the necessary mathematical tools in linear
systems analysis, the first aspect (model order reduction) has received the
most important consideration in control literature. It has been the focus of
several research works and a variety of methods have been proposed These
methods have grown from either the state-space representation or the

transfer function (frequency and time domain) representation.

A state-space model consists of a matrix triple (4,B,C) parametrizing,
in discrete time case, a set of difference equations
<(X(k+1):AX(k)+BU(k) (1.1)
| Y(k)=CX(k)

or, in continuous-time case, a set of differential equations

X(1)= AX(t)+BU(1), (1.2)
Y(1) = CX(t)

where U,Y and X are, respectively, the input, output, and state vector
of the system. The dimension of matrix 4 is said to be the order of the state-
space model. The products CA'B, i=0,12,... are called the Markov

parameters associated with the model (4,B,C).

The next class of methods are those developed from an input-output
realisation. The input-output representation often takes the form of a
transfer function (frequency domain characterisation) or an impulse response

function (time-domain characterisation). For finite order systems, the

transfer functions are rational: H(s)= N(s) for continuous time case, or

()

1
H(z) = —— N(z) for discrete time case, where a() and N() are polynomials

a(z)

and polynomial matrices, respectively. Transfer functions are related to

state-space representations by

O8]




H(s)=C(s[- 4)™'B (1.3)
or,
H(z)=C(z[- A)"'B (1.4)
The impulse response of a system can be obtained by actually measuring
its response to an impulse input or by estimating the correlation between the

system output and a white noise input.

By denoting the impulse response of a discrete time system by #(n) and
that of a continuous-time system by H(r), we can relate the impulse response

to the state-space parameters (4,B,(C) as

H(n)=CA™'B (1.5)
and
H(t)=Ce"B (1.6)
The philosophy behind model reduction methods using the state-space
representation, is to split the modes of the model into a dominant set
(principal) and a dominated one (perturbational). Then by throwing away the
least significant portion of the model, a reasonable lower order
approximation is obtained. Among these methods, we have the balanced
realisation method proposed by Moore [1], where he pointed out attention
to the use of principal component analysis to model reduction problems and
argued that the input-output behaviour of the model is not changed too
much if the least controllable and least observable part is deleted Latter,
Pernebo and Silverman [2] further investigated this method in terms of
stability, controllability and observability. Bamani [3], Rachid and Haskim
[4] developed aggregation methods based on the Shur decomposition form
while Kokotovic and Yackel [5] derived a singular perturbational analysis
method using the state-space representation. Traditionally, the "relative
dominance” is measured in terms of the eigenvalues of matrix A4, or
equivalently, the system modes: modes with slower decay are considered to

be dominant.

However, recent progress in model reduction [64] shows that in order
to get a reasonable approximation, it may not be appropriate to simply drop



the "fast” modes. Apparently the problem can be better answered if some
error criterion that also takes into account the effect of matrices B and C on

the system behaviour is introduced

Clearly, the ultimate concern in model reduction is to approximate the
input-output behaviour of a system. Knowledge about the internal structure

(state-space model) of that system is only a convenience but not a necessity.

The next group of model reduction methods to be discussed are
developed from an input-output description form. Successive techniques are
derived from this representation. Among these, we mention the Pade
approximation methods, the continued fraction methods<and the moments-
matching techniques. The moments of a system are defined to be the
coefficients of the power series expansion or Taylor series expansions of the

transfer function about certain points. A lower-order approximation, f{(z), 1s

constructed by matching up a desired number of its moments with those of

H(z).

This class of techniques developed from the input-output representation
may be further divided into two major categories : the classical methods and

the modified or stable methods.

The former approach is represented by the works of Chen and Shieh
[6], Bosley, Kropholler and Lees [7], and Zakian [8], Qian and Meng [9].
But, they suffer from a serious drawback in that the approximations may be
unstable even though the original system is. Hence, stable methods were
proposed in order to remediate to this lack. The stable methods try to
overcome this problem by insuring beforehand the presence of some desired
modes in the reduced model. The characteristic equation is required to
satisfy some criteria of stability such as the Routh stability criterion,
Hurwitz polynomial, Mihailov criterion and the stability equation, while the
parameters in the numerator are adjusted as in the classical reduction
methods For illustration purposes, we mention the method proposed by Wan
[10] which uses the property of the Mihailov criterion to improve the Pade

approximation method The method developed by Hwang, Gou and Shieh

~



[11] uses the Routh approximation method to form the denominator and the
minimisation of the integral squared error criterion for the derivation of the
numerator. On the other hand, Xiheng [12] contributed to the performance
of the FF-Padé method through some new concepts, while in [13] Shieh and
Wei developed an elegant mixed model reduction method that combines
dominant eigenvalue concept and the matrix continued fraction approach
However, the absolute stability of the stable methods is achieved only at the
cost of a serious loss of accuracy, and compared to the classical approaches,
fewer moments can be matched with approximates of the same order.
Furthermore, they exhibit bad performance when approximating certain

known classes of transfer functions [14].

Transfer functions based methods have intuitive and appealing
frequency domain interpretations {15, 16]. However, the drawback with the
majority of these techniques is the difficulty in extending them to

multivariable cases [17].

Beside state-space models and transfer functions, impulse responses can
also be a starting point for model reduction. The third group of model
reduction methods that may be seen as an extension of the two previous
groups, are the more recently developed Hankel approximation methods The

Hankel matrix associated with a linear system described by a transfer

function H(z) having a proper series expansion (in ) H(:):Zi,lH,z" 1s

defined as
'H H, H -]
i )
"H, H, H |
s 3 a | (1.7)
T{H(z =\ ;
W=y,
SN

It has been a popular tool for system identification. The reason for its
popularity is the well known Kronecker’s theorem [18, 19, 20], a result that
connect the degree (order) of a system with the rank of the corresponding

block Hankel matrix.



Given a system transfer function H(z), the rank of ['{H(z)} is equal to
tne degree (order) of the system H(z); i.e the dimension of state vectors of

minimal state space realisations.

Consider a state-space triple (4,B8,C). It is noted that H =CA" 'B. Hence
1

|

{B AB 4B ] = 0OC (1.8)

where O, and C,, are respectively called the (extended) observability
and Controllability matrices. Therefore, the rank of ['{H(z)}is equal to that
of O, and C, when O, andC, are of full rank (when the s.ate-space
realisation is observable and controllable, hence minimal ).

A

Let’s denote by "™ and "¢", respectively, the shift-up and the shift-left

operators. Then it is seen that

<o
ObA:LCAZJ:Obf (1.9a)
AC,=[AB 4’B -|=C~ (1.9b)
and
o
CA
= 2 =T =r* (1.9¢)
0,AC, o lA[B AB A'B r'=r
s

Hence, given a Hankel matrix I' and a factorisation O,C,, a state

feedback matrix 4 can be computed by solving any of the following three

equations:
0,4=0, | (1.10a)
AC,=C," (1.10b)
0,4C, =T~ (1.10¢)

where the matrices B and C are easily obtained from C, and O,.

[f only noisy measurements of H are available, then the Hankel matrix

formed from A may have unreasonably high rank which does not represent a

~



true system order. One should not insist on obtaining a system realisation
which reproduces the noisy sequence of H; Rather, a realisation which
produces some smoothed version of this sequence appears to be more
desirable. Zeiger, Mc Ewen, Jaaksoo and Nurges [21, 22] developed a
method in this order. Their method first applies singular value
decomposition to the Hankel matrix, which decomposes the matrix into
orthogonal components ordered according to the magnitude of the singular
values. The components associated with small singular values are then
treated as “perturbational” and removed by setting the corresponding
singular values to zero. A least-square approximate solution for the state-
feedback matrix 4 is then obtained from an equation similar to (1.10¢). In
the case where no "perturbation” is assumed, the procedure reduces to the

Ho and Kalman’s algorithm [19] for exact realisation.

Later and independently, Kung [23] arrived at a si:milar scheme for
approximate realisation in which the state-feedback matrix is solved from an
equation similar to (1.10a) or (1.10b). He also studied the stability of the
realisation and reported some error analysis results. Connection between this
method and the Moore’s method of model reduction is mentioned in [23]

Further such connection is observed by Silverman [24].

The three closely related methods developed by Moore, Zeiger and Mc
Ewen, and Kung are supported by good approximation results. Nevertheless
they remain ad-hoc and heuristic approaches. Hence it is natural to question
whether there is an optii.al approximation in any sense, within this Hankel

approximation framework. The answer is affirmative.

For the single input-output systems Case, Adamjan, Arov and Krein
(25], following some work of Nehari [26], developed a closed form optimal
solution for model reduction problems with a Hankel norm error criterion,
where the Hankel norm error is defined to be the spectral norm of the
difference between the Hankel matrix associated with the original system
and that associated with the approximating system. It has been shown [27]

that the spectral norm of the Hankel matrix associated with a stable single



input-output system lies between the more conventional L. and L_ norms
Hence, the Hankel norm criterion can be viewed as a compromise between
these two more popular error measures. Adamjan, Arov and Krein’s work is
restricted to scalar systems (single-input-output systems) except for a
special multivariable extension problem [28] which in the context of linear
systems approximation, may be called "zeroth order approximation
problem” Their work is very mathematical and many investigators have

worked on exploiting its engineering implications.

A general theory and algorithm for optimal Hankel norm approximation
of multivariable systems was first proposed and developed by Kung and Lin
[29, 30]. In [29, 30] an "Extension theorem” is derived which assures that
with one block extension, any Hankel matrix can have certain desirable
singular value/vector structure. Then a solution for optimal Hankel norm

multivariable systems approximation problem is constructed.

In the present work two model reduction procedures are proposed. The
first method belongs to the first group and it is developed from a block
state-space description, while the second method is developed from a matrix
transfer function and therefore may be categorised as belonging to the
second group of methods. The truncation criterion is derived from the third
class of methods through the use of the relative error between the singular
values of the block-Hankel matrix of the original model and the singular

values of the block-Hankel matrix of the neglected part of the model

The first procedure is based on the concept of dominance, between a
complete set of solvents of the characteristic matrix polynomial of a
multivariable system given in the form of a matrix fraction description A
block controller canonical form is formed from the coefficients of the matrix
fraction description and then block diagonalised via the Vandermande
similarity transformation The obtained reduced model is further tuned at the
eigenvalue level through the diagonalisation of the last block and the

extraction of its dominant part.



Chapter 2

Review on Matrix Polynomials

A linear time invariant single-input single-output system is often
described by a differential equation of the form

d(p)y(t) = n(p)u(t) (2.1)

where d(p) and n(p) are scalar polynomials.

The Laplace transformation description of such system results in a
transfer function with scalar polynomials in the numerator and denominator,
written as

nay= 1 (2.2)
d(4)
where A is a complex variable. The multivariable analog of the scalar case is

a transfer function in the form of a matrix fraction description (MFD)

H(A) = No(A)D3 (3) (2.3)
where N, (A) and D,(A) are respectively Axm and mxm complex matrices
known as matrix polynomials or lambda matrices (A -matrices), A is a
complex variable and

H(A) = L[H()] (2.4)
H(/) is defined to be a RMFD (right matrix fraction description), the matrix

D.(4) in (2.3) is a right denominator A-matrix [20].

10



An alternative factorisation of H(A) is the LMFD (left matrix fraction

description) defined as:

H(2) = D, (AN (%) (2.5)

where D.(4) is a left denominator A-matrix.

The stability and dynamic behaviour of multivariable systems
formulated in (2.3) and (2.5) and related properties of A-matrices have been
investigated by Lancaster [31], Jury [32], Anderson and Bitmead [33],
Papaconstantinou [34], Miller and Michel [35], Shieh and Sacheti [36],

Shieh et al. [38], and Shieh and Tajvari {37].

The denominator matrix polynomial or A-marrix called also the
characteristic matrix polynomial, characterises the properties of a system in

terms of the spectrums of the different spectral factors.

By a n” degree m” order A-matrix, we understand a matrix valued
function of a complex variable of the form
ARy = A + A+ =4 A+ A, (2.6)
where A4,,i=012,..., n, are mxm constant matrices and A is a complex

variable In addition:

Definition 2.1: Given A(A) as defined in (2.6) then:
(i) A(A) is monic if A, =1.
(ii) A(A) is comonic if A, =1.
(iii) A(A) is regular if Det(A(A)) = 0.
(iv) A(A) is nonsingular if Det(A(A)) is not identically zero.
(v) A(A) is unimodular if Det(A(A)) is nonzero constant.

Other definitions for regularity and nonsingularity may be encountered
in matrix polynomials literature. For example [39] defines a regular A-matrix
as one whose determinant is not identically zero and nonsingular A-matrix as
one whose determinant is a nonzero constant, thus making statements (iv)

and (v) of definition 2 1 equivalent. Note that, if A, is nonsingular, one can

always multiply by 4. to get a monic matrix polynomial.

11



Another alternative formulation of the A-matrix is:

‘a. () a.(4) - a, (i)
s @@ =B @) 2.7)
@) @) an()
where a () =a, 4 ~a A"~ —a, and a, = 4(,)) with a,, and 4 belonging

to a field F(A).

Clearly, the two forms (2.6) and (2.7) are equivalent However, form
(2.6) outlines the polynomial character of the matrix polynomial while form
(2.7) stresses on the matrix one. In this thesis, we will be dealing only with
monic matrix polynomials of the form (2.6) because it is the one that suits

the present work.

There are also other forms such as the Smith normal form which is very
useful in the study of A-matrices. But, before introducing it, we have to

define what is an elementary transformation on a A —matrix.
2.1 Elementary Transformations on a A-matrix

The reduction of a matrix of general form to a canonical form, will
usually be achieved progressively by performing a sequence of simple
transformations known as elementary transformations. We call an elementary

transformation on a A-matrix A(A) over a field F(4), one of the following

operations:

(1) Interchange of *wo rows.
(2) The multiplication of a row by a nonzero constant.
(3) The addition to one row another row multiplied by a polynomial p(2A) of
F(n).

The elementary column operations are defined in an entirely analogous
fashion A row transformation on A(A) is obtained by multiplying A(4) on
the left by a convenient matrix 4 and a column transformation is obtained

by multiplying A(4) on the right by a convenient matrix K These

12



transformations can be seen as premultiplication and postmultiplication by

elementary matrices of the following forms:

An interchange of rows (columns) i and j in A(4A) i1s equivalent to

multiplication on the left (right) by

1 0 0 0’
. ,
i 0 <o 0 o 1 e 0
i s (2.8)

jo> 0 e 1o 0 e 0

H . . . N . s
‘! - . . . . . . 1
0 «+ 0 «v 0 - 1]

Adding to the i* row of A(A) the j” row multiplied by the polynomial

p(A) is equivalent to multiplication on the left by

]

v

"1 0 0 0 0

i .

i .

0 1 0 0 0

: : 2 (2.9)

i —> @0 0 1 p(A) 0

E : :

0 0 0 1 0

T

The same operation for columns is equivalent to multiplication on the

right by the matrix

R 0 0 0 0]
0 1 0 0 0

{50 e 0 e 1 0 e 0 (2.10)
R A ;

j_,§o e 0 e p(A) - 1 o 0
0 0 0 0 1

13



Finally multiplication of the i” row (column) in A(A) by a nonzero

constant ¢ is equivalent to the multiplication on the left (right) by

‘—1 R ¢ T T ¢ Oﬁj

: ‘
0 1 0 0 0

{50 = 0 oo 0 e O (2.11)

f; . . . : . . . .1
0 0 0o - 1 0]
T
0 - 0 - 0 o 0 .. 1_]

[t is evident that the determinant of a matrix of type (2.8) is -1 ard of type
(2.9) and (2.10) is 1 while that of matrix of type (2.11) is the constant c.

In addition, we state without proofs the following theorems [40].

Theorem 2.1: Every elementary matrix in F(A) has an inverse, which
is itself an elementary matrix in F(4).

Theorem 2.2: [f TA(/?.)i:krO where k€ F, then A(A) is a product of
elementary matrices.

Theorem 2.3: The rank of a A-matrix is not changed by elementary
transformations.

2.2 Equivalent Transformations

Theorem 2.4: Two Ai-matrices A(A) and D(A) are equivalent if and only
if there are unimodular matrices P(A)=H --H,H and Q(i)= KK, K, such

that

D(2) = P(AA(AQ(A) (2.12)

Proof: It is evident from what precedes.

Theorem 2.5: Every A-matrix of rank r may be reduced by elementary

transformations to the ” Smith normal form ” given by:

14



d (%) 0]

d,(%)

D(A) = (2.13)

,
!
:
I

0 0.
Proof: See Gohberg et al. ref [40].

Note that the Smith form D(A) is a diagonal matrix with monic scalar
polynomials d (4) such that d (4) is divisible by d_ (A); P(A) and O(4) are
respectively matrix polynomials of sizes mxm and nxn with constant

nonzero determinants.
Theorem 2.6: Equivalent mxn A—matrices are of the same rank.

Proof: See Theorem 2.3.

2.3 Common Divisors

Theorem 2.7: Let A(A) and D(A) be two equivalent matrices of rank r,
then the greatest common divisor of all the minors of order s of A(%), s<r,

is also the greatest common divisor of all the minors of order s of D(2).

Proof: See ref [40].

When a A- matrix of rank r is reduced to the form (2 13), the greatest

common divisor of all the minors of order s of A(4), s<r, is the greatest
common divisor of all the minors of order s of D(4). From the above
theorem 2.7, since in D(A) every d (.., divide d_.(4), the greatest common

divisor of all the minors of order s of D(4) and also of A(4) is:

g.(A)=d (A, (A)yd,(A) (s=12,....r)

To prove the uniqueness of the transformation, suppose that A(A4) is

reduced to
D.(A) = diag(d. (A),d:(l),...,d,(/“.),O,...,O)

and to

18



D.(A) =diag(h(A),h,(A),...,h (4),0,...,0)
from (2.13), we have

g () =d (A (A)-d,(A) = h (Dh(2) k(D)

or g, (4) = d(/i) = h1 (4), g:(/:~) = d(/;')d-(;') = h(/:')h:(’:‘)
in such away that
d.(3) = b (A),...

In general, if we set g,(4)=1, then

gS(/%;_;(/l) =d (A)=h(4) s=(12,...r)

and we have:

Theorem 2.8: The matrix D(A) of (2.13) obtained from A(2) through
elementary transformations is unique.

Hence, the normal smith matrices form a canonical set for the relation

of equivalence on F(4).

2.4 Invariant Polynomials

The polynomials d (4),d;(4),...,d,(4) in the diagonal of the smith form of
A(4) are called invariant polynomials of A(%). The number r of invariant
polynomials is defined as

r = max{rank(L(2))} (2.14)

This is evident from the fact that, P(A) and ((A) are invertible matrices for
every A, we have rank (A(4)) = rank (D(4)) for every A e F(A). On the other
hand, it is clear that rank (D(4))=r if A is not a zero of one of the invariant
polynomials, otherwise rank D(4) <r.
if d_(4)=1, t<r, then d(A)=d.(A)=-=d (A)=1
As a consequence of theorem 2.8, we have:

Theorem 2.9: Iwo square A-matrices of order m on F(.) are

equivalent if and only if they have the same invariant polynomials.

~
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2.5 Elementary Divisors

Representing each invariant polynomial as a product of linear factors

d(A)=(A-2)" (A= A)™, i=l..r, (2.15)

Py

where 4. ..., /

, 4, are different complex numbers and «a,....a

are positive

)
integers. The factors ().—).U)“'f, j=12,..,k, i=12,..,r, are called the

elementary divisors of A4(4). An elementary divisor is said to be linear or

nonlinear depending on wether ¢, =1 or a, >1.

Theorem 2.10: [f A(A), B(A) are matrix polynomials over F(1), then

the set of elementary divisors of the block diagonal matrix

[A(A) 0 ]
C(A) = (

L0 B (2.16)

is the union of the sets of elementary divisors of A(Z) and B(4).

Proof: See Gohberg et al ref [40].

2.6 Latent Structure and Existence of Solvents of Matrix Polynomials

Consider an n” degree m” order A-matrix described by
AW = A8 + A+ +A_ A+ A, (2.17)
where 4 € C™" and 4 is a complex variable The above equality remains
unchanged if we replace A by another scalar from F(4). For example, let
A=k, we obtain
Ak)= A k" = Ak™ —+ A4 _k~ A4, (2.18)
While, if we replace A by a square matrix §, we may obtain different
results since in general two square matrices do not commute Then we define
two matrix polynomials
A (S)=AS "+ A4S+ =4, 5~ 4, (2.19)
where S is an mxm matrix, as the right matrix polynomial associated with
the /-matrix A(4) And

A,(S)=S"4,~S" 4~ =SA,_ ~ 4, (2.20)
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as the left matrix polynomial associated with the A-marrix A(Z). A right
solvent of A(A) 1s defined as a matrix R satisfying

Ay(R)= AR~ AR™ =4 _R~A4,=0, (2.21)

and a left solvent as a matrix L satisfying

A(L)=Ld,~["A~-L4_~A4 =0 (2.22)

n m

where 0 is the mxm null matrix.

Let A be a complex number such that

det(A(4)) =0 (2.23)

then, 4 is a latent root of A(4). Also, let p, be an mx1 vector such that

A(4)p, =0, (2.24)
then, p, is a right latent vector of 4(4) associated with 4 . Similarly, g, is a

left latent vector if
97 4(3)=0,., (2.25)
where 7 in (2.25) designates transpose.

The relationship between latent roots, latent vectors, and the solvents

can be stated as follows [41].

Theorem 2.11: If A(A) has n linearly independent right latent vectors
p..p-,....p, (left latent vectors q..q.,....q,) corresponding to latent roots

A A, then PAP' (O'AQ) is a right (left) solvent, where

.
Ayhayn A

P=(p,.py....0,) [0=(q,.9,,....q,)" ] and A =diag(’. i.,....A,).

From the above theorem, we can determine the relationship between a

right solvent and the corresponding left solvent.

Theorem 2.12: If A(i) has n latent roots A.,...,A, and the
corresponding right latent vectors p.,....p, as well as the left latent vectors
q......q, are both linearly independent, then the associated right solvent R

and left solvent L are related by

R=WLW™ (2.26)
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where W=PQ, P=(p,,....p,) and Q=(q,,....q,)" .
Proof: the proof follows from theorem 2.11.

2.7 Jordan Structure

It is well known that a constant matrix with multiple eigenvalues is not
necessarily diagonalisable If it is not, the most compact form into which a
matrix 4 may be reduced by means of a similarity transformation is the

Jordan form. In fact, let p,,p.....,p, be a chain of eigenvectors of A, and if

Ap, = A,p;, Ap, = A0+ Py oo Ap, = Aopy + Pi (2.27)
then p.,p......p, is said to be a Jordan chain of the matrix polynomial
(A - 4). In the following, we wish to extend the notion of Jordan chain to

matrix polynomials of higher orders.

For so doing, let p and g, be respectively the rig‘ht and left latent
vectors of a A-matrix A(A), corresponding to latent root 4 of algebraic

multiplicity m,, satisfying:

AP =0 j=12...

