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1. Introduction

The problem of seeking positive solutions for boundary value problems associated with p-
Laplacian differential equations having positive nonlinearities, is usually converted to that of
finding solutions in the cone of nonnegative functions C of some functional space X, to the

abstract Hammerstein equation,

u=NFu, (1.1)
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where N is an increasing, 1-homogeneous and completely continuous self mapping of X and
F : C — C is continuous and bounded (maps bounded sets into bounded sets). Note that the
mapping 7 = NF leave invariant the cone C.

This formulation has motivated many works, where existence results of fixed point for oper-
ators leaving invariant a cone have been proved. Krasnosel’skii’s theorems of compression and
expansion of a cone in a Banach space (see Theorems 4.12 and 4.14 in [14] and Theorems 2.3.3
and 2.3.4 in [13]), are the most famous and the most used in the literature.

Krasnosel’skii has provided in [14] many others interesting fixed point theorems. Among
these results, Theorems 4.10, 4.11 and 4.16 have attracted the attention of Amann in [1] where
he generalized these results for strict set-contraction leaving invariant a cone in a Banach space.
Roughtly speaking, these theorems and their generalization, state that if such an operator is
approximatively linear at 0 and oo, and the spectral radius of the linear approximations are
oppositely located with respect to 1, then it has a fixed point.

In this paper, we will prove new fixed point theorems for operators leaving invariant a cone in
a Banach space, and as in Krasnosel’kii’s theorems, the main assumptions are on the behavior
of the operator at 0 and oo. Let F (X) be the class of all increasing 1-homogeneous self operator
in X, more precisely, we will assume that our operator has an approximative minorant at 0
and an approximative majorant at oo in the class F (X), or conversely; existence of the fixed
point is obtained under additional conditions: it is required that, the approximative minorant
has the strongly index-jump property and the positive spectrums of the approximative majorant
and minorant are oppositely located with respect to 1. The concepts of index-jump and the
strongly index-jump will be introduced in Section 2, where we prove that a 1-homogeneous,
positive and completely continuous operator has the index-jump property if and only if it has a
positive eigenvalue and we present some classes of such operators having the strongly index-
jump property.

The interest to the strongly index-jump property is motivated by the fact that it is conserved
by limits of nondecreasing sequences of operators having the strongly index-jump property (see
the proof of Theorem 3.16). In order to indicate the interest of this property, let us return to

bvps. In the case where the nonlinearity has a singular weight, the operator N in formulation
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(1.1) will contain this singular weight. Technically, one can see that such an operator is a limit
of a nondecreasing sequence of operators (N, ) having the SIJP. This what makes interesting the
above property.

The spirit of hypotheses in this work meet that in many results in the literature. Theorem 7.B
in [20] state that if a positive mapping T has a linear minorant having a eigensubsolution, then
T has eigensolutions. Webb in [19] has obtained fixed calculations for a positive mapping A
under the condition that A has a specific linear majorant or minorant (see Theorems 4.4, 4.5 and
4.7 in [19]); he has also provided nonexistence results under similar conditions (see Theorem
4.9 in [19]). Main ideas of this work are inspired from the works in [2], [3] and [4].

The paper is organized as follows. Section 2 is devoted for the needed background. In Section
3, we present the main results and their needed preliminaries. In the last section, we prove by
means of main results of Section 3, existene results for at least one positive solution to a class

of p-Lapalcian bvps having regular or singular weights.
2. Abstract background

We will use extensively in this work cones and the fixed point index theory, so let us recall
some facts related to these two tools. Let X be a Banach space, a nonempty closed convex subset
K of X is said to be a cone if (tC) C C for allt > 0 and CN(—C) = {0x}. It is well known
that a cone C induces a partial order in the Banach space X. We write for all x,y € X : x <y
ify—xeC, x<yify—xeC, y#xand x £y if y—x ¢ C. Notations >, > and  denote
respectively the inverse situations.

A cone C is said to be normal with a constant nc > 0 if for all u,v in C, u < v implies
lull <nc vl

A function f: Q C X — X is said to be bounded, if it maps bounded sets into bounded sets and
it is said to be completely continuous, if it is continuous and maps bounded sets into relatively

compact sets.

Definition 2.1. Let C be a cone in X and N : X — X a continuous map. N is said to be

a) positive, if N (C) C C,
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b) strongly positive, if C has a nonempty interior (intC # 0) and N (C . {0x }) C intC,
¢) increasing, if for all u,v € X, u < v implies Nu < Ny,
d) strictly increasing, if for all u,v € X, u < v implies Nu < Nv.
e) 1-homogeneous, if for all u € X andt € R, N (tu) =tN (u) and
f) subadditive on C if for all u,v € C, N (u+v) < Nu+ Nv.

Definition 2.2. Let C be a cone in X and let N1, N, : X — X be positive maps. We write N| < N,

if for all x € C, Nix < Njx.

Definition 2.3. Let C be a cone in X and N : X — X a positive map. N is said to be lower
bounded on C if there exists a positive constant m such that for all u € C, ||Nu|| > m||u||. For

such an operator N, we denote

N = inf {[|Null /lull, u € C~{Ox}}

Let H (X) be the set of all continuous and 1-homogeneous self mapping on X, for N € H (X),
we set || N|| = supj,; [[Nul|. Arguing as for the space of linear continuous self mapping, we

obtain the following lemma.
Lemma 2.4. The pair (H (X),||-||) is a Banach space.

The concept of positive eigenvalue will be extensively evoked in this work, it is introduced

in the following definition.

Definition 2.5. Let C be a cone in X and let N € H (X) be a positive operator. A nonnegative

constant U is said to be a positive eigenvalue of N if there exist u € C~. {Ox } such that Nu = pu.

Lemma 2.6. Let C be a cone in X and for all integer n > 1, N, is a positive completely
continuous mapping in H (X), having a positive eigenvalue A,. If N, — N in operator norm

and A —> A >0 as n — +oo then A is a positive eigenvalue of N.

Proof. Let ¢, be a normalized eigenvector associated with A, and v, = N(¢,). Since N is

completely continous, there exists a subsequence denote also (¢,), such that (y,) converges to
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some Y € K. Thus, we have the following estimates:

< INa(9n) = N(@n) || + IN(¢n) — ||

< N =N+ [y — vl

So,

limA,¢, = v and ||y|| =lim||A,¢,|| =limA, =1 > 0.

Also, we have

This together with the continuity of N, implies that imN(A,¢,) = N(y). Leting n — o in

[N (80) = SN W] = [ 8 () — £N(w)| <
2N (An9n) = 2N () |+ [| N2 () — N A || + [| N (An) — 2N (W) |
L a8l + £ 20l 1Ny = N+ £ INRa) = N ()]

<

Nu(0n) = A0, we get that N(y) = Ay. This completes the proof.

We will use extensively in this work the fixed point index theory. For sake of completeness,
let us recall some lemmas providing fixed point index computations. Let C be a cone in X. Let
for R > 0, Ck = CNB(0x,R) where B (0x, R) is the open ball of radius R centred at Ox, dCg be

its boundary and consider a compact mapping f : Cg — C.

Lemma 2.7. If fx # Ax for all x € dCg and A > 1, then i (f,Cg,C) = 1.
Lemma 2.8. If fx # x for all x € ICk, then i(f,Cg,C) = 1.

Lemma 2.9. If fx £ x for all x € ICk, then i(f,Cg,C) = 0.

Lemma 2.10. [f there exists e = Ox such that x # fx+te for all t > 0 and all u € JCg, then
i(f,Cg,C)=0.

For more details on the fixed point index theory, see, for instance, [10] and [13].
3. Main results

Preliminaries
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In all this section E is a real Banach space, K, P are two nontrivial cones in E with P C K
and H(E) denotes the Banach space of continuous 1-homogeneous self operator of E endowed
with the norm, ||N|| = supy,; [Nul|. Hereafter < denotes the order induced by the cone K on

E and we set,

NP(E) = {N € Ng(E) : N is increasing and N(K) C P}
and

OY(E) = {Ne NP(E) : N is completely continuous } .

In fact, the cone K is a naturel cone of E as the cone of nonnegative functions in functional
spaces and for N € NE(E), the cone P is related to the operator N and in some manner it
represents the regularity of N; See for example the cone P in (4.5) and the property of lower
boundness of the operator N, in Lemma 4.1.