’ (2.28)
AT (4)q,” =0 J=12,00,

where [ represents the geometric multiplicity of 4. The set of vectors

defined above will be referred to as primary right [left] latent vectors. In

case | <m, the set is to be completed by m -/ generalised latent vectors

constructed from the so-called Jordan chain of A4(4) associated with 4 [42,

43]. Each of the Jordan chains has, as a leading vector, a primary latent

vector while the remaining vectors of the chain are obtained according to the

following definition:

Definition 2.2: A set of vectors p pP ... .p* is said to be a right
Jordan chain of length k for A(2), corresponding to 2, if the vectors p.’’,
j=12,....k satisfy the following set:
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A(Z)p =0

e Ldd(A)
AQp" =~ P =0
Bt (2.29)
o tdad)y 1 dA(R)
A e p T —— =~ p =
Putting this in matrix form we have:
(A 0 w0
: mY 7
LdA(4) A o [P0
; It da (.A’) : P i:?Oi (2.30)
|

Uodcagy 1 adtady
. . 3 A ) x) . O
k-1 dAF (k-2)l di (4)/. p ) \0J

For every primary latent vector p'’, j=12,..../ will correspond a Jordan

chain of length &, where k, is the size of the corresponding Jordan cell as
shown by the following structure of a Jordan block:

J. = Diag(J* J*... g5y (2.31)

where /7 is the k, x k, matrix

‘4 1 0 0)
[o Al 0
JE i (2.32)
0 0 0 - 1
0 0 0 - A

In an analogous manner, a left Jordan chain of length k& for A(4) is a set
of k vectors ¢, ¢*,....¢"*) where the leading vector is a primary vector. The

g’ j=12,....k satisfies the following set of equations:

AT(4)q" =0
L 1dA™(4) .

AR+ 4, =0
o 1dAT() L, 1 dATG)

T/ £ ! \k—A)_’_”. '7 D=0
A (/“I)ql 1 d/j.. ql +(k_1)' d/‘.’k—A ql

which can be also written in matrix form as:
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AR 0 0

] ORI
; l_d_A._T_(ﬁl AT‘(_‘) . O q‘x':.‘ :O‘
L " : SN (2.34)
i k-l 4T/ = :kgz T . : P
1 dTAN(A) 1 d"247(A) ) Co]
N - a K, O
k-1 dxT (k-2)!  di AN

Note that the vectors of Jordan chain of a matrix polynomial of degree
greater than one need not be linearly independent, in opposition to the linear

matrix polynomials of the type (A/ - 4).
2.8 Kronecker Product

In order to complete the derivations given in the rest of the thesis, we
review here the Kronecker product of two matrices. The notion of
Kronecker product arises naturally in matrix equations, and plays a

prominent role in their resolution.

Definition 2.3: Given two matrices AeF™" and BeF"", the
Kronecker product of A and B, is defined to be a matrix W =AZB such
that

‘/anB a,B - asz\
a,B a,B - a, B,
EYEL L 239

kamIB a,.B - ammB/.’

A vector-valued function closely related to the Kronecker product and

denoted by Fec is defined in the following as:

mxn

Definition 2.4: Given a matrix AcF™" whose columns are denoted by

(A.,A,,...,A )}, the vector-valued function VecA is defined by
()
A,
Vecd =, . | (2.36)
B
\A,)
Observe that the Vec-function is linear:
Vec(ad — BB) = al’ecA - flecB,

forany A,BeF™" and a,feF.



The following proposition [18] shows the close relationship between

the Vec-function and the Kroneker product.
Proposition 2.1: [f AeF™"" , BeF"", and X €F™", then
Vec(AXB) = (BT ® A)VecX

Proof: See Gantmacher ref [18].

. i0. . . :
Relying on the above proposition, we state in the following a theorem

without [39] proof that will prove useful in our work.

Theorem 2.13: Consider the general matrix equation
A XB + A, XB,~~A,XB, =W (2.37)
where A e C™", BeC"" and X € C™", then this equation has a solution X
if and only if X satisfies
GVecX =VecW (2.38)

where G= iBZT ® A

The main importance of this theorem lies in the fact that the matrix

P
equation ZAXXBle is transformed to the well-known matrix-vector

1=}

equation of the form Ax=15.

We shall now determine criteria for the existence and uniqueness of

solvents in light of the above theorem [43].
Let A(A) = A A7~ A A = =4,
By definition, if R is a right solvent of A4(4), then

A (R)= A R"+ AR = +4,=0 (2.39)
Let J be the Jordan form matrix of R and M its eigenvector matrix, i.€

the matrix whose columns are the eigenvectors and generalised eigenvectors

of R

Hence matrix R can be written as:

R=MM" (2.40)



using (2.38 ) we have
AMI"M™ - AMI" M~ -4, MM -4, =0 (2.41)
multiplying equation (2.41) from the right by M, we get

AMIT ~ AMI —m A, MJ - A M =0 (2.42)

setting the mn vector JecM as:

(M)
M,
VeeM =' .0 (2.43)
[
M,
where M, is the i” column eigenvector of M. And the matrix G as:
G=(JT)Y®A4, ()" QA+ +J ®A,_ ~18A4, (2.44)
then from theorem 2 13 it is clear that R is a right solvent of A(A) if an only
if

GVecM =0 (2.45)

By denoting by N, the null space of G, the former result is summarised

in the following corollary.

Corollary 2.1: Under the above notation, R is a right solvent of A(4)
if and only if G is rank deficient or, equivalently, N is nonemply.

Proof: The proof follows directly from equation GlecM =0.

In a similar fashion a similar result [43] can be obtained for left

solvents if we consider
LA, +L"4+-A4,=0 (2.46)

where L is a left solvent of A(4). Denoting by P the eigenvector matrix of
L and by J its associated Jordan form, we can write L= PJP . Hence,

PJ"P A4, +P. P4 +-PJPTA, -4, =0 (2.47)
and after multiplication on the left by P~

JP A ~J TP A =P A, P A, =0 (2.48)
Using theorem (2 13), and after denoting P~ by Q, we get
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AVecQ =0 (2.49)

where A= :SAT®J""

Corollary 2.2: Under the above notation, L is a left solvent of A(Z) if
and only if A4 is rank deficient.
It is important to mention that, by definition, M (resp. Q) must be

nonsingular. Hence, only solutions }ecM (resp. VecQ) leading to nonsingular

M (resp. Q) lead to solvents R (resp. L).

2.9 Complete Set of Solvents and Complete Factorisation

Solvents play an important role in the analysis of a A-matrix [40]. A
special set of solvents of a matrix polynomial is the complete set of solvents

The complete set of regular solvents R,i=12,...,n, is characterised by the

following properties

(PRNA(RN=C, i=j i,j=12,..,n (2.50)
o) = o)) (2.51)

where p(R) is the spectrum of R and p(A(A)) is the spectrum of A(A). The

conditions for the existence and uniqueness of a complete set of solvents
have been investigated by Lancaster [31], Dennis et al [42], Gohberg et al
[44], and Markus and Mereuca [45].

The more general condition can be stated as follows [41].

Theorem 2.14: If the elementary divisors of A(A) are linear, then

A(A) has a complete set of right and left solvents.

Theorem 2.15: If the elementary divisors of A(A) are linear, then
A(A) can be factored into the product of n-linear monic A-matrices called

a complete set of linear spectral factors.

A(A) = (A, - O M, -0,.)(H,-0) (2.52)



where (A/-Q),i=12,...,n, are referred to as a complete set of linear spectral
factors. The mxm complex matrices Q,,i=12,...,n, are called the spectral

factors of the A—matrix A(A).

Note that, in order to apply theorems 2.14 and 2 15, the elementary

divisors of A(4) should be linear, which can be tested by transforming A(})

into its Smith canonical form [40]

The right most spectral factor Q, is a right solvent of A(4) and the left
most spectral factor O, is a left solvent of A(A), whereas the other spectral
factors may or may not be solvents of A(4A). The relationships between
solvents and spectral factors are explored by Shieh and Tsay in [41], and

various transformations have been developed.
2.10 Transformations of Solvents and Spectral Factors

Since the diagonal forms of a complete set of solvents and those of a
complete set of spectral factors are identical, then they are related by

similarity transformations.
2.10.1 Transformation of Right (Left) Solvents to Spectral Factors

Consider a complete set of right solvents R ,R.,...,R, of a monic

n

A—matrix A(4), then A(A) can be factored as

A =N, (D)=, -0 XA, -0, ) (M, -0) (2.53)

by using the following recursive scheme

O = N n(RORN 1 o(R)™,  k=12,...n (2.54)

where
Nk (1) = (;“Im - Qk)‘vk—l (4)
=N, (DA-O N, (4, k=12..n
Neg(R)=N_  2(R)R -0, N, . z(R), k=12..n and any j

(2.55)

with V,(A)=1, rank[N, .(R)l=m, k=12..n

Ng(R)=1,, forany j

[§9]
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Proof: See Shieh and Yih ref [41].

In a similar manner, the spectral factors can be obtained from: the

known left solvents L, of A(4), as follows:

Qk = Qnol»k = "\/[{k—l‘,[,([‘k)_lLkak-l;L(Lk)) k=12,....n (256)
where M (A =M . (A, -0,)

=M . (AH-M, . (AHO,, k=12,..n
My(L)Y=L M, (L)-M, (L), , k=12,...,n and arv j
with
M, (1)=1,, rank (M, (L)]=m 6 k=12,...n

M, (L,)=1, forany j

m

M. .. (L) is a left matrix polynomial of M, (i) having A replaced by a

left solvent L . The spectral factorisation of A(4) becomes

A(R) = M (2) = (AL, - QAL = Q) (A, - 0,) (2.57)

2.10.2 Transformation of Spectral Factors to Right (Left) Solvents

Given a complete set of spectral factors of a A—-marrix A(A), then a

corresponding complete set of right (left) solvents can be obtained.

Before deriving the transformation we first state a lemma to show the

existence of the transformations.
Lemma 2.1. Let A(A) =1 A"+ A A"+ A4 _A+A, and any mxm matrix

R with eigenvalues A,,...,A,. The eigenvalues of the matrix

G,(R)y=(R") ®I,~(R") @A+ +RT @A, ~1 DA, (2.58)
are the union of the eigenvalues of A(A)), i=1....m, where & designates

the Kronecker product [39].

Clearly, from the above lemma we have the following results
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Corollary 2.3: The matrix function G,(R) defined in the above lemma
is nonsingular if and only if A(X)), i=12,....m, are nonsingular, where the

A, are the eigenvalues of the mxm matrix R.

The Transformation of spectral factors to right (left) solvents of a

A—matrix can be derived as follows.

Theorem 2.1:: Given a monic A-marrix with all elementary divisors

being linear

A =AU, - O XA, -0,)-(A,-0,) (2.59)

where O (A Q,..), i=12,...n, are a complete set of spectral factors of

n-i-t

A(A), and O, ~Q =2,
Define A -matrices N (A), i=1.2,...,n, as follows:

N(A)= (A~ 0)" N (A) (2.60)
— ],,,/1’1_‘ + Ax'ln—x—1+...-LA(n_1_l)‘ '

with
N,(4) = A(A) (2.61)

Then, the transformation matrix P which transforms the spectral factor Q

(a0

Q,.,.,) to the right solvent R (A R, ) of A(A) can be constructed from

n-l-1

the new algorithm as follows

R=R_, =PQP"', ifrank P=m, i=1....m

where the mxm matrix P can be solved from the following matrix equation:

Vec(P)=G, (Q) 'Vec(l,), rank G, (Q)=m*, i=1....m (2.62)
where G, (Q) is defined by
Gu(QIAQ) @1, +(Q7) @ 4y~ =0, B 4y, + [, B4, (2.63)
Proof: See Shieh and Yih ref [41]
In the same fashion the complete set of spectral factors O , i=12,....n,

can be converted into the left solvents L , i=12,...,n, using the following

algorithm
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M (A)=M_(A)A,-0)"
— Imlin_' +A11/1"_1_!“"‘3“A /‘1"+A/ ) , I = 1’2,...,)7 (264)

‘n-1-1n fn-1h

H,(0)=1,30" ~4] Q" " +vAl . 20 +4l_ ®1 (2.65)

‘n—i~1 ‘n-1j m

Vee(S)= H,,(Q) Vec(I.) i=12

gy,

n
L =505, (2.66)

2.11 Block Companion Form

In analogy with scalar polynomials a useful tool for the analysis of

matrix polynomials is the block companion form matrix.

Given a A - matrix

AA) = IA + A4+ 4 (2.67)

n?

where 4 eC™" and 4eC , the associated bottom block companion form

matrix is:
0 I 0 \;
0 { 0 |
A=l r (2.68)
t 0 0 0 o I
-An —Arkl _An»l e _AI)
And the associated left block companion form matrix is:
0 0 -+ 0 —Aq
10 0 -4
4, =0 0 -4, (2.69)

i Lo : 1
\0 0 - I -4 )

Note that A4, is the block transpose of A4,. If the matrix polynomial 4(1) has

a complete set of solvents, these companion matrices can be respectively

block diagonalised via the right block Vandermande matrix defined by
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2 SR ST A
) . R R, - R
L(R,A,R:,...,R"):g ST (2.70)

\Rln—l R’;—‘L s Rnf‘:/

n

and the left block Vandermande matrix defined by

T L e LD

, L, e LT

V(L,Ly....Ly=" 7 7 (2.71)
[ : . o
J L, o LT

where R,R,,...,R,, (L.,L,,...,L,) represent the complete set of right (left)
solvents. Since the Vandermande matrices are nonsingular [42], we can write
(R,R,,....R)] "4,V (R, R,,....R )] = Diag(R,,R.,...,R)) (2.72)
and
(L, Ly,... LA, V(L,,Ly,.... )] = Diag(L.,L.,....L,) (2.73)
These similarity transformations do a block decoupling of the spectrum of

A(2) which is very useful in the analysis and design of large order systems.

2.12 Linearisation of A-matrices
Given an n” degree and m™ order A - marrix

A= AN + A s (2.74)

n

with 4, #/_ and Det(4,)=0. Hence, A(4) is nonmonic.

Multiplying both sides of this equation by A7, the above equation will

look as follows:

A=A AN =10~ A A7 - =4 A,

:11"+A1/;'"_1'?'""‘A (273)

n

The associated block companion form matrix is the mnxmn matrix A.

of the form:



/0 I 0 .- o\
)0 0 0’

] |

A :‘ : : : (2.76)
-0 0 0 v ]
\_An —An—l _An—2 o _A‘AJ

The associated linear A-matrix is an mnxmn A-—matrix defined by

A (A=Al - A,

Theorem 2.17: Given A(1) and A, (1) as defined above, then the

A—matrix A_(A) and

(A1) 0 0)
: o I, - 0 |

: Do J (2.77)
o o o1

are equivalent.

Proof: first we define the nmx nm matrix polynomials E(4) and F(1)

(Bn-l(i) B, (4) - B(4) Bo(/l))

E(/1)=|l 0 7, - 0 0 | (2.78)
Lo 0 . I, 0

where B(A)=AB_(A)+4, , B,(A)=4, fori=12,.,n-1and

(1_ 0 0 - 0

i, L, 0 e 0

F(A)J‘ ZI M, I, 0 (2.79)
G AL AL, e L)

m

It can be verified that Det(E(A)) = =1 and Det(F(A)) =1, in other terms, E(4)
and F(A) are unimodular, hence F(A)"' exists and is also a matrix

polynomial It can also be verified that:



‘A o - 0

o0 I, - 0
EDaDFD= . T . . (2.80)
Lo 0 . L
Particular Case: In case A(A) is monic, then 4, =7 and A(4) will
reduce to A(A). The unimodular matrices E(A) and F(4) will remain the
same except that B,(4) is now equal to identity. The reader can verify that
E(A)AC(A)F().):(A(O/{) ([)j (2.81)
The importance of the above result lies in the fact that it shows that A (4)
and A(A) have exactly the same Jordan form matrix. Thus analysing A(Z) is

equivalent to analysing 4.(A) from the spectral point of view. Another

linearisation defined when A(A) has a complete factorisation is:

A(l):(;Jm—Ql)(;Jm_Qz)'“(ﬂm—Qn) (282)
Let’s define the nmx nm constant matrix U of the form:
QO 0 0 - 0 0)
[ 0, 0 - 0 0
0 I e 0 0
v TS (2.83)
0 - 0, O
O Tt 1 Qn)

The associated linear A —matrix is an nmxnm A -marrix defined by A/ -U,

then according to theorem (2.17) AU -U is a linrarisation of A(4) if and

only if there exists P(4A) and Q(A) such that:

[ A()

PTHAYA -U)Q(A) "’t\ o 1

(2.84)

This is satisfied by:
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(T —(A-0) 0 e 0 o

0 I ~(A=0.) - 0 |
.0 0 [ e 0 0 i
P("”):;: : : oo : | (2.85)
0 [ ~(A-0,_)
.0 0 0 e 0 I
and
’B,.(A) -1 0 - 0 0)
B..(A) 0 [ .-
B4 0 0 - 0 0
o= Lo (2.86)
CB(A) 0 0 -0 -1
\B(4) 0 0 -+ 0 0

with B, =7 and B(A)=(U-Q, ., ,)B_ (A1) i=12..n-1
[t can also be verified that Det(Q(4)) =1 and Det(P(1))=1. So Q(A) and

P(A) are unimodular matrix polynomials.

2.13 Operations on Matrix Polynomials

Consider two matrix polynomials on F(4).

A=A+ A0 o+ A_ A+ A, (2.87)
and
- B(A)=BX +B A" +.~B, i+B, (2.88)

We will say that matrices (2.87) and (2.88) are equal, A(2)=B(2), if n=k
and 4 =B , i=0]1.2,....n.

The sum A(A)+B(4) is a A-matrix C(A) obtained by adding the two
corresponding elements of the two A-marices. The product, when
meaningful, A(A)B(A) is a A-matrix or matrix polynomial of degree at most
equal to n-k. If A(A) or B(A) is nonsingular, the degree of A(A)B(4A) as

well as that of B(A)A(4) is exactly n+k.
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If the leading coefficient B, is nonsingular, then there exists two

unique couples of matrix polynomials [Q(1), R(4)] and [O(4)), L(A)] such
that:

A(A)=Q(A)B(A)+R(A)  Right Division (2.89)
and

A(A) = B(A)Q(A)+ L(A) Left Division (2.90)
where degree of R(A) (L(A)) less than degree of B(A). In case, R(A)=0
(L(A4)=0) then B(A) is said to be right (left) divisor of A(A).

Remark: A matrix polynomial of the form

B(Ay=bA"1, ~b A" +-=b,_ il ~b1 (2.91)
ts called "a scalar polynomial”.

A scalar matrix polynomial B(4)=5(4)/, commute with every matrix
polynomial whose coefficients are square matrices of order n. If
B(A)=b(A)I, in (2.89) and (2.90), then:

A(4) = Q(A)B(A) + R(4) = B(A) O(4) ~ L(4) (2.92)

Remainder Theorem. Let A(4) be a Ai-matrix and let B=[b ] be a
square matrix of order n on F. Since (Al —-B) is linear, we can write:

A(A) = QA -B)+R (2.93)
and

A(A)=(M -B)Q(A)~ L (2.94)
where R and L are independent of A.

Theorem 2.18: [f a matrix polynomial A(A) is divided by (Al -B),
where B=[b ] is square of order n, and if the obtained remainders are R
and L, then

R=A,(B)=AB"+ 4B +-~A,_ B+ A4, (2.95)
and ’

L=A(B)=B"A,~B" 4~ ~BA_ ~ 4 (2.96)

)
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Proof: The proof follows from equations (2 93) and (2 94) upon

identification.
The above theorem can be used to prove the following corollary

Corollary 2.4: 4 matrix B is a solvent of A(Z) if and only if (Al - B)
divides exactly A(A).

Proof: See Hariche ref [43].

In case A(4) is a scalar matrix polynomial, the remainders in (2.95) and

(2.96) are identical.

Theorem 2.19: If a scalar matrix polynomial p(A)] is divided by
(Al - B) and if the obtained remainder is R, then R = p(B).

As a consequence, we have:

Theorem 2.20: A4 scalar matrix polynomial p(A)], is divisible by

(Al -B) if and only if p(B)=0.

2.14 Spectral Divisors

In this section, we consider a special case of division of matrix

polynomial A(A), in which R(4) (L(4)) is equal to the zero matrix.
Definition 2.5: [f A(A)= A,(A)A,(4A) is a particular factorisation of the
monic matrix polynomial A(A), with p(A. (L) p(A4,(A)) =D, then the monic
matrix polynomial A (A)and A,(A) are called spectral divisors of A(7).
The following result relates the latent roots and latent vectors of A(A4)
to those of its divisors.
Theorem 2.21: Let A(A) be a A-matrix as in (2.87 ) and B(4A) be a
right divisor of A(A), then
- Every latent root of B(2) is a latent root of A(4).
- Every Jordan chain of B(Z) corresponding to latent root A, is also a

Jordan chain of A(A) corresponding to the same latent root.

Proof: See Hariche ref [43].
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By a set of divisors completely describing the spectral data of A(Z), we

mean a set of divisors {B,(4),B,(A),...,B,(4)} satisfying

Ua(B,(2) = a(4(2)

hr (2.97)
o(B(A)No(B(A)=C for iz

2.15 Methods For Computation of a Complete Set of Solvents And

Spectral Factors of Matrix Polynomials

Numerous methods [46, 47, 48] are available for computing the
solvents and spectral factors of a matrix polynomial A(A). Simple
approaches [46, 47] use the eigenvalues and the eigenvectors of a matrix
polynomial to construct the solvents of the A-marrix A(Z) using equation
(2.26). However, it is often inefficient to explicitly determine the
eigenvalues and eigenvectors of a matrix, which could be ill conditioned
[49]. On the other hand, other methods with no prior knowledge of the
eigenvalues and eigenvectors of the matrix are available [39, 46, 50, 51, 52].
For example in [S0] the generalised Newton’s method has been successfully
used for determining the solvents of a A-marmix. But, before dealing with
this method, we have first to define what is a gradient of a matrix

polynomial as well as the contraction operation.
2.15.1 Notion of Gradient of a Matrix Polynomial

The gradient of a matrix polynomial is defined [50] as:

g .
{VA(X)}.,,,k.zzch“{A(X)},_, DLk =12,.m (2.98)

where X,, denotes the (k,/) element of X, {A(X)},, designates the (i, /)

element of A(X), and {VA(X)} " denotes the (i, /,k,/) element of VA(X).

1),

It is also shown in [50] that a contraction operation on VA, (.X) with

respect to an arbitrary mxm square matrix Y is given by:



|

: _da .
VA, (X)Y = dn(AR(X -1D)

. " (2.99)
=X (A=)

=3

And each term of the summation (2.99) can be computed as

d ,
d“,,(”*("“”” )

r—-|
=4 Xrxe (2.100)
q=0

n=0

Substituting (2.100) into (2.99) and rearranging indexes gives

n-r-:

VA, (XY =>4 3 Xopx~+ (2.101)

i=0 q=0

Performing index transformations or letting k=i+g~+1 and j=i, (2.101)

becomes

VAL (X)Y =) B (X)YX™* (2.102)

k=1

where B,(X) is the right matrix polynomial of the following A - marrix
B.(4):

k-1
B (A)=) A A" (2.103)
=0

In a similar manner, for the left matrix polynomial A4,(X), we have

VA, (X)F = 3 XY, (X) (2.104)

where B, (X) 1s the left matrix polynomial of the A-marix defined in

(2.103).

2.15.2 Generalized Newton Method

Given a right matrix polynomial

A (X)) = A, X"+ A X" -4 (2.109%)
It can be expanded around an mxm matrix X, as

A2 () = 4, (X)) = VA, (X)X - X,) = O((X - X)) (2.106)

K



where O(X - X,) is a matrix polynomial with high degree terms of (X - X,),
and VA, (X )X - X)) is a contracted gradient [50] of dimension m < m.

The first degree approximation of (2.106) with 'AX <1 becomes

A (X) = 4, (X)) = VAL (X,)AX (2.107)
A
where AX=.X-.X. We define a recursive formula

X, =X ~AX, (2.108)
so, (2.107) becomes
A (X)) = Az (X)) + VAL (X)AX (2.109)
If X _ is the right solvent of A(4), or Ag(X,_,)=0,, then

Ay (X)) + Vi, (X)AX,, =0, (2.110)
Solving for AX,, in (2.110) and substituting it into (2.108) gives the

recursive formula for solving the right solvent of A4(4).