Now, for N € NE(E) we define the subsets

AN ={A >0: there exist u € P~ {0z} such that Nu < Au},

OY = {6 >0: there exist u € P~ {0z} such that Nu = 0u}.

Remark 3.1. Note that
a) 0 € O and if 6 € OF then [0,0] C OF.
b) If A € AY then [A,+oo] C AR.
c) A} c A¥ and ©) C OF.
d) If u is positive eigenvalue of N then u € @Y NAX N0, [|N]].
e) If N~ (0g) NK = {0g} then AY = AR and ©Y = OF.

Also, for N € NE(E), ox(N) denotes the set of all positive eigenvalues of N,
supok(N) if ox(N) # 0,

oy =infog(N)and o) =
0 ifox(N)=0.
Lemma 3.2. For all N € NE(E), the subset ®F is bounded from above by ||N|.

Proof. Let 8 > ||N|| and Ry = Y ey N¥/6F and note that Ry = I +Rg (N /). Moreover, we
have Rg (P) C P since for all k, N* (P) C P.
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Now, by the contrary, suppose that there exists u € dP; such that Nu > Ou and set v= 0" Nu.

We have then the contradiction
Ry (V) >~ Ry (u) =u+Ryg (V) >~ Rg (V) .

This shows that ®) is bounded from above by ||N||. This completes the proof.
Lemma 3.3. For all N € QX(E), the subset AY is nonempty.

Proof. Let A > ||N|| and e € P~ {Og} and consider the equation
u:Nl(u,l’), (31)

where forall u € Pandt € [0,1], Ny (u,t) = (t/A) Nu+e. Clearly N, (P x [0,1]) C P and equa-
tion (3.1) has no solution in dPg with R > max (A |le|| /(A —||N||), |le||) . Thus, by homotopy

and normality properties of the fixed point index, we conclude that
i(Nl('7 l)aPR7P) = i(Nl('7O)7PR7P) =1L

Then equation Nj (1, 1) = u admits a solution up € Pr . {Og} and A € AY. For all N € Q% (E),

the constants M)V and Oll,v will play an important role in all this paper and they are defined by

AY =infAY, 65 = sup®Y.

Lemma 3.4. Let N € Q% (E) and assume that A}Y, 9;)\’ > 0. Then for all y,R > 0 we have

1 ifyep <1,

l(YNaPR7P> =
0, if yAY > 1.

Proof. Let R >0, y € (0,1/6)) and u € 9Pk such that YNu = u. This implies that 1/y € ©F
and 1/y < 6} which contradicts ¥ € (0,1/6)). So, the hypothesis of Lemma 2.8 hold and
i(YN,Pg,P)=1.Let R> 0, y>1/AY and u € dPg such that yNu < u. This implies that 1/y €
A} and 1/y > infAY = A which contradicts y > 1/A4]. So, the hypothesis of Lemma 2.7 hold
and i (YN, Pg,P) = 0. This completes the proof.

Lemma 3.5. For all N € Q% (E) we have 1} < 6}
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Proof. Indeed, if l}y > 6,13\’ we have then from Lemma 3.4, for y € (1 / /”L})V 1/ 8},\’ ) , the contra-

diction

) 1, since yG},V <1,
Z(YL,KR,K) =
0, since yAY > 1.

Remark 3.6. We deduce from d) in Remark 3.1 and Lemma 3.5 that for all N € Q% (E),
ox(N) C [AD, 8]

Remark 3.7. Let N € Q¥ (E), v € P~ {Og} and assume that the constant l},v is positive. Then,
equation Au — Nu = v has no solution in P forall A € (0,A)).

The index jump property

Let N € Q% (E) and y € (0,+<0) \ ok (N). The integer i (YN, Kg,K) is defined for all R > 0
and the excision property of the fixed point index, make it independant of R. Moreover, if
y<1/|IN||, we have forall u = Og and A > 1, YNu # Au and Lemma 2.7 leads to i (YN, Pg,P) =

1. This justifies the following definition.
Definition 3.8. An operator N € Q% (E) is said to have the index-jump property (IJP for short)
if

vy =sup{y>0:i(yN,Pg,P) =1} < oo

and in this case we say that N has the IJP at vy.