To solve for AX _, we use the contracted gradient developed

previously, as follows:

VA (X )AX, =D Ba(X)AX X (2 111)

x=1

Substituting (2.111) into (2.110) yields

S B (X)AX X = -4, (X)) (2.112)

k=1

using theorem (2.13), we have:

(O]
~—

Vec(AX, )= ~G(X,) Vec{A. (X))} (211

where

G(X,)=i(X,"_")T®BkR(XK) (2.114)

=1

In a similar fashion, the recursive formula for solving the left solvents of
A(£) 1s:
X_ =X +AX (2.119)

where AX _ is the solution of the following linear matrix equation.

VA (X)AX = Y XX By (X)) = -4 (X)) (2 116)



or

Vec{AX .} =-H(X,) Vec{d, (X))} (2.117)

where
HX)=2 B (X) @X"* (2.118)

The convergence criterion is AX, <& where ¢ is an assigned small

value It should be also noted that the above procedure gives only one
solvent at a time, hence this solvent must be simplified from the matrix

polynomial A(4) through long division, then set the new obtained matrix
polynomial as being the new A(4), and redo again the above process for the

computation of the next solvent. But as it can be seen, this method depends
largely on the initial guess, the reason for which most researchers [53] use it
as a local method In contrast other methods known as global methods are

available among which we mention the Bernoulli’s method and the QD

algorithm.

2.15.3 Bernoulli’s Method

The Bernoulli’s iterative matrix method is a generalization of the scalar
Bernoulli’s method for the computation of the zero of a scalar polynomial
with largest absolute value. Bernoulli’s method is based on the solution of a
difference equation [40]. From now on, a solvent S is said to be dominant

solvent if every eigenvalue of S exceeds in modulus every eigenvalue of the

quotient A(A)IA-S) [40].

Theorem 2.22: Let A(A)=IA"~A A" —-+A, be a monic matrix
polynomial of degree n. Assume that A(%) has a dominant solvent §, and

the transposed matrix polynomial AT(A) also has a dominant solvent. Let
{L})c be the solution of the system

AU ~AU, —=4_U_  -U_ =0 r= 1,2,... (2.119)
where {U}f is a sequence of mxm matrices to be found and is determined

by the initial conditions



U, =U =-=U, =0, U, =I

n-1

then U, U

r

exists for large r and

U,-._U,"‘ 2S5 as rox (2.120)

Proof: See Gohberg et al ref [40].

For the case of a complete set of solvents the convergence is stated in terms
of block Vandermande matrices [40].
Theorem 2.24: If A(A) is a matrix polynomial of degree n such that:
(i) it has a complete set of solvents §.,§,,....S,.
(iij S, is a dominant solvent.
(iiiy 1°(S.,S.,....8,) and V'(S8.,S,,....S,) are nonsingular, then
liﬂnlU.,,lU;‘ =S =R
EEU;‘UM =8 =1L

(2.121)

2.15.4 The QD Algorithm

The matrix quotient-difference algorithm is a generalisation of the QD
algorithm for the determination of the zero’s of a scalar polynomial [54].
Given a matrix polynomial with nonsingular coefficients as
AN =X+ A X+ A4 A+ A, (2 122)
The objective is to find the spectral factors of A(4), that will allow us to

write A(A) as a product of » linear spectral factors:

A(A) = (M - Q)M - 0,) (A ~-0,)

(2.123)
Writing A(A) in block left companion form; we have
T-4, I 0 - 0]
-4, 01 - 0
C,= © i oeE (2.124)
?—A.‘ 0 0 « [

-4 0 0 - 0

The required transformation is a secuence of LR decompositions such that



C:'C C ﬂ:f_l oTIFA B“{
C, C.. X [.C D
where
T -4 0 0
-4, 0 0
C.= 1 i i iC.=
R 0 I 0
—4,, 00 - 0] I,

C,=[-4, 0 - 0 0] Cy

I
ey
(&)
[Wnav]

It is required to have C =0, then let

X=[X,X.X,....X,]
we obtain the following set of equations:
-X A -X. A,——X _A_ =-4
X =X,=X,=-=X,=0
X +D=0
leading to the following decomposition of C;:

- -r -

‘ | =4 0
| -4, O 0
C, = : : :
00 - I o0l-4, 0o I
{o 0 AATY, T 0 0 - 0 -A4,4,
Hence, C, can be written as
Cy=L, R .

(2 125)

(2 126)

(2.127)

(2.128)

(2.129)

(2.130)

(2.131)

Continuing this process of the block C,, up when C; is equivalent to a

matrix R,
Co=L Ly LRy
where
’__Al 1 -
0 -4 AT
R, = : :
O - 4n~‘.An_— [
0 0 -A, A4,

AN

(2.132)

(2.133)



/ 0 R
A.A7 T
L = ' (2.134)
i 0 0 .
! 0
A4 T (2.135)
L. = T ..etc.
0 0 0
0 0 o0 0 7
[t is clear that if the matrices L,,L.,... L. . areequal to identity matrices,

then the block companion matrix C; will be similar to the following matrix

Q I 0
0 0, I .. |
yo 000G 00 (2.136)
0 0 o, I
0 0 0

The following theorem shows that under certain conditions, the sequence of

L ,=-(n-2),...0 converge to identities.

Theorem 2.25: Let M = YXAX™"' where
R0 0
WL 0 R 0 .
AT o C(2137)
0 0 R, i

If the following conditions are satisfied:

(a) There is a dominance relation between the R, R >R >->R >0
(b) X =Y has ablock LR factorisation LR,

(c)
then the block LR algorithm just defined converges (L — 7).

X has a block LR factorisation L _R_

Proof: See Dahimane ref [53].

This means that we can start the QD algorithm by considering
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Eﬁ‘)) = A:A‘.A:;E*."—:) = A3A:_L;---§Ei.n—:’ = AnAn_-l: (2 138)

and we deduce that

)
I
|
s
I)Q/*‘
0"
o
S
I
(@]

SRR (2.139)
Equations (2.138) and (2 139) provide us with the first two rows of the QD
tableau. Hence, we can solve for the rhombus rules and get the row

generation of the QD algorithm

Qzu'-l}‘ — Qla/ - Elt/, - E i

1=

E =0V E 107 (2.140)
Writing this in tabular form yields:

—-A 0 0
0 A AT A AT A A,

0" 0 0
0 E" E} E

0 Qi) Qs':" (2.141)
0 E? EyY E;

where the Q' are the spectral factors of A(Z) In addition, note that the
QD algorithm gives all the spectral factors simultaneously and in dominance
order. We have chosen, in the above, the row generation algorithm because
it is more stable numerically The interested reader may refer to Dahimane
thesis [53] for further informations about the row generation algorithm and

the column generation algorithm



Chapter 3

Overview of the Existing
Model Reduction Methods

In this chapter, an overview of the existing model reduction methods is
presented However, before doing so some familiar model approximation

techniques that turn to be basic in system analysis are considered.
3.1 Basics
3.1.1 Linearization

Let g(x.y,z,...) be a function of many independent variables with
continuous derivatives. Then the expansion of g(x,).2,...) around a

linearization point (x,,),,2,,...) using the Taylor series expansion, yields:

@(X 7,}}’)7: 7"')
glx,y.z,...) = 8(xs, 05,25, ) F e ) (x - x;)
A A (3.1
*Cg(xivijz)v"')( . )*Cg(x')vijz]s"‘)(-_” )"_'.. ( )
C“y .y yﬁ & ~ -3

and by truncating the obtained expansion at some order k, a k" order

approximate equation will be obtained
3.1.2 Discretization

When sample and hold devices are added to a system, it is said to be a
discretized system The discretization of system dynamics is a form of
approximation where the original model and its approximate model are equal

or close at the time instants as defined by the discretization or measurement



Piecewise-constant functions are often generated by a sample and a
hold, called zero-order hold. These functions wu (¢),i=12,...,p, are described
by

u (t)=u (k7 kT <t <(k-1)T (3.2)
k=012,... i=12...p
where 7 is a positive constant, called the sampling period
A linear system in the form

,

{x([): Ax (1) + Bu() (3.3)
2(1) =Cx(1)
with constant input u(f) between two sampling instants can be descretized in

time as follows:

<’x(k+1)= Dx(k) +~Tu(k) (3.4)
 y(k)=Cx(k)
or
ﬁ!xk_‘l:(bxk""ruk (35)
L Ve =Cx,

where x(k)=x, =x(t,) at time instant ¢, . For equidistant time instants

X

t, = kT, the matrices ® and T" are given by:

After application of the Laplace transform to equation (3.3), we get:

x(t)= L7H(sI = ) x(1,) + LH{(sl - 4) BU(s))
= e‘“?i x(t,)+ j:! e’ "' Bu(r)dr

Since the inputs are constant during the sampling period 7, the vector u(r)

can be placed outside the integral sign, thus

x(t):e'“f x(tQ)*i I e'“"’fdr;u(k]’)

with r. =T, t=(k+1)T and by making a change of variable s=(k-1)T -7,

the above equation reduces to:

(k= 1)T) = e x(kT) - [fe'“Bds]u(m
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hence,

(D___ e.{f
r=["e*Bds (3:6)

3.1.3 Heuristic Model Reduction Methods

In this section, we are going to introduce some of the classical methods
of model order reduction and point attention to their limitations The most
popular of them are the polynomial truncation, the method of dominating
poles and pole-zero cancellations, which are all applicable to linear systems

only. Hence, a nonlinear system requires to be linearized beforehand

Let’s start by considering a linear system with a transfer function

H(z = 035" _ 035z~
T 1-086z" - 0085527 (1-095z7)(1+0.09:7)
From the factored denominator of H(z), it is clear that there is a large

(3.7)

difference in the two time constants. A spontaneous but poor method of
model reduction is simply to truncate the numerator and denominator

polynomials with a static gain compensation (i.e. at z=1).

0899z
1-086z7
This is obtained by seeking H.(z) of the form

H(z)z H (2) = (3.8)

kz™
HE)=———
(1-086z7")
and for
0.35 k
HH)=H () — =
‘ 1-086-00855 1-086
SO

k =0899
It can be verified by impulse response and step response signals that

even if the truncation is supported by static gain compensation, H (z) is stll
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a poor approximation of H(z) The reason is that the pole-zero location is

very sensitive to the higher order coefficients.

[t often makes more sense to keep the dominating poles and to
eliminate the dominated ones while preserving the static gain Applying this

method to equation (3 7) yields

0321z~
Hi:zy~=H.(z)=—2"~ ___ )
(2)= H.(2) (1-095: ) (3.9)

this is also obtained seeking H.(z) of the form

kz
H. ()= ——r
(1-095:7)
and
k 0.35
H.()=H() o = 3 so,
1-095 00545
k=0321

In a similar manner if we want to preserve the other pole, the computations

vield:
7z
H(G:z)y=——"—— 3
5(2) 1+009:" (3.10)

Clearly, it is easy to show serious shortcomings of the above heuristic
methods according to criteria of preserved static gain, step responses,
impulse responses, or least squares fitting It is therefore desirable to derive
methods for model approximation based on some sensitivity analysis of the
Input-output properties. According to the work of Kalman [56], a natural
way to decrease the order of a model is to delete everythin. except the
controllable and observable part. The reason is that this part of the model is
structurally unstable, hence one should measure the sensitivities of the input
output map in different directions of state space. The most controllable and
observable part could then be used as a low order approximation for the
model This is exactly what is done in Moore [1], where the controllability
Gramian and the observability Gramian are used to define measures of

controllability and observability in certain directions of the state space
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In the following sections we present different methods which have been
develoned to derive reduced-order models starting from a higher-order ones
In general these methods are either based on the state space description or

on the frequency domain description
3.2 State Space Reduction Techniques

The class of methods that use the state space description is considered

in this section. while methods depending on the transfer function description

are treated in the next section.
3.2.1 Balanced Realisation and model reduction

For the sake of clarity, the development of the balanced realisation
method is done in the discrete time domain, then the obtained results are

extended to the continuous time case.
3.2.1.1 Balanced Realisation For Discrete-Time systems

Consider a linear time-invariant system in state space form

x,.. = Ox, ~Tu, ,
{ x, R (3.11)

Y. =Cx, )

N

The idea is to develop a quantitative measure on the observability and

controllability of the states.

Direct calculation of the state x, from an input sequence (u b, via
equation (3.11), assuming x, =0, vields

x. =®x, ~Tu =Tu,
x, =Ox. = Tu =®lu, -Tu,

N
x, =2 ® “Tu.,
=

S L e Y
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In fact, there is an infinite number of control sequences U, that result
in the state x. for N >, however it is suitable to choose the one with
smallest 2-norm. The minimum energy control sequence {u }i that results
in the desired state x.. is obtained by means of the pseudo-inverse of ‘Y.

as:
U= =wIer YD) x, (3.13)

A special matrix called the controllability Gramian P, is defined as:

N1
P.=¥ ¥ =Y ®TT (&) 20 (3.14)
=0
As P, >0 is positive semidefinite, it can be concluded that the above
equation provides a quadratic form with a bound on the controllable states

at time N It is obvious from (3.14) that the controllability Gramian P,

satisfies the recursive equation

.
P = ZCD(I_FT(CDT);‘
= Y QY IT (@) M=k-1
AM=-1
N
:I—I—TI*ZCDM-ZI—I—T((DT)W-‘ (315)
AM=3
N-
SIT7 -S> OYIT (@7)")®”
A=)
=IT" ~-®P, ®’
So
P, =®P. & ~TIT’ (3.16)

And the solution P. for a stable matrix @ approaches the solution to the

following Lvapunov equation

opd” -TT -P=0. (3.17)

The asymptotic controllability Gramian P =LimP_ satisfies the above

Lvapunov equation (3. 17).
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Likewise, the observability Gramian is defined as the infinite sum

b ol

Q. =2 (@) C7Co* (3.18)

%=1

which satisfies similarly the Lyapunov equation

O QOP-0-C'C=0 (3.19)
and

Q;{_-_ — i ((DT )(oi CTC(D'(-X

- CT C"'Z(d)r)k-tcrcd)k-i

= ) (3.20)
=CTC-® S(PTHCTCDT D

k=90 =
=CTC-d70,®

Here also, the solution O, for a stable matrix ® approaches the solution to
the Lyapunov equation

O OP-0+C'C=0 (3.21)

And the asymptotic observability Gramian Q=1im(Q, satisfies the above

Lyvapunov equation (3.21).

[t 1s clear that the controllability and observability Gramian matrices P
and O define quantitative measures of reachability and observability of the
different subspaces of the state space It is also well known that the
Gramians are varying under state space transformations [1] In order to
clarify this, consider a state space transformation =z, = 7x, with its state

space equations.

2. =@z, ~Tu, =TT "z, ~ITu,
¢ e ‘
S =0, =CTz,

The corresponding Gramians for the system in equation (3 22) are’

with P=Y QoI (&)



P, = Y (TOT )" (IT \(IT) (T®T )" )*
=Y IO I (T (@) T

ST S QT (@) T7

_A’:‘}

=IPT"

Similarly for the observability Gramian, we have

Q: i((b’)tc'ccbk

then
0. =Y (TOT™ ) ) (CT) (CT™ YT®T )*

=X T (Q ) I'T7C°CT 1o 1™

— T—T Z((Df)chC(I)k T-'.
_x=0

— T*T QT%

At this point, the question that rises is whether there is an

transformation 7 such that P =(.. In fact, this property is achieved b

choosing a state space representation =z with equal and diagon:

controllability and observability Gramians such that

P =Q, =% =diag(c ,0.,...), with o, =i (PQ) (3.23)

=:

where A (PO) denotes the i™ eigenvalue of the matrix PO and I is
A g &

diagonal matrix with elements o,. Hence the problem reduces to th

derivation of the transformation 7. One way is to use the Cholesky factor

Q.,U.%., of the matrices P,Q,X as intermediate results, and determines th

state space transformation matrix 7 as follows:
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This transformation results in a state-space realization with similar
("balanced”) properties of coutrollability and observability Gramians, and

the magnitude of the elements o, of the Gramian I expresses the relative

importance of each state (z,), for the input-output behaviour

Let us now limit the discussion to asvmptotically stable and balanced
systems Hence
P=Q=%" =Diag(c: . c:.....0.) (3.27)
with large o, corresponding to essential states z, while small o correspond

to states =z, that are less important for the input-output behaviour. We may

view this as two interconnected systems and it seems reasonable to assume
that the subsystem with small singular values does not affect the input-
output behaviour of the system very much Hence, its elimination is without

significance

Let ®=7d7T " and ['=1T denote the transformed svstem matrices of

equation (3.22) and let the state vector z, = /x, be decomposed as

€ <
T o5 (3.28)
Sk
where z, is the vector of components with small singular values The state
space equation (3.22) can be written as:
/:£-~\1 Ci) I‘_ —CD:1 (D:)“":i“ —I—:—
e = L0 =Pz, ~1u, = - u,
o }\:'3-1) ‘ ‘ _CD:'. (D:‘:__-'-";_ _r:_
R 7N (3.29)
~ “x
Ye = zk:(Ci C )' 3
\'k/

By neglecting the dynamics of z; in front of those of =z, and u_, and
consequently eliminating z, from the following system, we get.
:;-: = CD;A:;; *‘D;;-"-f -Tu,
=0 -0 r -,

The reduced-order model will reduce to



(3.31)

A model reduction guided by the magnitude of the singular values in the

Gramian matrix T is called a balanced model reduction.

As an application of the above method, consider the following transfer
function [57]

022z

T 1207z —008:°

H(:)

with the controllable canonical realization

k 1_/0.7 0.08 k #ah .
D= g T M)
y(k)=(022 0)x(k)
Using the Cholesky factors, a balanced realization is produced as
707869 01079 " 704579
x
01079 -0.0869, —01018,

y(k)=(04579 -01018)x(k)

x(k~1)=

with
;/0.5510 0o

L=
v 0 0.0169,

And the state space transformation matrix
704579 00288
T\-01018 01295,
The elements of the diagonalized Gramian I are of different
magnitudes. which indicates that a first order model would be sufficient
According to the previous development, the elimination of the second state

vector component of the balanced system results in a balanced first order

model
x(k~1)=07869x(k) - 0457%u(k)
y(k) = 04579x(k)



3.2.1.2 Balanced Model Reduction For Continuous-Time Systems

The continuous time analogs of the results presented in the previous
section will be considered here The system is assumed to be controllable.

observable. asymptotically stable with a state space representation

x=Ax - Bu (
y=Cx~Du

(OS]
(P )
[E9]
N’

The controllability and observability Gramians are defined as

W= e“BB e

~—
[U8)
Gl

. 3)
W, =] e CTCe

As in the discrete time case, it can be shown that it is possible to find an

equivalence tranformation which makes the two gramians equal to some

diagonal positive definite matrix X The corresponding state space is said to

be balanced and looks as follows:

. /(D CDM\/:\ /I—-\
I > _ "
\CD (Dj;/\h J \1—/
ha (3.34)
) /;'.\
y=(C. C.) = ~Wu
\:3/

then by eliminating the least controllable and observable part. a reasonable

approximation is obtained as

:.A:CD_A:._~I—.>u (335)
y=Cz ~Wu
For illustrative purposes, consider the following third order linear system
[37]
2 229

G(s)= ——— —
(s=1) (57 -30s+-229)

The balanced state space model of this transfer function is

~N

7-06683 -16335 -06166" 12136
x= 16355 -82111 -74027 x- -13380 u

-06165 74027 -221206, . 03634,
v =(12136 13380 03634)x



with Gramian and its singular values

11018 0 o O
S= 0 01090 0
. 0 0 0.0072/

and the transformation matrix / between x and z=Tx
712136 366514 3454191
= —-13380 -326780 268176
035634 563501 51795 ,
The second-order reduced model is

7-0.6683 -16355 ©12136°
X - u
. 16355 =821l «—1.3380,

»=(12136 13380)x

X =

and the corresponding transfer function is

Go(s) = ~0.3174s ~ 16208
; s° ~827793s - 8162338

And finally a first order reduced model can be derived as

X = -0.6683x - 12136u
y=12136x

3.2.2 Model Reduction Based on Aggregation

Historically, the concepts and techniques of aggregation

were

developed at first in areas other than control systems It has been the subject

matter of extensive research studies in the economics literature

However.

interaction between the economics and the control fields gave rise to a great

interest in aggregation in this latter, because of the possibility that it otfers

in providing simplified models which could be more easily used in the

analysis and synthesis of large scale controllers.

Consider a multivariable system described by the following state-space

equations

;x([) = Ax(t) - Bu(t)
() =Cx(n)



The triple (4.B.C) of dimensions respectively nx<n, n<m and p«<n is

assumed to be completelv controllable and observable The objective is 1o

approximate the original model (3 36) with a satisfactory reduced model

; (1) = F=(1) = Gu(r) (
() = Hz(1)

I
|99
~J
~—

A reduced model is said to be ”“satisfactory” if the error between responses
to a given class of inputs {u(r)} of the original model output y(r) and the

aggregated model output v(¢) is negligible

Note that the aggregated model order » is such that m<r<n The
relationship between the linear dynamic models (3 36) and (3 37) could be

established by a linear transformation such as:

z(1) = Lx(1) (3.38)
where ‘L is an r «n constant aggregation matrix of rank r Using equation
(3 38) the equivalence between the models (3.36) and (3 37) is achieved

provided that the conditions [58]:

FL=1A
G=1LB (3.39)
2(0) = Lx(0)

are satisfied Since the rxn aggregation matrix L is assumed to be of tull
rank. it will possess a pseudo-inverse (an inverse in case of a square matrix)

and therefore a least square solution for (3.39) of the form

F=LAL[LL ] (3.40)
We shall emphasize here that the least square solution matrix F obtained
above could be an exact or an approximate solution to (3.39), depending

respectively on whether or not the aggregation matrix L is square

Clearly, the basic step in models construction is the formation of the

aggregation matrix L. Denoting the n-dimensional row vectors of /[ by

WLV =12,...,r, we can write L as’

L=[L0 . L L (3.41)

then

i
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:(t):[Li_'. oL .L‘:]rx(r) (3.42)
This means that z () is a linear combination of some components of x(t)
With the help of the eigenspectrum of the original system, we select the
elements of [ such that L has at most one entry in each column, then n
components of x can be grouped into at most r separate clusters In this
wayv, the vectors fL7 4.0 =12 r. are mutually orthogonal which ensures the
maximum rank of / This procedure constitutes a method for determining

the aggregation matrix

An automatic method to compute the matrix L can be developed by

considering the controllability matrices of systems (3 36) and (3 37)

Define
Wo=[B 4B - A7 B o
. (3.43)
W.=[G FG - F™G]
then fr-om (3.39) we have:
LW, =W, (3.44)
Thus using the pseudo-inverse, L can be obtained as
L=W.W, i
(3.45)

L=WWH [WW ]

It is understood that W, is of full rank n, since the original system 1is

controllable Thus, by specifyving F=Diag{/. .....A.} and choosing G so as

to have a completely controllable reduced model. rank(W.)=r. then L can
be computed by equation (3 43).