Theorem 3.9. An operator N € Q% (E) has the IJP if and only if ox (N) # 0. Moreover, we

have that vy = G; .

Proof. Let N € Q§ (E) having the IJP at vy and let ¥ be a positive real number. By the contrary,
suppose that ok (N) = 0. In this case, for all A > 1 and u > Og, YNu # Au. Hence, we have
from Lemma 2.7 that for all R > 0, i (YN, P, P) = 1 contradicting the IJP property of N. Now,
suppose that for some N € Q¥(E), , ok (N) # 0 and let ¥ > 1/0y . Consider for t > 0 the

equation

u—7YyN(u)=1¢y, (3.2)
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where ¢ = O is such that N(¢;) = oy ¢; and 7 > 0. We claim that (2.2) has no positive solution.

Indeed, if there exists x > O satisfying (3.2), then, one has
X = YN(x)

and

x> tr.

We obtain from (3.3) that

X ()W) = NP = (V) () == () () = -+

From (3.4), we have

x = (YN (x) = (PN) (2¢1) = V(o ) (141),
which leads to
tdy < x/ (yoy)".

Taking in account, }/G;,r > 1, we obtain from (3.5) the contradiction

Op <td; < x/ (yoﬁ)k—>0E as k — oo.

(3.3)

(3.4)

(3.5)

Thus, we have from Lemma 2.10, i (YN, Pg,P) = 0 whenever 1/y ¢ 0k (N) and this shows that

vy = sup{y>0:i(yN,Pg,P) =1} < oo. At the end, we have from Lemma 2.7 that for all

y<1/oy, i(YN,Pg,P) = 1. This shows that 65 = Vy and ending the proof.

We present now a concept which is stronger that the 1JP, which plays an important role in our

main results.

Definition 3.11. An operator N € Q% (E) is said to have the strongly index-jump property (SIJP

for short) if 2} > 0. Moreover, if AY = 8} = v then we say that N has the SUP at v.

Proposition 3.12. Let N|,N, € N¥ (E) and assume that Ny < N,. Then lljjvl < 1113\]2 and OIIJVI <

6;,\/2. Moreover if N{,N, € Qﬁ (E) and Ny has the SIJP, then N, has the SIJP.

Proof. Indeed, we have

O} C O and AR? C A},
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which leads to

N Ny N N,
Ap' < Ap?and 6p' < 6,°.

Proposition 3.13. If N € Q% (E) is lower bounded on P, then N has the SIJP,

Proof. By the contrary, suppose that A = 0, in this case, there exists sequences (A,) C (0, +oo)
and (u,) C dP; such that lim,—, 1A, = 0 and Nu,, < A,u,. Let (u,,) be a subsequence such

that limNu,, = v € P. In one hand, we have that
v=IlimNu,, <limA, u, =0,
and in the other,
[l = Tim |Nuy, || = Np [|un, || = Np > 0.
This ends the proof.

In the reminder of this subsection, we answer to the question: what represent the constants

A% and @Y for the operator N € Q¥ (E)?
Proposition 3.14. Let N € QX (E) and assume 65 > 0. Then 6} = o).

Proof. Let (6,) C (0,6) C ©F be an increasing sequence converging to 6 and consider for

all integer n > 1, the cone
P,={u€P:Nu>6,u}

and note that K, is not the trivial cone and N (P,) C P,. Consider also the sets

AN = {1 >0: there exist u € P,~ {Og} such that Nu < Au},

©Y ={0>0: there exist u € P,~ {Og} such that Nu > Qu}
and the constants
AN =infAY and 6 = sup @Y.

By simple computations, one obtains

0<6,<AN <oV <oy
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and N admits for all n > 1 a positive eigenvalue L, associated with a normalized eigenvector

0<6, <A <u, <6y <6p.

Clearly, we have limu,, = 9{,\’ . Thus, we have for all n > 1

qu)n = UN¢, = ,LL,%(Z)n

and the compcteness of N leads to ¢ = limN¢, (up to a subsequence) satisfies N9 = 911,\] ¢ and

¢l = 6 > 0. At the end, Remark 3.6 leads to 6} = oy

Proposition 3.15. Let N € QX (E) be subadditive (in particular linear) and assume that A > 0.