In order to illustrate the agg sation procedure, let us consider the

following fifth order system [35]

-1 0 00l 005 025 1 05

0 -4 0 045 01 0 1
x(1)= -0088 02 -10 0 022 x(r)- 05 09 u()

! 0 0075 -4 005 2 073

011 02 0999 044 -3 1

SA



The eigenvalues of this system are {-1003,-0952,-0 2996.-4073.-395} A study

of this eigenspectrum shows that an aggregate model of order three can be
derived by retaining an average of the first and fourth modes. the second
mode and an average of the third and fifth modes This gives the following
aggregation matrix L of the form

05 0 0 05

L= 0 1 0 0
0 0 05 0 05

Accordingly, the matrices of the aggregated model are given by:

"_1975 0 01925
F= 045 -4 0l
0231 02 -39

T15 0626
G="0 1
075 095

and H =CL for any given C.
3.2.3 Modal Analysis Approach

Modal analysis approach can be seen as a particular case of the
aggregation method Given a » order linear, time-invariant system in state

space form

x(t) = Ax(t) - Bu(t) (3.46)
y(1)=Cx(1)

the intent is to approximate the behaviour of this model by a reduced model
of order . The starting point for modal analysis approach, is the derivation
of a modal matrix whose eigenvalues are the same as those of the system
matrix. For so doing, we determine a transformation 7 that will order the
eigenvalues of the original model in order of decreasing dominance such that

they will be grouped into r and (n-r) sets

x(t)= Iz(r) (3.47)

hence.



2(0)y=(T"AD)z(t) - T Bu(r)

J. 0 z(ny T (3.48)
= - u(n)
0 J (. T
and
y(t)y=CIz(1) (3.49)

where z (1) corresponds to the dominant components and = (1) corresponds

to the dominated components Expanding the above system. vields

<.‘.':(I):J;:;([)—I—;ll([) (3.50)
s(n=Jz(n)-T u(t)

The methods using the modal analysis approach seek a reduced order model

described by

X () =Ax, (1) = Bu() (3.51)
b ()=Cx, (1)

where x (1)eR’ is a subset of x(¢) containing the effective state variables In

the following three basic approaches will be considered All of them retain

the » dominant eigenvalues in the reduced order model
Expanding equation (3.47), yields

@) T LT

x () I, T, (0 (3.52)

The first method makes use of the fact that J. contains only non-dominant
eigenvalues resulting in small time constants. Thus, z () can approximately

be replaced by linear combinations of the various inputs Mathematically, the
approximation is equivalent to putting =:(¢)=0 into (3 50) yielding
Jz()y=Tu(r)=0 = 2 (r)y==J7T u() (3.53)
from (3 32). we have
x,()=T=z ()~ Lz(1) (3.34)

or equivalently

J
n
(W J]

e

(=T [x (1)~ I.z ()] (3.



replacing (3.55) in (3 50) vields

(9
(W 1}
(@)Y
N

2 (0)=J T [, (1)~ Lz (0]} = T u(r)

replacing also (3 53) in (3.56) leads to

(N

(3.57)

2()=J T [x, ()~ LJ T )] =T u(z)
By defining an r-dimensional auxiliary vector w(t)y=x (1)-1.J T u(r) anc

differentiating both sides of equation (3 32), we get

/\
(U]
I
o0

'rr(l):]-::;([)‘]; :;([):T; :;([)

and after some minor manipulations
()= TJ.T [x,(1)~ T.J T u(0)] - TTu(r) (3.59)

At this level. several remarks need to be mentioned-

(1) The retained (dominant) modes are excited in the same manner in bott

the original and the reduced systems.
(i1) The above method gives a correct steady-state error (w(¢) - x (1))
However, this is not always the case for the transient response because of

the second term 7.J T u(r) To ensure the correct initial state w(0)=x, (0)

we let
w(0)=x,(0)~ I.J T.u(0) (5.60)
Hence
w(t)y=x (1) (361
and equation (3 39) reduces to
w(ty=TJ. T w(t)y- LT u(r) (3.62)
Then the comparison of (3 51) with (3 62) gives
A, =TJT" , |
' (3.63)

B, =1IT,

On the other hand, the expression for the unretained states can be

derived from equation (3 32)
x(ty=Tz (1)-1.z(1) (3.64)
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replacing (3.53) and (3 35) in (3 64) yields:

x. (1) = TT\T“"’[.\’,(!) ~TI.z (l)] ~T.(-J T u(n)
_ _ o 3.65;
=1, T x,(t)~(L,T"T. - T.)J T u(t) (3.62)
A second development of the modal analysis method may be as follows

Given a svstem in partitioned state space form

() A AT B

- E u(t o
x (1) _A; A;ixz(l)_ _B.__u() (3.66)

then
x()y=A,x (t)- A, x. (1)~ B.u(r)
and from (3 52) we get

x ()= T,z (1)~ Lz (1)

(=T x ()~ T Tz(1) (3.68)
By setting = (r)=0. and replacing it in equation (3 53) yields
s (ty=-J T.ur) (3.69)
The substitution of (3.69) and (3 .68) into (3.67a) lead to
x ()=Ax (1)~ A4:[T3:;(t) -~ T‘.:l(t)] -~ B.u(r)
=4 x,(t)*A:v]“:‘[[ix,(t)_[l'-T:::(z)]'-.4274:4_(1)-8'1((1) (3.70)
=(Ad, ~ AT )x (1)~ (AT, - A. LT T)z. (1) = B.u(t)
=(A4 = ATT )x, (1)~ [B. - AT - T T.)J T Jutr)
In a similar manner, the comparison of (3 51) with (3.70) produces
A =4 -~ AT
(3.71)

B, =B, - A.[1. - T:«T:{T:]J:irt

[t can be shown that, by setting x (0)=w(0) in the previous method. the

present method gives the correct transient and steady state responses The

retained modes are excited in the same manner as in the original system

except if 4. =0 The expression for the unretained modes 1s also given by

equation (3 63)



A third choice is to completely neglect the effects of the nondominant

variables z,{f) in the reduced model. In other terms the given system is seen

as two independent subsystems described by

x, (1) =Lz,(r)
x (1) =Lz, (1) (3.72)

substituting these equations in (3.48) with z (1) = T x, (1), yields

%, (1) =T, {(J, T x, (1) + Tu()}

=T J,T 'x, (1) + T.T,u(t) (3.73)
Hence by identification with equation (3.51), we have
4,=TJ,1" .
B =TT (.)74)
r 190
and the unretained variable x,(r) is expressed as:
X ()= Tz, = 1,1 'x, (1) (3.75)

To demonstrate the use of the three reduced order methods, a fourth

order single input single output system is chosen [55]:

-1 -1 6 -2 1"
(1) = 0O -2 2 0 )~ O‘u(z)
0 0 -3 1 l 0
0 0 0 -4 1J
y=[1 1 0 0}
The system eigenvalues are {-1,-2,-3,-4} with a unit step response of

-3t

y()=l-e' —e? +2e —e
A second order reduced model may be derived by retaining the state
variables x, and x, using (3.62) we have:

-1 -1 27

OIS ORI 0
0.5833
x, (1)=w(t) - E04167)u(t)

y,0=(1 1)x,0
Setting w(0) =0, the unit step response of the reduced model is given by:

2t

y,(t)y=1-e"—-¢”*
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As it can be seen, the initial state response is not the same for both models.

To overcome this, zquation (3.60) is used with x, (0)=0and #(0)=1 to yield
0)2(0.5833j
04167
with an output step response of y, (f)=10833e™" - 0.1667¢ "
Application of the second method leads to:
co=" (r>+[ R
Lo -2/ 01667/
y 0= .0
with a unit step response (x,(0)=x,(0)=0)
y,(1)=1-08333¢ " - 0.1667¢™
which is identical to the result of the previous method.
Other methods using the state space description are available, such as

subspace projection methods, optimal order reduction methods. etc... The

interested reader may consult references[55, 57].

3.3 Frequency Domain Techniques

In the previous section we have seen model reduction techniques using
the state space representation. In this section we will switch to those

reduction techniques developed directly from a transfer function form.

The analysis and synthesis of large scale dynamical systems is usually
done using models in the state space description form. However, the original
model is often identified in the frequency domain and it is subsequently
converted to the state space form. It is therefore natural to seek model

simplification in the frequency domain itself.

With this goal, we start the analysis in this section by looking at the
inter-relationship between state space and frequency domain concepts, then
we will tackle the frequency domain techniques. For so doing, consider a
linear time-invariant, asymptotically-stable dyuamic system with n state

variables, m input and g output variables described by the following state

space equations:
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Jx(t): Ax(t) + Bu(r) (3.76)

(D)= Cx(1)
The corresponding transfer function matrix of this system 1s

G(s)=C(sI - A)"'B (3.77)
where s is a complex variable. Expansion of the transfer function matrix
(3.77) in a Maclaurin series about infinity (s=x) yields:

G(s)= CA'Bs"™" (3.78)

1=0

where the quantities

M =CA'B i=0]l,... (3.79)
are termed the Markov parameters. On the other hand, expanding equation
(3.77) in a Maclaurin series around the origin (s=0) and assuming the
system matrix to be nonsingular, yields

G(s)=)Y. CA*"Bs' (3.80)

1=0

where the coefficient matrices CA™“""B are related to time moments H, by:

H =(-1)i'CA™"""B, i=0]12,..

L d'G(s)

H =(-1 3.81

=D B (3.81)
=(-1) i'!CA™"""B

For a single input single output system (m=g= 1), the transfer function
is usually represented by

N(s) b, + b, s+-+bys 7 +bs
1

G(s)= (3.82)

- k- k
D(s) a,+a, st-+as +S

The mutivariable analog is a nxm matrix transfer function of the form

G(s)= N(s)D™ (s)=C(sI - 4)"' B
=[B, + B, ;s++B,s* 7 + B s[4, + A, st A s s ]
Qs + 0,7+ 4015+ 0,

s'+as +a, s ra s+

(3.83)

where /=mxk and O, ,i=1,...,], are constant matrices each of dimension

nxm. They are related to the triple {A,B,C} as follows:
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G(s)=C(sI - A)"'B

— C‘— Adj[s] - AﬂB_ QISH + Q251.2 +"'+Q1—15+ Ql (384)
CLdet(sT - Ay § +a,s"7 +ra, s+a,

By identification of the coefficients of the same degree, we end up with the

following relations:

0, =CB
0. =(C[A+al]B
Q:«:C[

A*+a,A+a,IB (3.85)

1

,=Cl4" +a,4 ++a,_ [1B

A number of simplification techniques have been developed to construct
lower order transfer functions based on different ideas. Among these
techniques, we discuss the continued fraction approximation, the time-

moments matching method and the Pade-type approximation method.

3.3.1 Continued Fraction Approximation

The expansion of transfer function matrices into a matrix continued
fraction and the inversion of a matrix fraction to a transfer function matrix
represent two basic operations in multivariable system analysis and
synthesis. Before we outline the simplification approach using continued
fraction expansion, we will first present some introductory material on

matrix continued fraction expansions.

3.3.1.1 The Three Cauer Forms

Consider an asymptotically stable system with a transfer function

n-1 2
azinS +"'+a2'35 +az‘25+ az'l

G(s) = (3.86)

n 2
a,,. S"+-+a, 5" +a,s+a,
where a, are constants. In principle, equation (3.86) can be expanded into

several continued fraction forms; however, there are three basic forms of

particular interest to systems engineering. These are called Cauer forms [61-

63].

The first Cauer form obtained by long synthetic division of the above

polynomials, or, alternatively by using the Routh’s algorithm [13, 62] is:
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- (3.87)

where R(s) is a residual transfer function.

We can use the same algorithm to derive the second Cauer form by
arranging the polynomials of G(s) in ascending order and then perform a

long division.

R (3.88)

A third Cauer form can also be developed using the same algorithm by
combining the features of the first and second cauer forms, in such away

that:

G(s)=

— it e — e - (3.89)

The multivarable analogs of the three Cauer forms are also available.

The first matrix Cauer form is:

r [_ r ,4’;’17_:—‘_1
R S
| L L | ;

(3.90)

which has 2n matrices A, and it represents a Maclaurin series expansion
about s=x.

The second matrix Cauer form is:

— 17!
" ~ S
1

S A U IR U S b
G(s):tKl+1K2;+LK3?LK4;+[---] 11 . (3.91)
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which has also 2n quotient matrices K, and represents a Maclaurin series

expansion about s=0. Whereas, the third Cauer form is:

r - - -l

G@y4[1+f¢+lD,1+gﬁ{D3+@s+uLl+F;+p]*? L (3.92)
| s | LS ‘ |
1 L - - T4

which has n matrices D, and F, and is equal to a Maclaurin series expansion

about both s=0 and s=x.

Note that H K ,D and F, are constant mxm quotient matrices, and
any algorithm that computes the quotients D and F, is capable of computing
the H, quotients (by setting all the D, equal to zero), wtereas the
computation of the K,  quotients can be achieved by suppressing the

quotients F throughout the implementation.

As the matrix quotients descend lower and lower in position, or
equivalently the block develop to more and more inner loops, they have less
significance as far as the overall system is concerned. Thus, a reduced order
model can be obtained by retaining the first several dominant coefficients

and discarding others.

A m” order continued fraction approximation is obtained by means of
the approximation R (s)=0. In other words by truncating the sequence of
coefficients after 2m. The coefficients D and F of (3.92) are computed

using the generalised Routh algorithm.

3.3.1.2 Generalized Routh Algorithm:

The computation of the matrix quotients in the third (mixed) matrix
Cauer form is carried out using an algorithmic procedure based on a matrix
Routh array. The structure of the Routh algorithm for a multivariable system

is defined in such away that is similar to that of a single variable system

Given

1

G() =[5+ A, A5 4, 48"+ A (3.93)

PN £ R nn

S d s 4,
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-3 27 2 0
A, = S A= ‘
' ‘L—Z —2_} o _1 1J
2 0] 0 0] 1 0]
Ay, = L, A = Lo A= 1
02 L0 0] 0y
Using the Routh algorithm, we obtain:
2 0 1’0 00 1 0
02, 0 0] 0 1
_-04 -04] < 05 0
"l o4 -06) PP s 10
(—3 2] ;2 01
| ! |
) ) -2 -2 1 1] ) ]
_T-1152 03647 CF 0727 0121
"7 0667 -0667. * 710333 0333
27 -06)
103 3‘6J

The most important features of the continued fraction expansion can be

summarized in the following points:

1. It converges faster than other series expansions.
2. It contains most of the essential characteristics of the original model in
the first few terms.

3. It does not require any knowledge of the model eigenspectrum.

The only disadvantage with the continued fraction is that the reduced model

may be unstable even though the original model is stable [55].

Next, we present model approximation methods in which we identify a
set of functions which are characteristic of the original full model and which
can be calculated directly without computation of the time or frequency
responses. We then match these functions for the simplified transfer function
model by a suitable choice of parameters in the latter. The most popular
methods of this type are the matching of time-moments of the impulse

response [7, 8, 59] and the Pade approximation.

3.3.2 Time-Moments Matching

Consider the n” order transfer function, given by

68



n-2 n—
b, +b, s+-+b,s"" ~bs

G(s)= v
) a,+a, s+-~as" +s" (3.99)
Using long division, we can expand G(s) in power series as follows:
G()=C, +Cs+C.s5"+ (3.100)

where the constants (| are related to the time moments by the relation

C,Z(—l)’%H, (3.101)
1!

Instead of computing the time moments, H _, it is better to calculate the

coefficients C, using either of the following methods [55]:
(1) Set C, :b% and for />0 use

- !

1 ! |
=6, -Ya c, (3.102)
anL J=1 B
(11) Construct the array

AI“. AI,Z 1.3 Al,-i

AZ,I A 2 A'.’,B

A5 As (3.103)

A

where the subsequent elements are evaluated using the following recursive

equation:
A‘J =dn s 4,, :bn—l~j
A m:A~ A m~1 _A—lmo
k. k-114%1, { k-1, 1 (3104)
k=34..2n+1
m=12....n
then use

A,
(‘3: ./
4. (3.105)

C,=(-1)'4,,, Jj=12,....n
As it can be observed, the number of matched time moments determines the
order of the reduced model. It can also be observed that the more matching

of time mounients, the more accurate will be the simplified transfer function.
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However, this latter approach is not without defects: the simplified model

order will be increased so the usefulness of simplification will be lost.

The inverse problem to the one just solved above, is the derivation of
the simplified transfer function with its order and form fixed a priori. Given

the simplified transfer function

B., ~B,,s+~B,s ~-~B. "

m- i

G,(s)= - =
) 1+ B,s+B;s" =B, s

(3.106)

where r>m and the 2r time-moments H_,...,H,_,, determine the unknown

constant parameters B.,,...,B B,,....,B

12 =121y 2 m-1
The above procedure may be summarised in the following steps:

1. Calculate the coefficients C , from the time moments H, using (3.101).

2. Put every thing in matrix form:

fc, o 0 o | 0 o B, ! B,
oG 0 P . B, |
IR : LR S B ‘ : :

c. . -C,, -C,, o | 0 o B

| ‘: o i
Cc... . -Cc, -C,, <, 00 e ol o |
Col | ' |
o : | -C, 0
Col Cori ~Coros C, | -C, -G, Lo .

which can be written in compact form as:

FV} W, WL, Tfo TS
E 1 _ | 11 12 1!: ~1
LV:J LW:I W::[OJ {OJ (3.107)
where
v=[C, ¢ - CJ
v, =[C,.. Co Co.. ]
; (3.108)
fi= [sz B 1,r-1]
/ :[BZI B, B, .. ]T
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| -G Oi
VV’.l:% -C -G, Om+Dxr
| 1
-Cc., -C,., -C, 0]
- -C, -C,_, -C, 0
- -C, -C, e =C, e 0 !
W, = . . .o Irxr
L_(‘wm"*l _Cm*rv2 —CMA
. O O_“
-G, |
W= o ?rx(m+1)
| -C, 0 0
L e =C -G 0:

W, = [O](m+ Dx(m~1)

Then the unknown parameters are given by

5.
f1 :1 ‘ = Wzlin
‘LBI,!—I ‘
:
f::! 1:V1—I'V11W2‘11V2
E_B?..molJ‘

It is assumed that the matrix W,, is nonsingular. However, if it happens to be

singular then this means that the given set of moments can be matched with

a simpler transfer function.

(3.109)

(3.110)

(3.111)

(3.112)

(3.113)

(3.114)

As an illustration, consider the fifth order transfer function [55]:

2 o4
243s5s+5 +25° +5s

G(s)=

1+s5+2s° +5° +2s* +35°

It is required to derive a simplified transfer function that matches the first

six time-moments. This means that we are seeking a third order transfer

function of the form:
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B, +B.,s+B,.s’

G,(s)= = -
) 1+ B,s+B,s* +B.s’

with r=3 and m=2 Using the second method of calculating the time-

moments from the array

11 2 1 2 3
2 3 1 2 10
-1 3 0 3 6
-4 -2 -4 -8

-2 -4 4

2 -8

10

the coefficients C , are obtained as:

C,=2 C, =1 C,=-4
C,=2 C,=2 C,=-10

The unknown parameters are computed from the following equations:

|

B,T T4 -1 277 27 [-209097
‘ 2 5:,—1_6364;

2 2 4 -0 !L—4.3636d:

LB"A_ C
'B,1 [27 [0 o 014 -1 27T 27 [ 2 7
B.|= 1 !—!—2 0 0)-2 4 -1| 2 = 31818
Byl 4] -1 2 00-2 -2 4 -10]  -93636
so that
2-31818s-93636s"
G,(s) =

1-20909s - 1.6364s° — 5818s’

3.3.3 Pade-Type Approximants
A Pade approximant [55], if it exists, is a unique rational function
[4,,()]/[B,(s)], where 4, (s) and B, (s) are polynomials in s of degrees m
and n respectively. It is denoted symbolically by P, .(G,s). The rational
function P, (G,s) is said to be a Pade approximant of the function G(s) if

and only if the power series expansion of P, (G,s) is identical to that of
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G(s) up to and including terms of order s™". To put this formal definition

into a mathematical framework, let

G(S) _ Pe TP ST TpS .
d, +d, s+-+d s

(3.115)

This transfer function can be expanded into the power series polynomial

G(S)ZEOC,SJ (3.116)

Let

@)= "5

_a, +a,s+a,s ++a,s" (3.117)

b, +bs+b,5+tb s
be the P (G,s) Pade approximant of G(s). Then it follows from the above
discussion that when the transfer function G(s) and the P, (G,s) are
expanded in their Maclaurin series,

G(s)- P, (G,5)= D ey (3.118)

j=m-n~1

substitution of (3.117) in equation (3.118) yields:
4,05 <
G(s)-—"—== e s’ 119
Bn(S) j:mzonolj (3 )
and rearranging the equations results in

B(G(s)- 4,(5)= Y.rs (3.120)

j=m-n-1

Using (3.116) and (3.117) in (3.120) and carrying out the algebraic

manipulations, we arrive at:

b,C, + (b,C, +b.C,)s+(b,C, +b,C, +b,C,)s*+-
c—(a, ~a,s~+a,s") (3.121)

=r S Bl SR} T

m-n-|

Identification of terms of equal powers up to and including (m+n) of both

sides of the power series (3.121), leads to the following equations [59, 60].
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y=1y (3.122)
Wx=w
where
—a1 _Ctﬂf
a,-C, |
V= o (3.123)
An =,
C, 0 1
LG G0 |
= ; fmxm) (3.124)
LCm—l Cmfl Cm—3 CO JJ
b,
| 3.125
y:ibz ’ ( )
o
L6,
( C, Cos cC, O 0
c.. C, . C, G, |
W:} § : i(nxn) (3.126)
LCm~n—1 Cm~n 2 Cn C’i—l C”'_a:
(b, ] -C,..
1b2 I\ !—CW: :
x:‘ : i w:i L (3.127)
b, ~Cr ]

The computation of P, (G,s) can now be done by the numerical

solution of the linear equations (3.122), (3.123), (3.124), (3.125), (3.126),
and (3.127).

Given

- 2 n—1
b,+b, s+b, .5 +-+bs

G(s) =

> p (3.128)
a,+a, s+a,,s +-+a,s

where a and b, are real numbers, we expand G(s) into a Maclaurin series



= GYY0) )
G(s):z#s =C,+Cs5s+C.s"+ (3.129)
1=0 .

Multiplying  both sides of equations (3.128) and (3.129) by

a,+a, s-a,,s’~- and equating coefficients of like powers, leads to:
J-1
C =b,, —k:OCkan_j‘k’ J=12,... (3.130)
with
a, =1, C,=b,

Equations (3.130) constitute a simple means for the computation of the

coefficients C | from the parameters of the transfer function. Next, consider

the simplified transfer function G, (s) of the form:

. 2 m-1
d, +d . s+d_.s"+-+ds

2 r
e, + e,;15+ e,_zs +"'+€’OS

G.(s)= ; msr+1 (3.131)

which is the P, (G,s) Pade approximant.

To compute the unknown parameters, d,, and /., the set of equations

developed previously may be used.
In the following we examine the important features of Pade-type
approximants:
(1) The above procedure is simple and easily programmed on a digital
computer.

(i1) The degrees of the numerator and denominator of the approximate

model P, (G,s) are not restricted.

(iii) The Pade-type approximants are more accurate approximations than

the time-moments-matching approximants since it fits the initial (m+r) time
moments of the original transfer function G(s).

The weak point with the frequency domain model reduction methods
presented above, is the fact that even if the original model is stable they

produce unstable simplified models [SS]. To overcome this problem many

methodologies ensuring the stability of the simplified model beforehand have
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been proposed and the interested reader may consult references [10, 11, 12,

13, .. .etc].