Then /’L};V =0y .

Proof. Let (4,) C (A}, +e0) C A} be a decreasing sequence converging to A} and (¢,) C
P~ {0g} such that N¢, < A,¢,. Consider for all integer n > 1, P, = {u € P: Nu < AL,u} and
note that the subadditivity of N makes of the set P, convex and so, a cone in E which is diffrent

from the trivial one, since ¢, € B,. We have also, N (P,) C P, and so, consider the sets

AN ={L>0: there exist u € P,~ {Og} such that Nu < Au},

©Y ={6>0: there exist u € P,~ {Og} such that Nu > Ou}

and the constants
N _ . N N N
A, =infA; and 6,' =sup®,,.

Clearly, we have 0 < A < AN < ) < 2, and N admits for all n > 1 a positive eigenvalue L,

associated with a normalized eigenvector y,, € P, with
0<Ap <AN <y < 0) < 4.
Thus, we have limt, = AY and for all n > 1
N>Yy = Ny = 1 W

and the compcteness of N leads to ¢ = lim Ny, (up to a subsequence) satisfies N¢ = A}DV ¢ and

|9l = A > 0. At the end, Remark 3.6 leads to AY = o, . The proof is complete.
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Theorem 3.16. Let N € Q% (E) be increasing and assume that the cone K is solid and N (0K ~. {Og})

C int (K). Then N has a unique positive eigenvalue [y at which it has the SIJP.

Proof. First let us prove that Y > 0. Let u € 0K \ {Og}, since Nu € int (K) we deduce
from Lemma 3.7 in [20] that there exists ro > 0 small enough such that Nu > rou and namely,
611}’ > ro > 0. Since Proposition 3.14 claims that yuy = 9}}’ is a positive eigenvalue of N and
Lemma 3.5 states that AY < 0¥, we have to show that AY > uy = 0¥ . By the contrary, suppose
that ) < uy = 6 andlet A € (A, un), ¢, v > O be such that N¢p = uy¢ and Ny < Ay
Set

yif y € int (K),

N (y) if y € dK
and observe that ¥ € int (K), N(¥) < Ay and from Lemma 3.7 in [20], there exists so > 0
small enough such that ¢ >~ s¢¢.

Thus, we have
0 = (un)"'N¢ =< (souw) ™ N < A (sopw) ' .

Again we have,

6 = ()" NO = ()™ N (A Gsomtw) ™' W) = (s0)~" (A/ )

By induction, we obatin that for all integer n > 1

0 = (s0)”" (A/un)" W,

which leads to the contradiction Og < ¥ < & (A /uy)" ¢ — 0 as n — oo. This ends the proof.

Corollary 3.17. Assume that the cone K is solid and let N € Q§ (E) be a strongly positive and

increasing. Then N has a unique positive eigenvalue Uy at which it has the SIJP.

Let I'(E) be the class of operators N € Q% (E) such that there exists a sequence of cones (P")
and an increasing sequence of operators N, such that P* C P, N, (K) C P" and N, has the SIJP

at u, and N, — N in operator norm.

Theorem 3.18. Let N € T'(E), then N has a unique positive eigenvalue Ly at which it has the
SIJP.
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Proof. Let (P"),(N,) and (u,) be the sequences making of N an operator in the class I (E) and
let ¢, be the normalized eigenvector associated with A,,.

First, we have that @11\3];} = @)];Y"- Indeed; it is obvious that G)[Il’ﬁ C (E)II\JI” andif 6 >0, ue P~ {0}

are such that N,u = Ou then N,u € P" ~. {Og} and N,, (N,u) = ON,u. This shows that 6 € G)g,’i

and G)ZIY” C @11\3[2. By similar way, we obtain A];;,’ = AII\)/" and we have so,
0 < AN" = A = 1, = 6 = O

Since the sequence (N,) is nondecreasing, we obtain by means of Proposition 3.12 that (u,) is

nondecreasing and
0< A =Apr =, =6pr =05 <A} < op.
Thus, we have
0<py=limp, <2Ap <6f

and it follows from Lemma 2.6 that wy is a positive eigenvalue of N and uy = ),}JV < 9}3\’ .
It remains to show that 8) = A = uy. Let 0 € (0,+o) \ 0k (N) and R > 0, if 6 > uy,
we have then for all integer n > 1, u, < 6 and i (6~ 'N,,Pg,P) = 1. Letting n — oo, we get
i (67N, Pg,P) =1.1f 6 < uy, then there exists an integer ng such that 6 < p, and i (6 ~'N,,, Pz, P) =
0 for all n > ng. Letting n — oo, we get i (6 ~'N, Pg,P) = 0. Hence, we have proved that N has
the IJP at uy and it follows from Proposition 3.14 and Theorem 3.9 that uy = Gﬁ = 9113V . This

ends the proof.

Remark 3.19. The problem of existence of a positive eigenvalue for increasing, 1-homogeneous
and completely continuous operators has been the subject of several recent and old works (see
[5], [6], [15], [16], [17] and [18]). Note that Proposition 3.13 and Theorems 3.16, 3.18 present

classes of such operators having at least one positive eigenvalue.
Fixed point theorems for positive maps

Let T : K — K be a completely continuous mapping, the main goal of this section is to prove

fixed point theorems for the mapping 7.
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Theorem 3.20. Assume that the cone K is normal and there exists two operators Ni,N, €

OF (E), y> 0, three functions G1,G,G3 : K — K such that 6113\/1 <1< lllgvz and for allu € K

Tu = Niju+ Gu,

Nou— Gou = Tu < yYNru+ Giu. (3.6)
If either
Giu=o(||u|) asu— 0and Giu=o(||ul|) asu — oo, i =2,3, (3.7)
or
Giu=o(||lul|) asu — o and Giu=o(||u|) asu — 0, i =2,3, (3.8)

then T has at least one nontrivial fixed point.

Proof. We present the proof in the case where (3.7) holds, the other case is checked similarly.

We have to prove existence of 0 < r < R such that
i(T,K,,K)=1and i(T,Kg,K) =0.
In such a situation, additivity and solution properties of the fixed point index imply that
i(T,Kg ~K,,K) =i(T,Kg,K) —i(T,K,,K) = —1

and T has a positive fixed point u with r < ||u|| < R.

Consider the function H; : [0, 1] x K — K defined by H;(¢,u) = (1 —¢)Tu+tNju and let us
prove existence of r > 0 small enough, such that for all ¢ € [0, 1] equation H; (¢,u) = u has no
solution in JK,. By the contrary suppose that for all integer n > 1 there exist ¢, € [0, 1] and

u, € aKl/n such that u,, = (1 — t,) Tuy, +t,Nyu,. Note that v, = u,,/ |u,|| € dK; and satisfies
v = (1 =1,) (Tup/ ||tnl]) + taN1 Vs (3.9)
Thus, the inequality

Tup/ [unl| = Ny (va) + (Fiun/ ||unl|) (3.10)

combines with the normality of the cone K and the fact that Fi (u,,) = o (||u,||) as n — oo implying
that (Tu,/ ||u,||) is bounded. Because of the compactness of N; there exists a subsequence

(Vs ) such that limNyv,, = v € P. In fact, we have that v - Og. Indeed, if limN;v,, = O, then
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inequality (3.10), the normality of the cone K and the fact that F (u,,) = o (||uy]|) as n — oo imply
lim (Tuy,/ ||un||) = Of. This together with (3.9)leads to limv,, = O contradicting ||v,, || = 1.

Therefore, letting k — oo in

Nank = Nl((1_tnk)(Tunk/HunkH)+tnkN1vnk)

= Nl (NZVnk + (1 _tnk) (Flunk/ Hunk”)) ’

we have v <Novand 1 < GIZJV ', contradicting the hypothesis 9;,\[ ' <1 in Theorem 3.20 and proves
existence of r > 0 small enough such that for all 7 € [0, 1] equation H,(z,u) = u has no solution
in dK,. For a such radius r > 0, homotopy and permanence properties of the fixed point index

and Lemma 3.4 lead to
i(T,K,,K)=i(H(0,-),K,,K) =i(Hy(1,-),K,,K) = i(N1,K,,K) = i(Ny,P,,P) = 1.