The Extension of the single input single output systems Pade-type
approximation results to the simplification of high order systems of equal
inputs and outputs is relatively simple. To illustrate that, consider the

following MIMO system described by:

G(s)=C[sl, - A]"'B

x 3.132
=>Cs' ( )
1=0
where the C | are constant (px p) matrices.
Let the reduced order transfer function be of the form:
G,(s)= D,’I (SN, (s) (3.133
where
D,(s):[DO +Ds++D, 5" +[,s'] (3.134)

N,(s):[NO +le+---+Nqsq]
and the D and N, are constant (r xr) matrices. In order for G,(s) to be

P,.(G,s) matrix Pade type approximant, its power series expansion, about

s=0, must agree with that of G(s) up to and including the term in 5”7,

By equating coefficients of the same power, we have:

No :DoCo
N, =D,C, +D,C,

N,=D,C, +DC, +-=D,C,
0 =D,C,, +DC,+-=+D, C, (3.135)

..........................................

..........................................

The numerical solution of (3.135) gives the D, and N, uniquely.
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Finally, we consider the following example to show the use of the Pade

approximation in model simplification [55].

Let
3’ 25+ 10 s+4
_ s+ 1ls+10 57 +7s+10]
G =" o s+6

_s" +21s+20 sT +55+6 _
It is required to derive a Pade approximant that fits the first four time

moments. Expanding G(s) in power series about s=0, produces
G(s)=C, +Cs+C.s* + C,s°+

where the coefficient matrices, rounded to three decimals are:

- [ oo4 - [ 09 018
"Tlos 1 P 20475 0667

g _i’ 0.89 0_0861{ - _IF ~0889 —04042?
C 10474 0389 0474 02137

Since we need to match only four time-moments, the reduced model will

look as follows:
G.(s) = [DO +Dys+ [:s:]fl[NO + N3]

and the application of (3.135) yields:
N,=D.C,
N, =D,C, + D,C,
0 =D,C,+D.C, +C,
0 =D,C, +D,C, +C,

The resolution of the la.: two equations, lead to

" 6845 5.489} _f9.666 2074

0 T 'y Dl - ‘
- 1-0.708 7197 10917 5648
Using D,,D.,C, and C,, the first two equations yield:

7959 84227} N 1935 1.049°
712893 6915 ' 710958 1345

Hence, the reduced model is:

M () M)

| |
6.9+ M0 M0
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where

M, (s)=1935s" +18533s” + 568355~ 53137

M. (s)=1049s’ +11363s" + 322985 + 21255

M. (5)=0958s’ - 103795 ~27.089s ~ 26,568

M. (s)=1345s’ ~ 189485 ~ 692335 ~ 53137

and
A,(s)=s* + 153155’ +67723s° ~ 104.658s ~ 53137

This ends up the presentation of the selected model reduction methods.
Other methods and modified techniques are also available [10, 11, 12, 13,

21, 15, 16, ...etc]. Each method has its own features, merits and drawbacks.

In the next chapter we will tackle the heart of this thesis, represented

by our contribution to model reduction of large scale systems.
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Chapter 4

Proposed Methods

We have seen in the previous chapter some of the most popular model
reduction procedures and pointed out some of their advantages and
disadvantages. In the following, we try to bring attention to the potential of
using matrix polynomials in the resolution of model reduction and
approximation problems. To this end, this chapter is devoted to our
contribution in model reduction and approximation. This contribution

consists of the elaboration of two model reduction procedures.

The first procedure is developed from a block state-space description,
based on the concept of dominance between a complete set of solvents of the
characteristic matrix polynomial of a multivariable system in the form of a
matrix fraction description. Whereas the second method, is based on the
dominant spectral factors of this same characteristic matrix polynomial, and

it is developed directly from the matrix transfer function description.

When dealing with high dimensional systems, the simplification problem
becomes more complex and the coefficient matrices are much more difficult
to handle The usual SISO methods are no more applicable, but still a rule of
thumb when searching for reduced models, is to take care of the following
three tasks selection of suitable coordinates, selection of the truncation

criterion, and the model reduction approach.
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4.1 Selection of Suitable Coordinates

The first task in any component truncation process is the selection of the
coordinates in which coordinate truncation will be performed. Labelling

these coordinates as X,,i=12,....,n, the complete system can be described by
a set of differential equations such as:
X,:AIX,-%B,U (41)
Y=CX, ~-DU i=12...,n
where U is an m vector of control inputs, the vector X, represents the

block state of the i” block component, and the output vector Y is defined as

the p-vector whose norm is of interest in the modelling of control problems.

The system components X, might be chosen such that the component
model (4.1) describes a physical component or a mathematical component.
The choice depends upon whether one wishes to analyse the effect of the
deletion of a physical component as in failure mode analysis or the deletion

of a mathematical component as in model reduction.

In problems where knowledge of the internal behaviour of the model is
not needed, it is possible, as we have seen in the previous chapter, to
develop model reduction methods directly from the input output relations.
For SISO linear time-invariant systems, this corresponds to the well known
transfer function representation, relating the Laplace transforms of the

input and the output by an expression such as:

Y(s) = h(s)U(s) = S% U(s) (4.2)

where n(s) and d(s) are scalar polynomials.

In case of MIMO systems, this corresponds to the transfer matrix fraction

description form (MFD)

Y(5) = HSU(s) = N ()D, (5)U(5)

. (4.3)
=D (N (HU(s)

where N, (), NV, (5),D,(s), and D, (s) are matrix polynomials.
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4.2 Selection of a Truncation Criterion

The second task of importance in model reduction and approximation is
the truncation criterion. It is used to measure the potential closensss of the

reduced model to the original one.

Up to now, no general results are yet available on the issue of ’best’
component truncation. However, and in opposition to results from singular
perturbation or classical dominant pole methods, it is well known that in
order to get a satisfactory approximation of a model, it may not be
appropriate to simply drop the fast modes Robert E. Skelton [64], using
cost decomposition analysis, has shown that retaining the 'fast’ moc ies in the
reduced model construction yields better models than retaining the ’slow’

modes.

On the other hand, recent work has shown that the problem of
component choice can be better solved with some criterion that also takes
into account the effect of the state space description matrices B and C on
the system behaviour. In this respect, Zeiger and Mc Ewen [21] developed a
method that applies singular value decomposition to the Hankel matrix,
which decomposes the matrix into orthogonal components ordered according
to the singular values magnitude. The components associated with small
singular values are then treated as 'perturbational’ and removed by setting

the corresponding singular values to zero.

However, the best achieved result is the one published by Moore [1], based
on Kalman’s canonical form [20]. Moore ( see chapter 3 section 3.2.1)
introduced the notion of ’principal component analysis’ on the so called

controllability and observability Gramians. It was shown that there exists an

internally &” dominant subsystem if and only if;

\12
\

‘ZU,‘}

\1:1

TN

PNy '

where o7 i=12,....n, are the second order modes of the original model
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In the present work the idea of second order modes dominance i1s kept,

but expressed differently using Hankel matrices.
Let the original model transfer function be described by:
H(s) = ng ()d; (s)
:[nls“"‘ +n:s"3+---nt][dQs’ faf.‘sl’l-:mwd,]f1 (4.5)
—h(D)s " +hQR)sT ~h(B3)s ~h(4)s™ + h(S)s " = h(6)s " +-
where n,i=12,...,]; and d,,i=0],...,/, are constants, while the

h(i),i=1273,... are the markov parameters of the transfer function H(s). The

corresponding Hankel matrix is given by

A A2) AG) e h(D
h(2)  A(3) h(4) - h(1+1)§

T{H(s)}= h(3) h(4) h(S) - h(1+2) (4.6)
i : . : ‘. N !

I
|

W) RN R(~2) - Q-1
The singular value decomposition of the above Hankel matrix is given
by
SID{I{H(s)}}=U * Diag{c’,i=12,.... 1} *V (4.7)
where U and } are orthogonal matrices and Gf,i:1,2 ..... [ are the

second order modes of the original model.

Assume that a reduced model ﬁ(s) of order & (k<) is required, and

let it be of the form

Sron _fa kol oA k-2 o Mg kg k- 5 1
H(s)—[nls + R, f---fnk][dos ~d.s +---+dk]

(4.8)
—h()s™ +h2)s7 +AB)s? +h(@4)s™ + A(GS)s™ +h(6)s E -
The corresponding Hankel matrix is then given by
A R@) A A i
) ‘h(2)  h(3) h(4) - h(I+1) |
T{H(s)S :1{13(3) h(4)  h(S) - R(I+2) (4.9)

|
' |
| |

A A1) R(U-2) - AQI-1)
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A reduced model will be considered to be ’good’, if the sum of the
Hankel pr.ncipal components of the neglected part of the system, is “small”
compared to the sum of the Hankel principal components of the whole

system.

The principal components of the neglected part of the system are the

singular values of the Hankel matrix difference {I{H(s)} - F{ﬁ(s)}} given by
SVD{T{H(s)} -T{H()}}=U * Diag{c,i=12,... 0}*I" (4.10)
where U and }” are orthogonal matrices.

Therefore, we shall say that a k” order reduced model is the dominant

subsystem of an /” order system if and only if:

(Zlafj::>>[zla'j)‘2 (4.11)

1=1

<RE (4.12)

where o;,i=12,..,/, and o},j=12,...,1, are respectively the Hankel matrix
singular values of the original model and the Hankel matrix singular values
of the least significant subsystem with some zero’s added, while RFE is the

allowed relative error.
4.3 Solvents Based Model Reduction Approach

In this section, we consider the first proposed model reduction
procedure. The method retains the advantages of the concept of dominance
between a complete set of solvents of the characteristic matrix polynomial,
and the block decoupling of matrix polynomia' using the Vandermonde

similarity transformation.



4.3.1 Problem Formulation
Consider a stable, proper, and linear time-invariant multivariable
system
H(s)=C(sI - A)7'B (4.13)

which can be represented in block state space form as:

X(1)= AX (1) + BU(t) (4.14)
Y(r)=CX(1)

where X(1) is the block state vector of the high order system,
U(r) is the input vector,

Y(1) is the output vector of the high order system.

The matrices (A4,B,C) are constant matrices with appropriate
dimensions. For the same class of inputs, we seek a reduced order model

1?(5): @(s[- A)'B whose state space representation is given by:

/A\’(i)=f1ff(f)+BU(f) (4.15)
Y(£)y=CX(1)
where )A((t) is the block state vector of the reduced order system,
Y(r) is the output vector of the reduced order system.

The objective is to compute the triple (/AI,B,CA‘) such that the impulse

response error [H(t)—[?(t)] 1s minimum.

4.3.2 Theoretical Development

Consider a strictly proper nxm transfer function matrix in the form of

a matrix fraction description

H(s)=D;'(s)N,(s) [LMFD: Left Matrix Fraction Description] (4.16)

or,

H(s)= Ny(s)D;'(s) [RMFD: Right Matrix Fraction Description] (4.17)
= [N;‘H + stl’z-r---ﬁ’\f,][Dos’ +D15H+---+D,];I (4.18)
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where N, ,i=12,...,/; and D ,i=0,,...,/, are respectively nxm and mxm

constant matrices, with D. being the identity matrix.

Assume that D,(s) has a complete set of solvents {R,i=12,...,/}, meaning

that they have disjoined spectra, while covering all the spectra of D, (s).

(o(R))~(a(R))=2 . i%}
;ilfi,...,ll (4.19)

Ua(R) = o{D,(s)}
Let us assume that the solvents R ,i=12,...,/, are mxm real matrices
satisfying

R >R,>R,>>R_| >R, (4.20)
where > expresses dominance.

The following definition specifies the concept of dominance among

matrices.

Definition 4.1: A square matrix A is said to dominate another square
matrix B if all the eigenvalues of A are greater, in modulus, than those of

B.

Writting the above system in block companion form yields:

-0 I 0 - 0]
0 !
A4, = : : oo (em)x(lxm)
0 0 0 I
__—DI _DH ‘Dz-z —Dl_
o7 (4.21)
B = i(lxm)xm C. =[N1 N_. N, - N}]nx(lxm)
o
A

The above system, may be written in compact form as:
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X =AX +BU
Y.=C.X,

(4.22)

The idea, is to transform this system into a block diagonal form with
the solvents in the main diagonal in order of decreasing dominance. One way
of doing this is through the wuse of the Vandermande similarity

transformation defined in chapter 2 as:

A S A
) R R R R, f
K Z. . T .

LRII = R31-1 Rzl I-J

This transformation changes the coordinates system as follows:

X =V, X, o X, =V]X, (4.24)

Differentiating both sides of the above equation produces

X, =V:' X, (4.25)
and replacing (4.24) in (4.25) yields
X, =V;"(A4,X.+BU)
' : ; (4.26)
X, =V AV )X, +( 7, BHU
and
Y=CX_ =(CJV)X, (4.27)
Hence, the new coordinate system matrices are:
Ag :I/R_lAcVR
B, =V;'B, (4.28)
CR :CCVR

so that, the system may be written in expanded block form as:
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X R0 0TX B

v |0 R oE}XZ’B:

R N

| [L [ {

X, 0 o0 RlXx & 'B (4.29)
rXx.
X, |

refe. ¢ C]
X, |

As it can be seen, this is a block decoupled system. Thus, it can be

decomposed into / independent subsystems

X =R X +BU= X, (s)=(s] - R)"BU(s)

X.=R. X, +B.U=X,(s)=(s - R.) 'B.U(s)
L =X, Dy | () =( ) BU( (4.30)

X, =R X, +BU= X,(s)=(s] - R,) "'BU(s)
and the output can be written as a sum of / independent subsystems as
follows:
Y(s)=[C, X.(8)+ C,X,(s)++C, X, (9)U(s)
(4.31)
=[C,(sI ~R)"'B, +C.(s] =R,) 'B,---=C,(s] = R) "B, JU(s)
Clearly, the problem of approximating the [" order model H(s) with a

reduced £” order model ﬁ(s) satisfying the truncation criterion, reduces to

truncate the system at the k™ subsystem as shown below:

P(s)=[C.(sI =R )"'B, + C,(sl - R,) ' B, ++~C, (s -R,) "B, JU(s)

(4.32)
=C,(sI - A,)B,U(s)
and the triple {4,,B,,C,} will have the following form:
'R0 0 -
0O R iy B
= . . . |[(mxk)x(mx .
4 AR : B, =1 (mxk)xm .
'_O 0 R 13 l (4.33)
(‘4:[C.‘ C, Ck]nx(mxk) T
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At this stage, we have obtained a reduced model at the subsystem level

satisfying the following truncation criterion:

From the above analysis, the triple (4;,B;,C,) can be split into two

subsystems, a dominant one (4,,B,,C,) and a dominated one (4;,B.,C;).

4, 0] B,
e = | B = 4.34
L0 Ay Bs | (4.34)
Ce=[C, C¢]
hence,
H(s)=C,(sI - A,)'By=Hs' +H,s* +Hs> +H,s"+ (4.35)
where
H, =CyB;
H2:CRARBR (4 “6)
2 3
H; = Cp Az By,
and the corresponding Hankel matrix is given by
: CRBR CRARBR CRA;I{‘ABR ;
I—{H(S)}:? CRA.RBR CRA.};BR CRA.}I?BR E
(CrAy'By CrAgB, -+ CrAy 7By
‘P CABA CAAABA C.4A.14-!BA ! {7 CEBE CEAEBE CEA;EE
F{H(S)}:‘ CAA.4B.4 C.4A.iBA CAAA{ZBA }_J CEAEBE CEAI:-‘BE CEAII;'B
| : : . : | \ : : :
1 ‘ - | 1 ATE
LCA A:‘BA C.«IA‘:BA CAA;II ~BA_J ‘LCEAII;‘ ABE CEAEI:'BE CEAE[ 1
T{H(s)} =T{H(s)} + T{H (5)}. (4.37)
The relative error is measured by
/ 12\
SE. N
27 |
Sl CRE (4.38)
;(ml ) IZJ
D) o
‘\KI:I l)
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where o7,i=12,...,m/ and o],i=12,...,ml are respectively the singular

values of I'{H(s)} and T {H_(s)}.

If it is required to tune the obtained approximation to the eigenvalue
level, the diagonalisation of the last added subsystem C,(s/—R,) B, seems

to be well suited.

After diagonalisation, the triple {C,,4,,B,} will take the following

form:

;_R! 0, -+ 0 0O - 0 “‘
0 R \ 0

A,=10 0« R 0 - 0 mxkym<k)
0 0 - 0 A, - O
. P 0
Lo 0 « 0 0 - A,

CAD - [C1 CZ Ck—l C,i t Chs ](n)(m x k) (439)

"B

B, =B, (mxk)m)

where A_,i=12,...,m, are the eigenvalues of the k” solvent R, and
b, .c,,i=12,....m, are respectively the transformed rows and columns of the

matrices B, and C, where Oy stands for the mxm zero matrix.

Again, at this stage, the relative error criterion satisfaction is tested for
reduced models of order (k-1D)xm+p)x({(k-1)xm+p), p=12,....m. In
case the relative error is satisfied for p<m, the system is truncated one

more time at the ((k—1)xm+p) component; Otherwise if, p=m, the

subsystem C,(s/ — R, ) "B, is kept as it is.
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The obtained tuned reduced model is then of the following form:

r A

}:Rl 0, . . e 0
gom 2 e m e O“
[ R S S S A
Ar= 0, 0, = R 0 o 0 (k=D xm=p)(k-1)xm-p)
0 0 0 Z, |
s 0 "
00 e 00 e Ay
C=[C G o Gy e o e[k =) xm - p) (4.40)
5
B:
B, = B, (k- 1) xm+ p)m)
bkl
_bkpd

Finally, this triple {4,,B,,C,} is converted back to a transfer function
description form using the Sauriau-Leverrier-Faddeev algorithm
H(s)=C,(sI - 4,)"'B, (4.41)
The Sauriau-Leverrier-Faddeev algorithm give rise to an analytical

expression for (s/ — 4;)”', which is summarised in the following steps:

(sI-A4,)" = g%ss—;
with
R(s)=s""'"I+s"*R+~-+sR_, R
and

A(s)=s"+a, s"'+-+a;s+a,

where the coefficients a, and R are computed from the following relations:
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A=A, a, ,=-—trace(A,) R =4 +a, I

A4, = AR, a,,= —%trace(A:) R, =4, +a, I
A, =A.R ., a =- ! trace(A4 ) R =4  +al

T 2 i (n_ 1) n-1i n-1 n-1 i
A, =A4AR_, a,= —ltrace(An) R =0

n
Then
rn—‘. 7‘
A(s) = ——[G(5)]= — CrRBps™" | 4
35100 A()L, ’ ! (4.42)

In this correspondence, an efficient and simple algorithm is developed.
4.3.3 Algorithm

Step 1 : Choose the relative error RE.

Step 2 : Given H(s)=N,(s)D;'(s), determine the solvents of D,(s) and
classify them in order of decreasing dominance.

Step 3 : Construct the block controller form (C.,A4.,B.) and the

corresponding Hankel matrix of the original model, then compute the

singular values of this Hankel matrix.
SVD{I'{H(s)}}=U *Diag{c®,i=12,... ml} *}V’
with U, V" being orthogonal matrices and o’,i=12,...,im, are the singular
values of [{H(s)}.
Step 4 : Form the Vandermande matrix ¥, of the original model.

Step S : Transform the controller form to a block diagonal form using the
block Vandermande similarity transformation.
Step 6 : With this decoupled system, start adding the block subsystems.

Step 7 : Form the Hankel matrix of the neglected subsystem  as

{I'{H(s)} —F{f{(s)}} and determine its singular values.

SVDIT{H(s)} -T{H) =T *{62,i=12,...,mI} *T"

where [/, Vare orthogonal matrices and o-,i=12,...,/m, are the singular

]

values of the difference {I"{H(s)}—r{ﬁ(s)}}.

~
-
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Step 8 : Test for the relative error RE satisfaction

If the relative error is not satisfied, add another subsystem to the previous
reduced model and go to step 7. Otherwise if the relative error is satisfied,
the obtained approximation is tuned through the following steps to the
eigenvalue level.

Step 9 : Diagonalise the last added subsystem and start truncating
eigenvalues.
Step 10 : Again test for the relative error satisfaction. In case it is satisfied

for p<m , reduce again the model by including only p eigenvalues of the
k" subsystem. Otherwise, if p=m keep the subsystem as it is.

Step 11 : Use the Sauriau-Leverier-Faddeev algorithm in order to get a

transfer function form.

H(s) = L[G(s)]
A(s)

4.3.4 Comments on the solvents based method

First of all note that the same development can be done for the left
matrix fraction description form and similar results will be obtained.

As it will be seen in the coming chapter, the application of the above
algorithm shows some very interesting results. The only drawback of this
procedure is the numerical cost due to the inversion of the Vandermande
matrix.

Procedures of bypassing this obstacle may be developed to increase the
efficiency and stability of the algorithm. In this order a second procedure
that avoids the inversion of huge Vandermande matrices is proposed in the

next section.
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4.4 Spectral Factors Based Model Reduction Approach

The second proposed model reduction method is developed directly
from the matrix transfer function form. This method as well retains both the
advantages of the concept of matrix polynomial division, and the dominant
spectral factors of the characteristic matrix polynomial of the multi-input
multi-output system written in the form of a matrix fraction description. In
addition, if the reduced model is required to be tuned to the eigenvalue

level, block decoupling is suggested.

4.4.1 Problem Formulation

Given a stable linear time-invariant multivariable system described by a

matrix transfer function H(s), the objective is to derive an approximation

[:1(5) of H(s) such that the impulse response error [H(I)A[?(t)] 1s minimum.

In other words, the problem reduces to eliminate any least significant

subsystems which contribute little to the impulse response.

4.4.2 Theoretical Development

Consider a strictly proper nxm transfer function in the form of a

matrix fraction description:

H(s)=D," (s)N,(s) LMFD (4.43)
or,
H(s) = N (s)D,} () RMFD
= (Vs N N |[Dyst + Dy —=D| T (4.44)

where N, ,i=12,...,/; and D,,i=012,...,], are respectively nxm and mxm

constant matrices, with D, being the identity.

Our main contribution lies in the derivation of an approximation H(s)
from FH(s) based on the dominant spectral factors ( that may be computed

using any matrix polynomial method such as the ones seen in chapter 2 ) of
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the characteristic matrix polynomial D,(s) such that the impulse response

error between H(t) and ﬁ(z‘) is minimum.

This problem is solved through the use of the notion of matrix
polynomial division.
Let the reduced model be of the form:
H(s)= N, (s)D (s) (4.45)
Then the error function in the frequency domain may be written as follows:
HE(S):[H(S)—I{(S)] o (4.46)
= No (ID;' (s) - Mo (D5 ()

where [3R(s) is the dominant part of D, (s) containing the first & dominant

spectral factors. Hence, it can be written as a product of & linear spectral

factors

Dy(s)= (T = Q)T = Q:)++(sL = Q) (4.47)
where 0.,0.,...,0,, represent a complete set of spectral factors of ZiR(s)
satisfying the following relation:

0 >0,>0,> - >0, (4.48)
where > specifies dominance between the set of spectral factors (see

definition 4.1).