In similar way, consider the function H; : [0,1] x K — K defined by H;(t,u) = (1 —t)Tu+
tNpu and let us prove existence of R > 0 large enough, such that for all ¢ € [0, 1] equation
H,(t,u) = u has no solution in dKg. By the contrary, suppose that for all integer n > 1 there

exist#, € [0, 1] and u, € JK,, such that
up, = (1 —1,)Tuy, + t,Nouy,.
Note that w,, = u,/ ||u,|| € K and satisfies
wp = (1 —1,) (Tun/ ||un||) + taNawp,. (3.11)
Thus, the inequality

Tl/tn/HunH = YN2wn+(F3un/||un||) (312)

combined with the normality of the cone K and the fact that F3(u,) = o(||u,||) as n — oo,
implies that the sequence (T'u,/ ||u,||) is bounded. Because of the compactness of N, there
exists a subsequence (wnk) such that limNow,, = w € P. In fact, we have that w > Og; Indeed,
if limN,v,,, = Og, then inequality (3.12), the normality of the cone K and the fact that F3(u,) =

o (||un||) as n — co imply lim (Tu,/ ||un||) = Of. This together with (3.11) leads to limw,, = Og
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contradicting ||wy, || = 1. Therefore, letting k — oo in

Nowp, = Nz((l_tnk)(Tunk/||unk||)+tnkN2Wnk>

= M (NZWnk_(l _tnk) (qunk/HunkH)>7

we have w = Now and 1 > 1113\]2, contradicting the hypothesis lf,\’z > 1 in Theorem 3.20 and
proves existence of R > 0 large enough such that for all 7 € [0, 1] equation H»(z,u) = u has no
solution in dKg. For such a radius R > 0, homotopy and permanence properties of the fixed

point index and Lemma 3.4 lead to
i(T,Kg,K) =i(H,(0,-),Kg,K) =i(H|(1,-),Kg,K) = i(N>,Kg,K) = i(Na2,Pg,P) = 0.
This completes the proof.

Theorem 3.21. Assume that T (P) C P, there exists two operators Ni,N, € Q% (E) and two

functions G1,G; : K — K such that N\, N, are lower bounded on P, OIIJVI <l< QLI]JVZ and for all

uck
Nu— Gou = Tu < Nyju+ Gju.
If either
Giu=o(||u||) as u — o0 and Gou = o (||ul|) asu —0 (3.13)
or
Giu=o(||u]|) asu — 0 and Gou = o (||u||) as u — o, (3.14)

then T has at least one nontrivial fixed point.

Proof. We present the proof in the case where (3.13) holds, the other case is checked similarly.

As in proof of Theorem 3.20, we have to prove existence of 0 < r < R such that
i(T,P,,P)=1and i(T,Pg,P) =0.

Consider the function Hj : [0, 1] x P — P defined by H, (t,u) = (1 —¢)Tu+tNu and let us prove
existence of r > 0 small enough, such that for all 7 € [0, 1] equation H; (¢,u) = u has no solution
in dP;. By the contrary suppose that for all integer n > 1 there exist #, € [0, 1] and u, € P, ,
such that

u, = (1 —1,)Tu, +t,N1uy.
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Note that v, = u,/ ||un|| € dP; and satisfies
v = (1 —1t,) (Tun/ ||tnl]) + taN1vy

then
Nivy, =Ny (1 —1,) (Tuy/ ||un]]) + 12Ny Vi) -

Because of the compacteness and the lower boundeness of Ny, there exists a subsequence (v, )
such that imNv,, = v and ||v|| = lim ||Nyv,, || > N p > 0. Thus, letting k — oo in
Nivpy, = N ((1 _tnk) (T””k/ H”nkH) +tnkN1vnk)
= Ni(Nvn, + (1 —ty,) (Grun, / ||un,]))
we obtain v X Njv and 1 < 61],V ! contradicting the hypothesis 61],\]1 < 1 in Theorem 3.21 and

proves existence of r > 0 small enough such that for all 7 € [0, 1] equation H|(¢,u) = u has no

solution in dP,. For such a radius r > 0, homotopy property of the fixed point index and Lemma

3.4 lead to
i(T,P,,P) =i(H>(0,-),P.,P) =i(Hy(1,"),P:,P) = i(N1,P,,P) = 1.