Note that D,(s) may or may not be able to be expressed as a product of
[ linear spectral factors, but it is evident that the dominant ones are within

15R(s). Hence, D,(s) can be written as a product of a dominant factorisable

polynomial 13R (s) by a dominated polynomial D(s) such that:

Dy (5)= D, ()D(s) (4.49)
where
D,(s)=Ds +Ds""' +D,s"*++D,_s+D, (4.50)
D, (s)=(s] = Q.)sI —=Q,)+(s[ - Q.) 1<r<l (4.51)
and
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D(s)=C,s"" +Cs"" = Cos"™" 2t C, 5+ C,, (4.52)

l-r—:

Justification:

Let

from (4 .49), we have
D, (s)= D, (5)D(s) (4.53)
or equivalently:
D,s' + D'+ D:sl‘:+~-+D1_15+D1
- [DA‘;SV _’_DAISV—I 'f'DA:S’>:‘1’"‘+Z‘jr7lS+15r][coslir . Cisl—r—‘. + C:SI_F:*---] (454)

Combining terms of the same power yields

i I- -2 1-3
D.s'+D;s™' +D,s° +D,s ++D, s+ D,

. n A A - A s 4.55
=(D, C,)s' +(D,C, +D.C,)s"! +(D,C, +D,C, + D,C,)s" 7+ ( )
And identifying coefficients of the same power, leads to
D, :boCo
D, =D,C, ~DC,
D, :DOCZ +1§1C1 +DA:CO

D,=D,C, +D,C, +D,C, +D,C, (4.56)

D, :DAOCI-I +[3:C17: +D2C1—3*’"'+[)1-1C3
D, :DOCI *lleH +§:C1-: +153C1_3+"'+151C0

Note that since D,(s) is 'divisible’ by ﬁR(s) then D(s) is a finite series. In
other words, D, ,i=(l+1),(/+2),... are equal to zero matrices. Hence, the

C.,i=0,12,... coefficients can be determined sequentially using
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1D»

o

3] 9]
9]

o O 5
1l
> b’

It

—

.C]
ICI

D;'[D, -
DD, -

o

N [j:Co]

. =0,

(4.57)
Cpoi = [j‘;[Dl»l - 151(717: _[):Cz-s""'_[}MC:]
Cz = [);[Dz - D:Cz-x - D:szz - DaCH"""DAzCa]
Note also that (4.57) is a recursion relation that can always be solved since

~

D' is nonsingular (it is in fact equal to identity since D;(s) s monic).

Writting the above result in compact form yields:

For i=0
c, :lﬁo’lD) (4.58)
and
For i=1 tw i=1
k (4.59)

C = 15;\(0, - Z DC._ |
| . :

i
— -

Carrying out the above development and inverting both sides of equation
(4.53), yields:
D;'(s)= D' (s)D; (s) (4.60)
hence equation (4.46) can be rewritten as:
H,(5)= No (9D (D () = Na (9D ()
=[N D ()= N, (9] D () (4.61)
where ZﬁR(s) is the dominant factor of D,(s) and D(s) is the dominated
factor of D, (s).
By doing the 'long division’ of N, (s) by D(s), we get:
Ng ()= Q()D(s) + R(5) (4.62)
which represents a long division from the right.

Theorem 4.1: -

Let

N (s)=N.s* + Ns*'+N,s* + +N,_ s+ N (4.63)
R Q 1 2 k-1 k
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a0 0
It Il
b) C’b\) &)
[SHES
|
o
D!

(4.57)

C1-1 = DA‘;[D171 - baCz—: - ﬁ:Cz-s_"'_Dz-:C:]
¢, = [3;[[) - DzC1>1 - [):sz: - DsCz-s_"'"é1C:]

Note also that (4.57) is a recursion relation that can always be solved since

~

D, is nonsingular (it is in fact equal to identity since D.(s) is monic).

Writting the above result in compact form yields:
For 1=0
. (4.58)

and

For i=1 w i=1
N 1 (4.59)

'D, —ZD,CI-] |
= ‘

[ -

C =D;'

Carrying out the above development and inverting both sides of equation
(4.53), yields:
Dy (s)= D (5)D5 () (4.60)
hence equation (4.46) can be rewritten as:
H, ()= No (9D (905 () = Nz (D5 (5)
=[N D ()= N, (9] D (9) (4.61)
where [5R(s) is the dominant factor of D.(s) and D(s) is the dominated
factor of D, (s).
By doing the 'long division’ of N (s) by D(s), we get:
N, ()= 0(5)D(s) + R(s) (4.62)
which represents a long division from the right.

Theorem 4.1: -
Let

No(s)=N,s* + N s+ Nys* T4 i N s+ N, (4.63)
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and

D(s)=D.s* +D.s”' +D,s* —.+D, s+ D, with  k=p (4.64)
Then there exists a unique matrix polynomial Q(s) of degree (k- p) and a
unique matrix polynomial R(s) of degree not exceeding (p—1) such that the
equation
N, (s)=0(s)D(s) + R(s) (4.65)
is satisfied.
Proof:

Let
(4.66)

= = Zk-p

O()=0.5 7 + Qs 7 + Q:Skip-:*””"QkfpaS*' Q
equating coefficients of (4.65), the coefficients of O(s) and R(s) can be

successively and uniquely determined from the obtained k equations.

The coefficients matrices of O(s) are supplied recursively as:

o, = “VJD;
0, = A/ - D DJ'
~;' ( 1 QO 1) 9 (467)
Ql(fp = (Nk-p - Qk—Zpr - Qk*lp-le—l_'“_Qk-p—lDl )DJ1
Replacing (k- p) by i, the above equations will look as follows:
0, = NOD;
= (N, -0,D)D,’
Ql ] ( i Q‘J l) 5 (468)

Qx = (‘,\71 - QxApr - QxAp-le—‘._”'_Qr—ZD;‘ - Qx—lDl)[)'J.A
this can be written in a programmable form as:

QO = ‘NrJD\JI
For n=1 to p

0,=(N,->.0,,D)D;
= (4.69)

For n=p+1 to (k-p)
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and the remainder R(s) is given by

R(s)=R,s"" + Rls"”:f--meRp_:s +R

. (4.70)
with the corresponding coefficients supplied by:
R, = Nkfpol - Q"cf:p—".Dp_'”_Qkprl
R =N, . —Qk—l D —=0, 71D3 -0, D,
. e o o (4.71)

Rp—l =N, - Ql(prp

here also replacing (k- p) by i, the above equations reduce to

RO = z\/1’1 - Qz—pole—“._QxD‘;
Rl = ‘er«'.l - QxAp—ZDp _'”7Q171D3 - Qx D2

(4.72)
Rp—l :(Nk —QxDp)
writting this in a programmable form yields
P
R/ = N;-j-I - ZQI-]—I".DZ (473)
1

t=y~
with i=k—-p and j varying between 0 and (p-1), p being the order of
D(s) and k the order of N (s) — — _.

Next, multiplying both sides of equation (4.62) by D™ (s) produces:

N ()D '(s) = O(s) + R(s)D " (5) (4.74)

replacing equation (4.74) in equation (4.61), leads to:

H,(5)=[0(s) = ROD™ () = ¥z (9)]D:(5)

R R LA 4.75
- [06)- B, 0|5 ()~ R&D ™ (95 (9 (4.73)
The key idea is to take
Ne ()= 0(s) (4.76)
then, equation (4.75) reduces to
H,(s)= {H(s) - H(5)}
=R(D” (9D, (9 (4.77)

= R(s)D, (5)

98



which is also a transfer function in the form of a matrix fraction description
(RMEFD), required to be negligible in terms of impulse response with respect

to the original model.

At this stage a reduced model at the spectral factor level satisfying the
error criterion is obtained. In order to tune it at the eigenvalue level, the
decoupling of the obtained reduced model and the diagonalisation of the last

subsystem of the reduced model is done.

Let the reduced model be described by

H(s)= [}\715""1 ~ N,s¥ N, Ilﬁas" + D5+ D, ]71 (4.78)

The decoupling is achieved through the use of the Vandermande similarity
transformation matrix. The Vandermande matrix 1s constructed using the
dominant solvents derived from the corresponding dominant spectral factors
using the transformation developed by Shieh and Tsay [41] (see also chapter

2) Hence

— =

I I Il I
R, R, R, - R
V(R,,R,,....R)=' R R} R; R | (4.79)
th/(,1 Rzk*‘. R;tfl o R:%J
Writing the obtained reduced model in companion from, yields:
0 0 0
0o I e 0 0
1 Pl
A, :J : : : . (k xm)(k x m) B, =11 (kxm)(m)
o0 o0 S o
D, -D.. -D.. - -D. 7 (4.80)
C. :[Nk ]\7,‘_1 ]\A/H ]\Afl](n)(k x m)
The above reduced system can be writen in compact form as:
Xc:ACXC‘f‘BCU (481)

YC = CCXC
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and making a change of coordinates using the Vandermande similarity
transformation produces:
A, =V AV,
B, =V;'B, (4.82)
C,=Cl%

so that the above system may be written as a decoupled system

R el
_X“ Lo 0 - Ru XkJ' _Bkj (4.83)
”Xfi‘
r=[c, ¢ - Ck]’\?{

At this level, the diagonalisation of the last subsystem corresponding to the
last added linear spectral factor is done in the same manner as for the

previous procedure. The above system will then look as follows:

%VR1 0, -+ 0, 0 - o?i (B: B
\Om RZ m ‘! 33 i

H H o

. } . i

A, =0, 0, R, O (m < k)(m < k) By, = B, \(m k)(m)
0 0 0 A, b,
P | (4.84)
0 0 0 0 . b,
Cep = [Cx ¢, Cot € Ckm](n)(m x k)

And then we start truncating the eigenvalues up when the relative error

criterion is again satisfied.

The relative error criterion satisfaction is tested for reduced models of
order (k-Dxm=-p)x((k-1)xm-p), p=12,....,m.In case, the relative error

is satisfied for p<m, the system is truncated one more time at the
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((k-1)xm~+p) component. Otherwise if, p=m, the subsystem

C,(sI - R,)"'B, is kept as a block without the diagonalisation.

The obtained tuned reduced model is then the following:

i’_Rl 0, - 0, 0 - 0
0 R 0, 0
4,20, 0, = R, 0 -« 0 ((k-Dxm=pX(k-1)xm=p)
0 0 s+ 0 Ay o O
} . . E . . O ;
0 0 0 0 gy
Cr=[C G o C e Cop (K = 1) xm = p)
(4.85)
B :

By = By (k=1)xm~p)(im)

Lk
Finally, the above triple {4,,B;,C;} is converted back to a transfer

function description form using the Sauriau-Leverrier-Faddeev algorithm

which is very useful for the computation of the resolvent matrix.

H(s)=C,(s] - A;)"'B; (4.86)

The corresponding resolvent matrix (s/ - A.)"' is denoted as follows:

_adj(sl - A;) _ R(s)
Cdet(s/ - 4;)  A(5)

(sl — A, )"“

where
R(s)=Is"" +Rs"*+-+R,_,s+ R,

and

n

A(s)=s"+a, s" --+as~a,
The Sauriau-Leverrier-Fadeev indic-cs that the coefficients a, and

R,i=0],...,n-1, can be obtained by the following recurrence formulae:
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a ! = _l.tr(Rx—lAT)
1

1
= _;tr(ATRl—l )

R =R A, +a,[I=AR_ ~1a, i=n-1),0n-2)...1

-1

1 1
a,=-—tw(A;R_)=-—mw(R,  4;), or 0= R _ A ~al
n n

where the 1 stands for the trace of a matrix. The last equation can be used

as a check. Then
)

5 SR ws

In this order an algorithm is developed and summarised in the following

H(s)——[ ©]= —=

steps:

4.4.3 Algorithm
Step 1: Input the allowed relative error RE.
Step 2: Given H(s)=N, (s)D;'(s), form its controller form and the
corresponding Hankel matrix, then compute its singular values as
SVD{T{H(s)}} = U * Diag{o:,i=12,....ml}*}V
where U and V are orthogonal matrices and o7 ,i=12,....ml are the Hankel

matrix singular values of the original model.

Step 3: Determine the first spectral factor of D,(s) and form the
corresponding linear spectral factor to be DR (s)=(s[-0,).
Step 4: Divide D,(s) by the ﬁR(s) such that

D(s) = D' (5)D, (s)
which represents a long division from the left.
Step 5: Divide the given N (s) by D(s) to yield

N (s)= N (5)D(s) + R(s)

Step 6: Form the Hankel matrix difference {Y{H(s)}—l"{f{(s)}} and then

compute its singular values



SVD{T{H(s)} -~ T {H(s)}} = U * Diag{c’,i=12,.... ml} *I"
where U and | are orthogonal matrices and &,i=12,...,ml are the Hankel
matrix singular values of the neglected part of the model

Step 7: Test for the relative error, RE, satisfaction using

/(ml \1‘2\,

DN
MEAM )

80
1201) )

(Nmn
Step 8: In case the relative error criterion is not satisfied, determine the
next dominant spectral factor and form the new Z§R(s) then go to step 4.
Otherwise if it is satisfied, form the spectral factors level reduced model as:
H(s)= Ny (5)D; (5)

Then tune it at the eigenvalue level through the following steps.
Step 9: Determine the solvents of ﬁR(s) from the corresponding spectral
factors.
Step 10: Form the Vandermande matrix and transform the reduced model to
a block diagonal form.
Step 11: Diagonalise the last block and form the new ﬁ(s) by truncating the
eigenvalues.
Step 12: Determine the singular values of the Hankel matrix difference as

SVYD{T{H(s)} - T{H(s)}} =T * Diag{c?,i=12,.... ml}
Step 13: Test again for the relative error RFE satisfaction. In case it is
satisfied for p<m, the model is reduced to include only p eigenvalues of
the last block subsystem. Otherwise if p=m, the spectral factor level
reduced model is kept as it is.
Step 14: Use the Sauriau-Leverier-Fadeev algorithm in order to get a

transfer function form.

4.4.4 Comments on the spectral factors based method

The major ac antage offered by this approach over the previous one, is
J g y pp p

the fact that the inversion of huge Vandermande matrices is avoided, since



the original model is first reduced using the polynomial division then it is
block decoupled using the Vandermande similarity transformation. In
addition, it does not require the determination of the complete set of

spectral factors.

The application of the later algorithm shows also very interesting
results. The only weak point that may be mentioned about this procedure, is
the need for a matrix polynomial method that produces a complete set of

spectral factors in a specific order of dominance.

This completes the presentation of the two proposed model reduction
methods. In the next chapter, we provide selected examples to illustrate the

developed procedures.
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Chapter §

Numerical Results
And Analysis

The two model reduction procedures, the solvents based and the
spectral factors based procedures, developed in the previous chapter are
implemented on computer using one of the most popular computer tools

known as MATLAB.

MATLAB is a sophisticated mathematics and simulation environment
that can be used to model and analyze dynamic systems. It handles
continuous, discrete, linear, or nonlinear systems. As its name implies, it has
extensive features for matrix manipulations. Matlab is an open environment

for which many specialized toolboxes have been developed:

- Control Systems.

Signal Processing.

Optimization.

Robust Control.

i Analysis and Synthesis (u Tools).

Spline.

System Identification.

Neural Networks and
- Chemometrics.
SIMULINK (formerly known as Simulab) is a graphical environment for
modelling and simulating block diagrams and general nonlinear systems.

Matlab supports some basic programming structures that allow looping and
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conditioning commands along with relational and logical operators. The
syntax and use of some of these structures are very similar to those found in
other high level languages such as C, BASIC, and FORTRAN. The
combination of these commands can lead to powerful programs or new

functions that can be added to Matlab.

The main Matlab features used in the two algorithms range from the
simplest matrix operations, and array operations, to matrix functions such as
the Singular Value Decomposition, Impulse Response, Kronecker Product,

..etc.

5.1 Singular Value Decomposition

The singular values of the Hankel matrices [ {H(s)} and

I"{H(s)}—l”{f?(s)} are evaluated using a Matlab built-in function SVD. The

notion of Singular Value Decomposition play a key role in the analysis of
robust stability mainly for multivariable systems.

Consider a rectangular matrix H with rank p, then SID(H) produces a

diagonal matrix £ of the same dimension as H with non-negative elements,
and unitary matrices U and }7 such that

H:UiVT (51)
where H is mxn, U is mxm, and V is nxn.

-~

Note that }'7 stands for the conjugate transpose of J7. The matrix I is

defined by

s : (6‘ |
. ZiO] if n>m | . ;
Z:‘;@} if n<m Z:i - |
L‘_O L | (5.2)
g,
and
p = min{m,n}
The singular values are ordered as
o, 20,2 =+ 20, (5.3)

106



The smallest singular values are rarely exactly zeros, but if A is 'nearly

singular’ some of the singular values will be small. The ratio (o, /o,) can be

regarded as a condition number of the matrix H [66].

5.2 Impulse Response

The two algorithms presented in the previous chapter use the impulse
response for the graphical comparison of the original and reduced models
The choice of the impulse response is not hazardous since its the one that

characterizes completely the linear time invariant (LTI) system.

The Impulse response of continuous-time linear systems is also

available in Matlab as a built in function under the notation

Im pulse(A,B,C,D,iu) (5.4)
which plots the time response of the linear system
X =AX + BU (5.5)
Y =CX+DU

to an impulse applied to the single input /u. The time vector is automatically
determined. Impulse (NUM,DEN) can also be used for the scalar case and it
plots the impulse response of polynomial transfer function
G(s)=NUM(s)/DEN(s) where NUM and DEN contain the polynomial

coefficients in descending powers of s

Impulse(A,B,C,D,iu, T) or Impulse(NUM ZDEN,T) uses the user-supplied time
vector T which must be regularly spaced. When invoked with left hand
arguments

[Y,X,T]:Impulse(A,B,C,D,...)

: (5.6)
[Y, X, T]= Im pulse(NUM ,DEN,...),

1t returns the output and state time history in the matrices Y and X Y has as
many columns as there are outputs and length T rows, while X has as many

columns as there are states. No plot is drawn on the screen.
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5.3 Solvents Based Model Reduction Procedure

The solvents based method inputs two sets of matrices corresponding to
the "numerator” coefficients and the coefficients of the characteristic matrix
polynomial of the original transfer function. In addition the algorithm
requires the supply of the allowed relative error RE to be used as a

condition for the system truncation.

The algorithm starts by determining and classifying in order of
decreasing dominance the solvents of the characteristic matrix polynomial
using any matrix polynomial root finding method It then computes the
controller form of the given model and its corresponding Hankel matrix, and
applies the Matlab command SVD to this Hankel matrix in order to compute
its singular values. The block diagonalization of the original system is
performed using the Vandermande matrix constructed from the determined

solvents and its inverse computed using the Matlab inverse command (INV),

Following the block truncation, the last added subsystem is in turn
tuned, after its diagonalization, using the Matlab command eigen (EIG).
With this tuned reduced model, a Hankel matrix of the same dimension as
the original model is formed and its corresponding singular values are also
determined using the Matlab built-in function (SVD). Finally the sum of the
singular values of the difference between the two models is divided by the
sum of those of the original model and compared with the allowed relative

error RE.

However, it is appropriate to mention that the lack of examples
satisfying our assumptions in the current control literature constrained us to

build our own examples for the testing of the developed algorithm.

To this end, the "numerator” matrix coefficients are chosen arbitrarily
to avoid getting trapped by a particular case, while the coefficients of the
characteristic matrix polynomial are constructed in such a way that it

includes a complete set of solvents satisfying a dominance criterion.

This i1s achieved by first building the solvents using the rclation defined in

theorem 2.10 and given by
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R=PAP" (5.7)
where R is the solvent

A the Jordan form of R and

P is a matrix of eigenvectors of R.
Let

De(s)=D,s' + Ds™ + D,s' ~+D s+ D, (5.8)

where D, is the identity matrix. In addition, we assume that the constructed

matrices {R,R.,R,,....R)} form a complete set of solvents of D, (s) Hence,

Do(R) = DoRxl - DzR:H * D:R1172+"'+D1~1R; +D, =0
De(R,)= DR = DRI + DR +tD, R+ D, = 0 (5.9)

De(R)=D,R ~ DR + D,R*+..+D,_R, + D, =0

This above system of equations can be expressed in matrix form as

L

I 7 e I
ROR R R
[0 D, D, - DR R R .. R /:{R; R Rl - R[] (5.10)

. ]
|

.' .‘ I‘ . . 1
RYORY R P

I
J

and since we have assumed the existence of a complete set of solvents, the
matrix
/ / / ! 7
Rz R: Rs Rl ’
Ve=| RT R, R} R | (5.11)
| : : . : ,
LRllvl Ré*l R3l-l e R[I*l_l\
is nonsingular [42]; Therefore we can write:
[D1 D_ D,, - D}]:_[RII R, R ... Rll]'[VRill (5.12)

To show the efficiency of the above algorithm, a large number of matrix

transfer functions have been tested Some of them are chosen as examples

and discussed in the following.
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Example 1:

The first chosen example is a 4™ order 3x3 matrix transfer function in the

form of a right matrix fraction description (RMFD)

H(s)=N(s)D (s)

where
N(s)=N;s* = N.s" + N,s+ N,
D(sy=D,s* = D;s’ -+ D.s* + D,;s~ D,
with
1 0 0 /33 44 55 (=25 =51 22) 11 -54 14}
| i | | '
N=0 1 0, N.=/-22 -88 99!; N3:! 1122 105, N,=|12 30 14,
\0 0 1) L4464 64 \55 39 74 85 96 54
and
1.0 0 (546829 -3.4100 —1142305\}
D,=0 1 0, 01:5—4.8014 400253 36803
W0 0 1 L 11092 -22721 362918
710028 -3 -01037e -3 -04024e - 3) (6412le~3 -07832e+3 -37313¢ -3

D = 01729 ~3 04468 -3 0_1317e+3J; D3:! -15983¢+~3 09637¢+3 12178 -3 ;
\ 00423¢ +3 -00415¢+3 03498 +3 k0.40222+3 -0.008% -3 04137e -3/

[ 45100e +3 -04791e + 3 —2.66156’4—3}
D, :i ~10450e +3 04596e +3  08352¢ +3 |.

L 02140e +3 0076% -3 0193le +3J
The solvents of the above characteristic matrix polynomial are determined
and classified according to step 2 of the algorithm. In order to be more

informative, we have provided the corresponding spectrum of each solvent.

[-211725 -05026 -02009 whose spectrum is

R, =, 05345 -198128 00364 {-21.0000, -20.0000, -19.0000}
\-00639 11596 -19,0147J

[-181725 -05026 -02009)

| ceq |
R, =, 05344 -168128 00564 | {-18.0000, -17.0000, -16.0000}
\-00639 11597 -19.0147,
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~134865 18626 81876 )

R3=§ 14882 -15966 -11418! {-15.0000, -1.5000, -1.2000}
\ 18800 -04719 -26170/

/-05107 -02273 -02632)

[ |
R, = -09887 -05086 04134 {-1.0000, -0.8000, -0.4500}
\ 06688 03942 -12807/

Then according to the eigenspectrum of the above solvents, a fair
approximation is expected for a reduced model containing the first 8 large
eigenvalues. This is obtained for a relative error of 2e-9, with a simplified
scalar characteristic polynomial A(s) of order 8 in the form a rational matrix

1

A(s)= X (S)[G<s)]

where
A(s)=a,s’ ~as’ ~a,s° +a,s’ ~a;st ~a;s’ ~a, s’ ~a,s+a,
with
a, =1, a, =1274434; a, =69726e +3, a, =21275¢ -5, a, =39256¢ + 6,
a, =44203¢+7, a, =28824¢ +8, a, =92905% ~8; a, =875%]e +8

and
G(s)=G,s" +G.s°+G,s" +G,s* +G,s° +G.s” + G5+ G,
where
(0.8712 -0.5283 —0.6162\} (89.7467 -19.3896 -1 1.9846\;
G, = -01840 05691 06834 ; G, =| -416038 -545320 1025558,
\~01788 -07828 00830 \ 214312 -331551 382828
/3664 660 1796 [ 735e+3  432¢+3  909¢+3)
G, : -3157 -7381 13597/, G, :[ ~-1129¢~3 -2894e+3 4687¢ -3 [;
\ 2308 680 3097, \ 745¢~3  594e-3 1032e+ 3J
/ 68.9¢ + 4 66le+4  160.4e + 4\ ( 118 +5  —22¢+5 913e+ 5\
G,= -2113e+4 -5393e+4 517e+4|; G,= -2045¢+5 —-5059¢+5 813e+5;
\1048¢+4 1092e+4 1561~ SJ 558¢+5  436e+5 739e+ 5)
(248e+6 -2e+6 -424e+6) (1267¢+6 -519¢+6 —4815e¢+6)
G,= -03¢+6 -2098¢+6 3537¢+6 t G, :! -893¢+6 -2013e~6 390.7e+6 ;
\-7le~6 —656¢e+6 -556e-6, \—1 l44e+6 -527e-6 -5221c-6
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The impulse responses of the three components (y,,y, and y,) of the

outputs of the original and reduced models are compared in the figure

below. It is easy to see that the two responses are close to each other.

A\
3 |
§ ! 1 First Component of the Original Model
25 o
g i 2 Second Component of the Original Modcl
o 2 43 3 Third Component of the Original Model
%1 5 1, 4 First Component of the Reduced Model
2 e 5 Second Component of the Reduced Mode!
& i E 6  Third Component of the Reduced Model
—05 <
ﬁ%»m.?'_ o -
0 % W8 e T T
05§ NET
LT T
: ]
15 3 2
-2 >
0 2 4 6

Time (Sec)

Note that a reduced model with a higher order will give a better
approximation. This is an important requirement for any method of model

reduction.

Example 2
As a second application for the solvents based model reduction procedure,
we have chosen a 6” order 2x3 matrix transfer function in the form of a

matrix fraction description defined by:

—i

H(s)=[Nis = Nos* =~ Ns* = Nys* = Nys+ N, ID;SS +D;s' +D;s" = Ds* + D,s* + Dis+ D,

where

(1 0 0} N (3333 4444 5445) v _(-155 -231 112].
lo 1 o) T o2212 -2188 3199)’ 370399 442 661)°
y /665 -44 144 (774 885 221 _(997 699 365
T47U3ss 144 994)° "5 Tl121 477 9990 N T 230 487 656)

and
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/1.0 0) (2617789 -37.744 -419195
Dy=,0 1 0f; D,:%—36.5803 1961755 245753 ;

0 0 1) \ 436054 -131646 157.6456,
(22728 -6890 —7576\i (6786¢~5 -32278¢+5 -35106¢~5)
D,=|-6974 11780 4127 | D,=|-33954¢ -5 2063%+5 180955 J;
\ 7369 -3027 4565 \32452e-5 -16577¢-5 —-13998e -5
/19449¢+6 -10117e+6 ~10146¢~6) (16780e~6 —0.9554e -6 ~08537¢~ 6"
D,= -10116e+6 05%4e~6 0526le~6 ; D, = —0887%-6 05454¢+6 0445de-6 |
i | H
L 09608~ 6 ~05239¢+6 -04602¢ -6 08402 ~6 -04945¢ -6 -0405% - 6,

{ 39672e -5 -24898¢+5 —19125¢ + 5\;
Dy = -21205¢+5 1369le+5  10063¢+5 .
\2.0022¢+5 —12824e+5 —09373e+5,

The obtained solvents of the characteristic matrix polynomial of the original
model with their associated spectrums are as follows:

(—91.6454 45195 —6.3442W whose spectrum gives
R =, -60781 -902170 32531 | {-88.0000 =5.0000i, -99.0000}

\-29871 -66767 -931376/

/-845276 15596 1.7489)

R, =' 58657 -844691 -21516 {-85.0000, -83.0000, -81.0000}
\ -3.6509 25557 —80‘0034J

-802035 319386 410512 W

2041226 857445 -1068212 {-79.0000, -3.0000, -2.0000}

R, =
1605958 659966 819480 )

[
\—
(17291 02339 02623

\ !
R, =, 08798 -17202 -03226, {-1.7998, -1.5001, -1.2000}
\-05476 03833 -10506,

(-08959 01870 01450
i

R, : 01284 -0.7916 0.0317J {-1.0000, -0.8000, -0.6000}
L 00315 00934 -07125

/03192 01438 041029\}
R,= 01091 -02275 -00033: {-0.4000, -0.2000, -0.1000}

L 00089 00515 -01534
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The following reduced model is obtained for a relative error equal to 3e-22.
Clearly, this value is very small and shows that the truncated subsystem is
negligible in front of the original model in terms of singular values
magnitude, hence a good approximation is expected. The reduced model is a
rational matrix with a common denominator A(s) of order 11 such that:

A(s)= ﬁ[G(s)]

where

_. 1 D 9 3 7 5 s 4 3 z
A(s)=a,s” ~a;s” ~a,s” +a;s’ +a,s’' +as®~a,sT ~a,st ~a;st ~ags ~a.s~a.

[t

with
a,=1, a =6112816; a.=16075 + 5, a, =23633e+7, a, =2108+¢+9;
as =11542e ~ 11, a;,=37008e + 12, a, =60725 +13; a, = 3.6194e + 14;
a, =96655¢ ~14; a.,=11945¢ +15;a., = 5579 + 14.

and

G($)=G,s" +Gs” +G,8* +Gys” +G,s° +Gys* + Gys* + Gys° + Gys* + G5~ G,
where

(07971 -31581 -29157)
° T -01658 12233 05531

G _(3558.7 25551 37082\;_
' T\-22767 -16367 3512 ,°

[ 110e+~6 155 +6 204e + 6) (129¢+8 302 -8 3928
T -10le+6 -084e+6 149 +6,) 1 (-182¢+8 -153% -8 263¢ -8

;

/ 63e+9 28e+9  363e+ 9\i {/0_076 +12 127e+12 165¢+12

_ - |-
\~169¢+9 -134e+9 236e+9,°  °

Tl-08¢+12 -058¢-12 109 +12°

4

(-023e+13 217e+13 296e+13" G (-158e+13 -55¢+13 -24e~13)
©A-i65e+13 -102e+13 22le+13)° ' (-488¢-13 -126e+13 825+ 13,

[ -06e~14 -835e- 14 —7.57ef14‘_ G ~012e+15 -196e+15 -18le+15"
P l-064e+14  07e+14 179 +14,)° ° (-0lle+15 0l16e+15 038e+15,

[-0.09¢+15 -135e+15 -123e+15)
¥ -012e+15 008 +15 032e+15)

The impulse response curves of the full and reduced models are compared in

the figure shown below.

114



o

o .
0o v -
'S
N
!
[
I
i
H
I
'(
|

1 4/1 1 1st Component of the Original Model
E 2 2nd Component of the Original Model

3 1st Component of the Reduced Model
4 2nd Component of the Reduced Mode!

. Jmpulse Response
N —_

O oo A

STNTUEEITIN |

t
w

()]

L

'
F-N

'
H
w
A—LA_-_A‘LLLJ_LAJIII 1

o
r_L‘L

=

o
N
H
()]
oo

10 12
Time (Sec)

Example 3

The next example is also a 6” order matrix transfer function with solvents
satisfying a dominance criterion, but very close to each other as will be
apparent from the solvents spectrums.

H(s)=[Ns' + Nis* + N;s* < Nys* + Nos = N |D.s* +Ds* +Dis* + D5+ D5 + Dys + D,

where the "numerator” coefficients are

1 0 0 3333¢+4  1444c+4  5555¢ - 4)
Ni=10 1 0[; N,=|-2222¢+4 -8888¢+4 9889 -4

0 0 1J 5554e+4  9997¢+4  4424e - 4)

~5555¢+4 -555le~4 2222¢ +4) (1111e+3 -5444¢+3 41l4e +3)
Ny=| 152le~4  2552e+4 122le~4; N, = 2222e+3 3433¢+3 Sddde+3:

\3333e+4 8889 +4 4222¢+4 \5475e~3 6869 +3 4l12e+3)

Ne= 25554 3666e+4 141le+4 ; 7655 +4 3583¢+4 8788 -4,

(6656 ~4 4486e +4 8777e + 4) 4799 +4 9818e+4 9777+ 4)
Ny =
\2565 ~ 4 3565¢ -4 6486e + 4) \9876¢ -4 8598¢ +4 6989¢ - 4)

The characteristic matrix polynomial coefficients are:

1 0 0 (4805753 -55798 09693 )
D,=0 1 0, D = -78798 729928 98446
! | !

o 0 U \ 50091 51369 4654315,
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(96089¢ +4 02234 +4 -0.0400¢ +4) (1023le+7 -00357e+7 -00066¢ -~ 7)

D, =1 -03140¢+4 93069%+4 039%03¢-+a o Dy :, —00500e ~7 0975le~7 00618 +7 -

\01984e+4 02028 ~4 9006le~4 / \00314e+~7 003206 -7 09273« 7)

[ 6118le~8 —02854¢-8 53573~ 8 (19481e +10 -0113%-10 —00224e 10"

: | ;
D,=1-03973¢ -8 57366¢ -8 0.48816*8;; D :i —01576¢ +10 17968 -10 01925 - 10 .

\02477¢+8 02514e -8 53573¢+8) \0.0976¢ +10 00986¢ +10  16466¢ - 10

[ 2580le +11 -018l4e~11 —0.0368¢~ 11

Dy = -02498e +11 23407¢ +11  03030e + 11 ‘l

\01534e 11 01545 +11 2.10316’4—11)

The computation of the solvents of the above characteristic matrix

polynomial yields

R = 11535 883098 -09243 {-90.000, -88.000, -87.000}

/-893686 10758 0.4898 \| whose eigenvalues are
|
1\ -0.4290 -02753 -873215/

/-856565 05731 0.1861

Ry= 07074 849929 -07329 | {-86.0013, -84.9988, -83 9997 }
\-03611 03233 -843505

(-826565 05731 01861 )

R; =i 07047  -819929 —07329{ {-83.0000, -82 0000, -80.9999}

\-03611 -03233 -813505,

/-79.6565 05731 0.1861
R,=| 07047  -789929 -07329 {-80.0000, -79.0000, -77.9999}
\ -03611 -03233 -783505
/-763787 09248  -04019)
Ry=| 19838 -743733 -34401 {-76.9999, -76.0000, -70.0000}

'

\ 18271 21794 722480,

f—66.8585 18599 03231 \

R.= 26257 -64331 -32815 {-68.0000, -65.0000, -60 0000}
\-16697 17123 -618105)

As it may be seen, all the solvents show the same spectrum (the eigenvalues
are almost of the same m  “tu. J; In other words there is no apparent
dominance between the 6 solvents. This is the reason for which the only
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plausible approximation given by our algorithm is the original model itself

Hence, we omit to give the reduced model transfer function and the impulse

responses comparison of the two models

Example 4
We finish with the solvents based met
matrix transfer function with "numerat

given as follows:

hod by selecting a 6” order 3x3

or” and "denominator” coefficients

1.0 0 333 111 555)
N;=/0 1 0 N.=|-222 -888 999 ;
\0 0 U LS55 999 444,
(-5¢+3 -55¢+3 22e+3) [lle+4 -Sde+4 lde- 4
‘ | I ;
N,=|15¢+3 25¢+3 12e+3: N,= 22e~4 33e+4 de+ 4,
\33¢e+3 88e+3 42e+3) \7S%e+4 69 -4 12e+4)
(56e+5 46e+5 Te+5) (47e+5 88e~5 77e+5)
N5:§25e+5 36e +5 lle+5J; NG:!65e+5 35 +5 78e+5|;
\25e+5 35¢+5 66¢+S \T6e+5 S8e~5 69¢-5)
and
10 0) (459.7188 -1928817 05155 )
D,=0 1 0;; D, =! 461736 2402222 14.8614%;
0 0 U \ 721022 -936154 3110590/
79210e +4 -56742¢ +4 -03242¢+ 4) (61847e +6 -57046c+6 —06664c - €
D. = 14540¢+4 13298¢-4 01939 -4 |; Dy = 15608¢~6 -0575le~6 -0053le-~6
2.2084¢ + 4 27025 + 4 3.1471@»4J \23035¢ -6 -26648¢~6 09912¢-6,
72.0018¢+8 -21172¢+8 -03650e -8 (14395¢-9 -16472¢+9 -0247le -9
D,= 06126e~8 -05465 +~8 -01090e -8 D= 04529¢-9 -04733¢+9 -0.0798e - 9

\0880le +8 -09708¢-8 —-00554e~8
725707e+9 -31333¢+9 -0.4029% +9)

\0.6488¢ -9 -0.745le~9 -0.0827¢-9,

D, ='0804% +9 -0920le+9 -01335 +9 J

‘ !
\11564e+9 -13889e+9 -0165% +9)

The corresponding solvents are computed and given below with their

corresponding spectrums.

/-1200000 30.0000 -30.0000)
R = -12500 -950000 —225000 |
k -2.5000 15.0000 —1300000}

~

117

whose eigenvalues are

{-120.0000, -115.0000, -110.0000}



| 37696 -1213471 182699 | {-105.0000, -100.0000, -95.0000}
\ 19232 —121160 -855764)

(-930765 -271166 244240)
R, =

(=90.0000 30.0000 -30.0000)
1
Ry =1 -12500 -650000 -225000 {-90.0000, -85.0000, -80.0000}
\ =2.5000 150000 -100.0000/
(-1548688 360344 1623556
R, =1 -411307 37307 434907 {-75.0000, -8.0000, -7.0000}
\-628111 156643 611300
/-22628 -38425 00527

Re=1 22635 81582 00526 {-6.0000, -5.0000, -4.0000}

\ 68951 97372 -45790,

700010 -36677 0.3332)

R, = 17508 -49175 0.0832 i {-3.0000, -2 0000, -1.0000}
\4.2517 -8.0853 -10835/

A convincing approximation of order 10 is derived for a relative error equal

to le—11, with scalar characteristic polynomial coefficients given by:

a, =L a =9757036, a,=42738e~5 a,=11067¢+8, a,=18762¢+10, a, = 21758 - 12:
a,=17480¢ + 14; a, = 96056 +15; a,=34555 +17, a, =7348le~18, a, =7013% - 19

The numerator matrix polynomial coefficients are:

(08933 -02295 01722) (10939¢+3 -0329le+~3 06374e + 3)

G,=! 01799 13326 -0.6697 I G, =, -02723¢+3 03664e+3 038l4e-3 E
\~0.7605 16838 12935 \-01700e +3 26249¢+3 1367l ~3)
(04677e+6 01872 +6 03926¢+ 6 [ 10883¢+8 —07364¢+8 11289 + 8\l

| \
G, = | —02278¢+6 -00488¢+6 04374+ 6!; G, = L—0.7408e +8 -01880e+8 14262¢+8 :
‘\—0.0490e +6 16484 -6 06107¢+6) -04240e +8 54917e+8 15415¢+8)/

( 01695 +11 —-0201le+11 0.1879% + 11 (01982¢+13 -03542¢+13 01957 +
G, :i -01406e +11 00247e+11 02363e+11 ;G =] 01757e+13 01459 +13  02216e -
\-01509¢ ~11 10922¢+ 11 02447¢ - 1 \-02674¢+13 13676¢+13 02549 -
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(01755 +15 -03888c+15 01300e+15) [ 10744e~16 -2564le~16 05368~ 16
Gy = -01489¢~15 02250e+15 01148 +15,G, = —0826% ~16 17130¢~16 02616¢ - 1€

| !
\—02678 ~15 10912¢+15 01749 +15/ \—15533e+16 53943¢e+16 07636¢ - 1€

7 03895¢ 18 —-09304c~18 01255¢~ 18"
G, = -02705¢~18 0664lc~18 ~-00118e~ 18!;
\~04883¢ - 18  15082¢~18 01928~ 18

7 06166e ~19 —14286¢ ~19 01270 + 19)
G, :} —-03926¢ ~19 10507¢ +19 -0117le+19".

\-0.6457¢ - 19 18246 +19 0214de - 19)
The comparison between the original and reduced models curves is shown in

the following figure.

g A
§ 1" 1 1st Component of the Original Model!
26 2 2nd Component of the Original Model
o i 3 3rd Component of the Original Model
2 4 4 1st Component of the Reduced Model
g }‘36 5 2nd Component of the Reduced Model
= ] 6 3rd Component of the Reduced Model
? ?5,”\
i A
0 ‘ l /t . — N
o474
-4 - >
0 0.2 0.4 06 0.8 1 1.2

Time (Sec)
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5.5 Spectral Factors Based Model Reduction Procedure

The spectral factors-based method also inputs two sets of matrices: the
matrix coefficients of the "“numerator” and the coefficients of the
characteristic matrix polynomial of the transfer function given in the form of
a matrix fraction description. As for the solvents-based method, we need to

supply the allowed relative error RE.

This algorithm also searches for the roots of the characteristic matrix
polynomial, but this time it searches for the spectral factors and classifies
them in order of decreasing dominance. After the formation of the original
model Hankel matrix and the determination of its singular values, the
characteristic matrix polynomial of the reduced model is built using matrix
polynomial multiplication while the new “numerator” is determined using

matrix polynomial division.

At this level, the Hankel matrix difference between the original and the
reduced models is formed and its singular values are computed using the
Matlab command SVD. Then, when the relative error is satisfied, the
reduced model is block-decoupled using the Vandermande matrix whose
solvents are obtained from the corresponding spectral factors of the reduced
model using a similarity transformation with the help of the Matlab built in
commands Kronecker (KRON) and (VEC) Afterward, the last sut stem is
diagonalized using the Matlab command eigen (EIG) allowing extraction of
the dominant part of the last added subsytem Finally, the two models are

compared using the function impulse (IMPULSE) supplied also with Matlab.

The problem of lack of examples satisfying our assumptions arises also
for this method. In order to provide a reliable test for the algorithm, we
have constructed our own examples and, in the following, we outline the

procedure.

The choice of the "numerator” matrix coefficients is random, while the

coefficients of the characteristic matrix polynomial are derived as follows:

First the spectral factors are formed using the relation

120



O=MDM" (5.13)

where Q is the spectral factor,
D is a Jordan matrix containing the eigenvalues of Q and

M is a matrix of eigenvectors of Q.

Then, assuming that D,(s) has a complete set of spectral factors
{0.,0,,...,0,}, it can be writen as a product of / linear spectral factors
De(s)=(sl = Q)sl = Q,)(s] - Q)

=D, s'+Ds"" +D,s" +-+D, s+ D
To illustrate the efficiency of the spectral factors based model

(5.14)

i

reduction procedure we have chosen a set of examples These examples are
generated in such a way that the spectral factors of the characteristic matrix

polynomial satisfy a dominance criterion.

Example 1
This example is a 6™ order 2x3 transfer function in the form of a right

matrix fraction description described by:

H(s)=[N;s' = Nys* + Nys” + Nos™ + Nos + N |Dss® + Dis* = Dys* «Dys> + Dys* = Dys + 1)5]"‘

where

1.0 0} (3333 4444 54451. _(—155 -231 122\

= . N, N, E
\0 1 0/ K—2212 -2188 3199, L399 442 661/

(665 —44 144) y [774 885 221 y (997 699 365)
771355 144 994J’ TeTl21 477 9997 Tt Tl230 487 656

And the matrix coefficients of the characteristic matrix polynomial are

10 ow (259.3207 -385824 -369661)
D,= 0 1 0}, D = -2050275 2631699 1125201!;
\0 0 1 k167,7410 -62.4038 931095
/24686c+4 -07223¢~4 -08133¢+4) (0.8648@-6 ~03464¢ -6 -04352¢ -6

D, :‘ -35612e+4 22989 +4 19048¢ +4 1 ; Dy =1-15995%~6 069%40e-6 08363¢-6 l
\ 28659 ~4 -11277e+4 -06488¢c + 4J 12690¢ -6 —05253¢+6 -06300¢ + 6,
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(25399¢+6 -11337e+6 -13022¢+6) /21970e -6 ~11315%+6 -11204e- 6"
D,= —4774e+6 21993¢+6 247%e+6 , D= -41498 -6 2169le+6 2125d4e~6

‘ t

\37826e+6 -1714% ~6 -19243¢+6) \ 32885¢~6 -17085% +~6 -16677¢~6

f5156le+5 -3.0925¢+5 -25262e+ 5\3

D, = -9.767le+5 58909 +5  4.7866e +5 !

\7.7368¢~5 -46607¢e~+5 -3776le~+S/

As it has been stated, the algorithm starts by determining the spectral
factors of the above characteristic matrix polynomial, leading to:

/-916454 45195 —6.3442) whose spectrum gives

Q =i ~60781 502170 -32331 | {-88.0000 =5.0000i, -99.0000}
\-29871 66767 -931376/

/-845276 15596 1.74891

Q.= 58657 -844691 -21516 {-85.0000, -83.0000, -81.0000}
\—36509 25557 —80.0034J

/-802035 319386 410512 \|
0, = 2041226 857445 -1068212: {-79.0000, -3.0000, -2.0000}
\—1605958 659966 819480 J

7-17291 02339 02623
Q,=, 08798 -17202 -03226, {-1.8000, -1.5000, -1.2000}

T \

\-05476 03833 -1.0506/

(—0.8959 01870 01450}

: 01284 -07916 00317 | {-1.0000, -0.6000, -0.8000}
L 00315 00934 -07125)

<

(—0.3192 0.1438 0.1029w

Q.= 01091 -02275 -00033 {-0.4000, -0.2000, -0.1000}
L 00089 00515 01534/

From the eigenspectrum of the above spectral factors, it is apparent that a
good approximation can be obtained for a reduced model containing the first
7 large eigenvalues. This is achieved for a relative error equal to 8e-4,
giving a reduced model under the from
. 1
H(s)=——G(s
(s) A(S)[ ()]

where the coefficients of the scalar characteristic polynomial A(s) are:
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a,=1, a, =6030001, a,=15573e+35, a,=22328e~7
a, =98958¢ +~ 12 a, =28324e+12, a, =34722¢+13

, a, =19196e ~ 9;

and the coefficients of the matrix polynomial G(s) are as follows:

702120 29378 42110" /32056e+3  62480e+3 80109 +3)
" 1-9.9602 15097 72005,7 ' (-79832e+3 -15426e+3 7.4066¢+3)
[ 10665¢+6 24448 -6 30623 - 6) (13094¢-8  4146le~8 51615e -8

G, = G :
T \-32073¢+6 ~05063e -6 28652e+6)7 ° \-64565¢~8 04599 ~8 53436 + 8

_;/0.6696(??10 35793¢+10 4.4771e~10\. [ 008%0e~12 1551de~12 l.9672€+12\§‘
1 =66770e+10 -0.0503¢ - 10 519218&10) 5_l\—3.A4166e+12 01110e-12 2540912/

4

.

(-01931e +13 2.6884e ~13 34826¢ + 13\!

G, =i 3 .
\—68753¢ + 13 03837¢+13 4.9592¢ +13)

It is interesting to observe that the impulse response error between the

original and reduced models is almost negligible. This is illustrated by the

following figure.

V]
¢ 60 4
o <l
Y i
o 50 -:i
x4
@ 40 - i 1 1st Component of the Original Model
a i 2 2nd Component of the Original Model
E 30 {.E 3 1st Component of the Reduced Model
1, i 4 2nd Component of the Reduced Model
20 -1i |
i
10
L
0 3 ‘\\4_4_,,_— -----------------------------
-10 - 4 —=
0 02 04 06 0.8 1 1.2 1.4

Time (Sec)
Note also here that a better approximation can be obtained for higher order

reduced models. This is done by choosing a smaller relative error RE
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Example 2

The next example is a 6” order 3x3 matrix transfer
"numerator” coefficients given by:
10 o) (333 111 555\ (~Se+3 -55+3 22+3)
N :io 1 0; No= -222 -888 9% . N:—fISe 3 2%+3 12¢+3)
00 1 555 999 444, \33-3 88 -3 42%+3)
[lle+4 -54e+4 lde+4) (S6e+5 46e -5 7e~5\ (47e -5
N3:§22e+4 33e~4 dde~4L N, = 25%+5 36e-5 1le~5;N,= 6% ~5
\75¢+4 6% -4 12e+4) 2% ~5 355 66¢-5) \76e 5
and "denominator” coefficients given by
1 0 0 ‘/191_1518 3019950 -76.6902)
DQ:',‘o I 0, D = -1890205 6445408 -310642 ;
\0 0 J \~1687804 2488579 3543072/
/-0.0092¢+5 07609 -5 -~00943¢+5 (-02700e ~7 0.740le + 7
D. = —05788¢+5 12436e-5 00288e+5|; D,=|-06943¢+7 1108le~7
-05622e+5 0.7805¢+5 05150e +5 k—0.7098eﬁ—7 0.945% + 7
(-24688¢+8 39742¢+8 0.5700e+8\| (—0.7552e+1o 1.0796e + 10
D, = —40845¢+8 55766¢~8 09%le~8,; D= -10347e~10 14324¢+10
41008 +8 54636 -8 1239 - 8) \—0.9460¢ ~ 10 1.3085¢ ~ 10
(19495 +10 2753le+10 02226+ 10)
D, ='-26104e + 10

36236¢ ~ 10 03098¢ - 10J.

\~2.3659% + 10 32932e+10 02865¢ + 10

The computation

polynomial yields:

function with

88 -5 77e+S5
3% +5 78 +5
S8 ~5 69 -5,

0.0369¢ ~ 7\
01521le~7 ;
03750e ~ 7,

00832¢ ~ 10\
0.1224¢ -10 ;
0.1222e ~ 10/

of the spectral factors of the above characteristic matrix

710 -2466667 933333 whose eigenvalues are

0, = 120 -3366667 733333 {-150.0000, -140.0000, -130.0000}
\60 -1033333 -933333/
/-961538 -54.2308 48.8462‘1
!

Q.= 115385 1526923 365385 {-120.0000, -110.0000, -100.0000}
\ 38462  -242308 —81,1538J
/-90 60 -60)

Q;= -25 -40 -45 \ {-90.0000, -80 0000, -70.0000}
\-5 30 -l1o
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-64.6296 181481 —1.2963\

p

\

Q.= 40741 303704 ~29-25931 {-60.0000, -50.0000, -40.0000}
L -5 10 -55 )

{49.6316 ~755789 45263

Qs =, 341579 798947  -46316 | {-35.0000, -5.0000, -4.0000}
\1106842 -1532105 -13.7368,

/00000 -36667 03333)

Q.= 17500 -49167 00833 {-3.0000, -2.0000, -1.0000}
\42500 -80833 -10833/

From the eigenspectrum of the above spectral factors, it is suggested that a
13" order reduced model (scalar characteristic polynomial) will be adequate

in approximating the behaviour of the 18" order original model This is

fulfilled for a relative error equal to 0.008, giving
- 1
H(s)=——|G(s
)= [00)

where the scalar coefficients of A(s) are:

a,=1, a =11750e~3;, a,=62840e+5; a;=20243e~8; a, =4379%e - 10,
a, =-67165% +12 a, =75067e+14;, a, =6.186% +16, a, =37576e + 18,
a, =16599% - 20; a,, =51806e + 21, a, =10809%¢ + 23,

a., = —1.3506¢ + 24’ a,= ~76281e + 24
and the coefficients of the matrix polynomial G(s) are as follows:

(06234 05375 -02842) (08762¢+3 04380c-3 02990c - 3
G, = -01033 10942 -00174/; G, = -01538¢+3 -02473¢~3 10097¢-3 i
\-00356 04963 04658 L 0682le+3  13313¢~3 06393¢-3/
[ 59994¢+5 -09763¢+5 37763+ 51 (21163¢+8 -13264e~8 15203¢+8
G. = ‘ ~139%67¢+5 47165 +5 79352e+5); G,= -04818+8 -18722¢+8 27775¢~8 .

\ 93608¢~5 47648¢~5 4.38l6e~5 k 48205 -8 —0144le+8 16329 +8/

(0‘4107e+11 -04062¢ +11 0326le+11) (O.4335e+13 -06174e +13 04299 - 13"
G, ='-00626e+11 -04189% +11 0A5737e+11{; G, = 00229 +13 -06366¢+13 0.7765e+13j;
(13385¢+11 —04258 +11 0373% +11 \22864¢ 13 —11429¢~13 05418+ 13/
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(01854 +15 -05095% +15 0.3694e+15\‘ -00912¢+17 -01934e+17 02077e+17"
Gy = 01757e+15 —0.6957¢+ 15 O.7213ef151; G, = 02444e+17 05479 +17 04692¢+17;

\25443¢ ~15 -15967e~15 05256¢~15/ \ 187%4e +17 -13633¢+17 03509 +~17/

(~16144¢ ~18 02019% - 18 06913~ 18} i/—0.8777e+20 05194e =20  00642¢ + 20°
Gy = 17682 +18 -3.0326e+18 2,15216’-—18!; G, =1 07344e~20 -11319% + 20 06978 + 20 ;

L 9129% ~ 18 -73500e ~18 1619Ge + 18 t 28039¢~20 -24322¢+20 04880¢ - 20,

(-22847 -21 2090le +21  -04568 - 21)
G,= 1684le~21 -26699% +21 1592le~21

\ 50253¢-21 —44443¢+21 07299 + 21)

/-08555¢ 23 21086e+23 -16309e 23
G.=' 03865 ~23 -19567¢+23 18655¢+23 |.
\17930e+23  06200e+23 -2375le+23)

The original and reduced models impulse response curves comparison is

shown below

3
i
1
2 2 1 1st Component of the Original Model
s 2 2nd Component of the Original Mode!
& 3 3rd Component of the Original Model
g i3 4 1st Component of the Reduced Model
Q1 - : 5 2nd Compnent of the Reduced Model
=] 6 3rd Component of the reduced model
WA
NP .
MRS
il
ﬁ.“;’
-1 % \X\/
1,
-2 1‘ >
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 08

Time (Sec)
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Example 3

The next example is a 6" order 3x3 matrix transfer function with

"numerator” coefficients given by:

(1 0 0\; (3457 4424 5845) (210 -S11 —322\
N,=0 1 0; 1»'1:{:—2013 -2981 3187, N, =477 632 76l }
0 0 U \ 5641 3201 8924 654 921 320
[761 -144 532 844 655 521 /1897 499 815
N, = 565 241 879, N }321 445 986‘, N,=' 430 768 647
147 954 632 \568 788 399, \485 696 832/

And "denominator” coefficients given by:

10 0 /3344496 -1223903 240180
D,=0 1 0, D= 35088 1736470 1143352 ;
0 01 L115207 418154 3439035,
(39658¢+4 -2253le+4 0.0851e*4w 21162e~6 —16019~6 0.0994e -6
D.= 06610 +4 08856¢-4 21482 ~4|; D, = 04296e-6 0022le-6 14270¢~6 :
\02087e+4 —0773Se+4 4110le+4) \01227¢=6 —1601%~6 2095l -6
(48484e+7 -48274e+7 1_3041e+7) (33308¢+8 45065 +8 29776e-8)
D, = 10228 +7 ~06737e+7 38110e~7|; D _‘ 04043 -8 -05169¢ -8 334188
\0236% +7 -09542¢+7 43270¢+7) 00503 -8 028878 2683% -8

(69559 +8 -9.9582¢+8 3816l +8)
D,= 07988 +8 -1686le+8 57096¢ 8 [
\-01389¢+8 —0458le~8 40346¢-8)

The computed spectral factors with their corresponding spectrums are the

following:
(-1007031 254688 1860156) whose spectrum gives
Q = 42969 1045313 789844 . (-100.0000, -95 0000, -90.0000}

\ —05469 20312 -79.7656

(110 86 -134)
\

Q.= -30 5 1301 {-85.0000, -83.0000, -80.0000}
C-15 42 -143)

[-552386 47045 —31.2614E

O,= 80341 583863 -325341, {-70.0000, -62.0000, -55.0000}
\ 78750  -52500 -733750,
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(645556 S71111 -262222)

0, = -142222 -25556 -208889 {-45.0000, -35.0000, -25.0000}
\-62222 104444 —37.8889)
(-03333 -400 -166667)

Qs = 56667 -1300 -7.6667 | {-9.0000, -7.0000, -5.0000}
\ 26667 -400 -7.6667)
7-36190 40435 -18833)

Os : -02715 -01737 -2.2299, {-3.0000, -2.0000, -1.0000}
\-02933 06522 -2.2073,

According to the spectral factors eigenspectrums, a fair approximation will

be obtained for a reduced model of order 12 under the form

~ 1
H(s)=——|G(s
(s) A(s)[ ()]
where the characteristic scalar polynomial coefficients are:
a, =1, a, =8250001, a,=30867¢+5, a,=6920%+7, a,=1034% +10
a,=10864e+12; a,=82017e+5;, a,=44817e+15, a,=1757le+18,
a, =48138¢ 18, a.,=87334e+19; a, =94040e+20; a, =45355 + 21

and the coefficient matrices of the matrix polynomial G(s) are as follows:

1 0 0) ( 39476¢ +3  4.5464e+3 s.zz:zloeq\i
G,= 0 1 o{; G, = -2048le+3 -2329e+3 307273
0 0 I \56295¢+3 32428 +3 9.4051e+3J

\
-01740e +9 -05627e+9 05033¢+9

( 15744 + 6 36089 +6 22045 ~ 6}
L 04693~ 9 10844e~9 05998¢ + 9,

G, = -09355%+6 -18765%+6 18674+ 6, G,=
\ 25475¢+6 31686e -6 3.8898¢ + 6J

( 02570¢+~9 11186e+9 02550e + 9"

(0195511 18344e~11 -0058%- 1D /00437e+13  17656e+13 -04074e+13
G,=| 01648 +11 -09012¢+11 0.7766e +11 : Gszi-0.0776e+13 08568+ 13 0.7419+13 ;
\04412¢+11  1888le 11 0.3152ef11J \02079% +13  1895le+13 ~-01885¢ - 13/

(-0034le+15 1023%+15 -04078¢+15) 02658 +16 3463le+16 —19222¢ ~16'
G, :} —00097e +15 04958 +15 04437e+15 |;G, =| 00637e +16 -16880e~16 15969 16
00987 <15 11357e - 15 —O,3513e+15J —01450e <16 39547¢ - 16 -19620c - 16,
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(-07140e+17 6100e +17  —4.408% +17) ’/L03856»18 44289 + 18 —39423e‘18\
\

02753¢+17 -30062¢+17 3063le-17 G, 6= 04349 - 18 -20566¢ 18 1674e¢l8

\ 06605 +17  71864¢~17 —49445¢ -17) \—12249¢ - 18 54554¢ + 18 ~47973e«18/

G,

(—2 222le+19 38688 -19 -1612le+19) (—0‘36618 +21 09626e +21 -05024e ~ 21\;
G, 3 07279 +19 -10259% +19 00016¢ +19 j;Gn :; 01233¢ ~-21 -03503¢ 21 0188le~21 ‘}
\-26634¢+19 4579 +19  -18309¢ + 19/ \-04213¢~21 11108 +21 -05322 -2

The comparison of the original and reduced models is given in the following

figure
Q
2 30 By 1 1st Component of the Original Model
(@} -
> 20 ir 2 2nd Component of the Original Model
& i 3 3rd Component of the Original Model!
@ 1 4 1st Component of the Reduced Model
3 10 § 2nd Component of the Reduced Model
£ 1 125 /. & 3rd Component of the Reduced Model
1 L ) / \\
0 ‘1\ T ér\‘f/,/
-10 |
3
-20 - .
0 28 >
0 0.1 0.2 03 04 0.5 06 07
Time (Sec)

As it can be seen, this is a good approximation since the two models are

almost superposed.

Example 4
As a final example, we have chosen a 6” order 3x 3 matrix transfer function
with matrix coefficients given as follows:

(1 00 (425 802 635 (—6015 -6051 2332)
N N

N,= 0 1 0 ~10 -321 8791 1601 2622 14211
W0 0 1 \446 827 434 L323 89 422J
(2010 -9440 8140) 676e +2 49%e+2 887+ 2

N,=12550 3430 5440 ; N,=|235¢+2 346e+2 15le~2 ;
\5450 6690 4020 285¢ +2 365 +2 656¢ -2
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(489¢+2 938+ 2 987e*2j
Ny=1775%+2 303¢+2 828 -2
\986e -2 898¢+2 699 -2

and the coefficients of the characteristic matrix polynomial are:

10 o} 74432222 25972 —22459
D,= 0 1 0; D =| -89817 4472432 67297 |:
i |
’\o 0 1) \ 45700 19.0155 4335347
[ 81523¢+4 0105le~4 -00839¢ + 4 [79646e+6 01690e+6 -01249¢ ~ ¢
i i |
D, ='-03363¢+4 8322le+4 02425 +4 |; D, = -05025¢+6 82470¢+6 03483¢- 6
\-01786e+ 4 07140e+4 78043¢+4 ) \-0278le~6 10697¢+6 7.4668¢ - 6
‘/ 43586e+8 01350¢ -8 -00926e+ 8) [ 12667¢10  0.0536¢10 —0.0342e10\i
D, =) -03745¢ ~8 45907e+8 0249le+8 ; D= -01392¢10 1361lel0 0088710 ;
\-02157¢ +8 07994e+8 4.0043¢+8) \-00834¢10 02980¢10 11412¢10

[ 15273¢+ 11 00845e+11 ~0050de - 11\
Dy = -02065 +11 167%e+11 0125811 .
\-01284¢ + 11 04433e+11 1350de+ 11,

The computed spectral factors with their corresponding eigenvalues are:
7-895771  1.0364 0.4908

Q= 10992 -876963 -18026 {-90.0000, -88.0000, -86.0000}
\-04118 -05339 -86.7266

/-833883 11538 03415

0.=| 12105 821737 -1212] {-84.0000, -82.0000, -80.0000}
\ -08138 -05633 -80438]
(-767314 10210 03087

Q,= 17207  -766410 -16227 | {-78.0000, -76.0000, -74.0000}

\-09049 06827 —7446276/'

(~713728 10480 03827

Q,= 11941 -702345 -11586 {-72.0000, -70.0000, -68.0000}
\-0.6788 -0.6445 —683926)
/2661529 04771 00556

;=1 02570 -64.6643 -11003 {-66.0000-0.4890i, -64 0000}
L-11214  —04244 651828

1S
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(-559997 -73335 0.6666
s =, 35002 -658334 01666 {-62.0000, -60.0000, -58.0000}
\ 85007 -161667 -581670

A reduced model of order 15 is derived for a relative error equal to 0.1 with

the following coefficients

a,=1; a =1144e~3, a.=61023¢~5, a,=20134¢+8, a,=45950¢+10, a,=7684¢+12;

a, =97264e - 14; a, =9489%6¢ + 16, a, =71950¢ +18, a, =423%4e-20, a,, =19254¢+22,

a, =6618% + 23, a.=16672e+25 a, =2904% +26, a, =31306e~27, a =15732¢+28

and
10 0 (11258 +3  0799%4e+3 06372~ 3)

Gy=010;G = -00010e+3 03758 +3 08723 -3 ‘

NORERY, \ 04506e~3 08080c+3 11445 -3)
(52002¢+5 53782¢~5 45049 - 5\1 (13430¢ +8 15959¢ ~8 14182¢+ 8\‘
: {

G, =100134e+5 -02223¢+5 62388¢+5,G,=!00120e+8 -0392le+8 19837¢~8;
\325126+5 55474e+5 52852¢+5 L1.0414e ~8 16882¢+8 13617+ 8}
(2180%~10 27348 +10 26114e+10) (23424e+12 29423¢ =12 3.0973e - 12)

G, = 00397 +10 -10409¢+10 3.6812¢+10;G; = } 00797e +12 -14802e+12 43862+ 12 ‘
\1944le + 10 2988le~10 2.2167¢+ 10/ \2.3326e + 12 33666¢+12 2.408% ~ 12/
(16945¢ ~ 14 19123e~14  2430le+14) (08272e~16 03692¢+16 1194le+ 16\i

G,= 01256¢+14 —13274e~14 34362¢+14 G, :! 01839 ~ 16 -08124e+16 16508¢~16;
‘ t :

\18691e~ 14  23962e 14 17664¢ - 14) \10040c - 16 07922¢+16 08252¢~ 16/
(28097¢+17 ~79074e +17 22958~ 17) (0.0808¢~20 -11707e+20 -0169% + 20"

G, = 23968¢+17 -38874e+17 24342¢-17 .G, :‘ 02437e-20 -0188% ~20 —03416¢ 20
\3472% 17 -4.6210e+17 16175 ~17/ L0.0606¢ ~ 20 —09268¢ +20 —0.0928¢ - 20
(02602e+21 -91826e+21 -19347e+ 21

G, = L7783+21 —09966e+21 ~35920e+21';

\-01190e + 21 -7.6182¢+21 -10688¢+ 21/
(0063le+23 -46624¢+23 -10293¢+23)

G, =| 08873¢+23 -04312¢-23 -19459¢~23

\~01554¢ +23 -39138¢+23 -05554e +23)
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G,

For clarity purposes we give, in the following, the impulse response curves

—0.001%¢ + 25
0.28€% + 25
—0.0722¢ + 25

—-0.0526e + 26
05418e + 26
—0.1795¢ + 26

-0.0875 + 27
0.4544¢ - 27
-0.1886¢ ~ 27

~15178¢ +25 —03359¢ + 25)
_01212¢+25 —0.6559 + 25/
_12794¢ + 25 —01772e +25)
_28797e -~ 26 —0.6386¢ ~ 26)
01879 -~ 26 —12894e 26
_24343¢~26 -03298¢ ~ 26)
~2.4220e ~ 27 —-05410e ~ 27)
—01186e+27 11273 +27|.
220537 +27 —02736e~27)

of the three components of the original and reduced models separately.

o 3 A\
2]
(@] 4
S,
e 2 Bl 1st Component of the Original Model
o 4 1st Component of the Reduced Model
= 1 J‘ A
(o8 PR J
E T
0 —— ——
A4
-2 = :'\‘ /V,
N _
]
-3 1 T~
0 0.05 0.1 0.15 0.2 025 0.3 0.35
Time (Sec)
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@ |
©15 ]
o 1
Q
o
x 1 i 2nd Component of the Original Model
3 ]\ — __ 2nd Component of the Reduced Model
3 |
Q 1
1
11 VAN
0 +— 7 e — —
I .
i 7
. L7
'05 ?[ \\ - ///
j -~
1
-1 =
0 0.05 0.1 0.15 0.2 0.25 0.3
Time (Sec)
35
o
o ]
e 2 1
x J[;g 3rd Component of the Original Model
3 3:( ——_ 3rd Component of the Reduced Model
=3 =.
Q : -
E 1 / \
0 }? / .\\~ — -
-1 4 ;
1
1 /
-2 j‘: \'{' S~
-3 - =
0 0.05 0.1 0.15 02 0.25 0.3 0.35
Time (Sec)

As it may be observed, this is a poor approximation due simply to the

truncation of the last subsystem corresponding to the spectral factor Q,.

This shows also that the last subsystem can not be neglected in terms of
impulse response in front of the other first S subsystems. On the other side,
the value of the relative error RE =01 is meaningful in this sense; Compared
to the previous examples this value is large, meaning that the neglected
subsys v (one spectral factor) can not be ignored in front of the rest of the
model. This validates the choice of the Hankel matrix singular value relative

dominance criterion.
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Chapter 6

Conclusion

Usually analysis, synthesis and simulation in the classical con.rol theory
require the use of a low-order system to approximate a high-order one. It
turns out that this trend remains very attractive to modern control systems,

in other words, the low dimensionality is often strongly desired.

Model approximation represents a useful means for the construction of
models smaller than Kalman’s minimal realization which is often too large to
be tractable, and develop a partial realization which is "close” to the minimal
realization in some sense. In fact Kalman’s minimal realization requires a
zero relative error (RE-0) while model approximation is defined to allow
some relative error (RE>0), that is only the dominant components of the

model are retained in the construction of the reduced model

The contribution of the present thesis has been first of all the
eleboration of two model reduction procedures: the solvents based method
and the spectral factors based method. Second, it points attention and
promote the use of very promising tools, the principal component analysis

and the theory of matrix polynomials, in solving model reduction problems.

The principal component theory is used to provide a relative measure of
the system components so that the analyst can go beyond the Kalman’s
minimal realization. In opposition to results from singular perturbation or
classical dominant pole methods, it was found that the modes with slower

decay have less effect on the behaviour of the system when the state space

134



description matrices B and C are taken into consideration in the truncation

criterion.

Matrix polynomial theory is used to develop two model reduction
approaches from a stable, proper, linear and time-invariant system described
by a transfer function in the form of a matrix fraction description. The
obtained reduced models are given under rational transfer function forms
and are also stable, proper, linear and time-invariant. The expression of the
reduced model in a rational form is due to the fact that most of the time the

reduced model is not block divisible.

As already mentioned, the first method is based on the dominant
solvents of the characteristic matrix polynomial. A block Vandermande
similarity transformation and a Hankel matrix relative dominance criterion
have been used to develop a stable and efficient algorithm. The application
of this algorithm has shown some interesting results as illustrated by the

examples given in the previous chapter.

By choosing appropriate coordinate transformations prior to component
truncation, a number of different choices for "system components” are
defined including those which cause decoupling of the outputs, decoupling
of component dynamics and the decoupling of the disturbances The only
shortcoming of this procedure is the numerical cost of the inversion of the

Vandermande matrix.

In order to bypass this obstacle and increase the efficiency and stability
of the algorithm, a second method based on the dominant spectral factors of
the characteristic matrix polynomial, combining both the matrix polynomial
division and the block Vandermande similarity transformation is developed.
The major advantages offered by this method over the previous one are the
avoidance of the inversion of large Vandermande matrices, since the original
model is first reduced using polynomial division, then it is block decoupled
using the Vandermande similarity transformation, and the fact that it does
not require the computation of the complete set of spectral factors, hence, it

is also applicable to partially factorizable matrix polynomials. However, the
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transformation of the computed spectral factors to solvents has also its cost
in terms of space and time but to a lesser degree than inverting the

Vandermande matrix.

The determination of the solvents and the spectral factors of the
characteristic matrix polynomial is achieved through the use of any matrix
polynomial root finding method such as the ones seen in chapter 2. The
prerequisite with the proposed methods which can be seen as a restriction, is
the need for such matrix polynomial root finding methods that generate the
solvents and the spectral factors in a specific order of dominance assuming
the existence of a complete set. The comparison with existing methods in the
current literature shows, that the proposed methods have, in general, better
accuracy, they are easily programmed, save time since they start by
determining block reduced models and only the last subsystem is

diagonalized to be truncated at the eigenvalue level.

A look to the theoretical development of both methods, reveals that the
reduced models are derived from a transfer function given in the form of a
right matrix fraction description. However, it is understood that a similar
analysis of the left matrix fraction description can be done and similar
results will be obtained It is also clear that the proposed methods are

applicable for both SISO systems and MIMOQ systems.

There are several points in this thesis which may be natural points of
departure for further studies. The investigation of other methods other than
the matrix polynomial division, for block reduction before the block
decoupling, using less memory space provides one such point. Another point
of departure that is probably more important than the previous one is the
investigation of other methods for block decoupling. An interesting idea
would be the use of the algorithm developed in [65] for the inversion of a
block Vandermande matrix. This may yield better results and save memory

space.

Moreover the search for other means to extract the dominant part of

the last added subsystem, and the study of other ways for converting the
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obtained reduced model state space triple to matrix transfer function form,

may be suggested as two other points for further studies.
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