In similar way, consider the function H; : [0, 1] x P — P defined by H(t,u) = (1 —1)Tu+tNou
and let us prove existence of R > 0 large enough, such that for all 7 € [0, 1], equation H(¢,u) = u
has no solution in dPg. By the contrary, suppose that for all integer n > 1 there exist #, € [0, 1]

and u, € dP, such that

up = (1 —1,)Tuy +1,Nouy,.
Note that w, = u,/ ||u,|| € dP, satisfies
wn = (1—1,) (Tuy/ ||un||) + t2Nawy,.

It follows that

Nowy, = No (1 — 1) (Tup/ ||un||) + talNawy) - (3.15)
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Because of the compacteness and the lower boundeness of N, there exists a subsequence (wp, )
such that limNow,,, = w and ||w|| = lim||[Naw,, || > N, » > 0. Thus, letting k — oo in
Nowp, = No((1—tn) (Tun,/ ||t ||) + tw Nown, )

= M (NZWnk - (1 _tnk) (GZunk/ HunkH)) )

we obtain w = Mow and 1 > 2,11,\/ ? contradicting the hypothesis A;JV 2 > 1 in Theorem 3.21 and
proves existence of R > 0 large enough such that for all 7 € [0, 1] equation H(,u) = u has no
solution in dKg. For such a radius R > 0, homotopy and permanence property of the fixed point

index and Lemma 3.4 lead to
i(T,Pg,P)=i(H;(0,-),Pr,P) =i(H(1,-),Pg,P) = i(Np, Pg,P) = 0.

This completes the proof.

Theorem 3.22. Assume that K is a normal cone in E and there exist N{,N, € Q% (E), a > 0 and
three functions G1,G2,G3 : K — K such that 9113\71 <l< l;,v 2. N1,N; are uniformely continuous

on B(0g,2) and for all u € K,
Tu <N (u—l—Gl(u)),
Na (u—Ga(u)) 2T (u) 2 Ny (u+G3(u)).

If either

Gi(u) = o(||u||) near 0 and G;(u) = o (||u||) near o fori=2,3, (3.16)
or

Gi(u) = o(||u||) near e and Gi(u) = o (||u||) near 0 fori= 2,3, (3.17)
then T admits at least one nontrivial fixed point.

Proof. We present the proof in the case where (3.16) holds, the other case is checked similarly.

As in proof of Theorem 3.20, we have to prove existence of 0 < r < R such that
i(T,K,,K)=1 and i(T,Kg,K)=0.

Consider the function H; : [0,1] x K — K defined by H,(¢t,u) = tTu+ (1 —t)Nju and let us

prove existence of r > 0 small enough such that for all ¢ € [0, 1] equation H;(¢,u) = u has no
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solution in dK,. By the contrary, suppose that for all integer n > 1 there exist 7, € [0, 1] and

un € 9K, /, such that u, = 1, T, + (1 — 1, )Ny (). Note that v, = up/ ||u,|| € dK; and satisfies
Vi =ty (Tuy/ ||un||) + (1 —t,)N1 (vy). (3.18)

Then Ny (v,) = Ny (t, (Tun/ ||un||) + (1 —2,)N1(vs)) . Because of the compacteness and the uni-

form continuity of Ny, there is a subsequence of integers (r;), 7 € [0,1] and v € P such that
limz,, =7, imN; (vy,) = imN; (v, + (G, / ||, ||) = v.

We claim that v > Og; Indeed, if limN;(v,) = Og, then the normality of the cone K and the

estimate
(T (un,) / Nlum, 1) = N1 (v, + (G, / ||un, )

lead to lim (7 (up,) / ||us,||) = O and this combined with (3.18) implies limv,, = Og, contra-

dicting ||v,, || = 1. At this stage, letting / — oo in

Ni(vn) = Ni(tn (T () / Nty [|) + (1 =t )N1 (V)

= Ni(tn, (N2 (v, + (G / [ 1)) + (1 = 1 )N1 (V)

we obtainv < Njvand 1 € ®]I\,]1. This contradicts the hypothesis 1 > 9},\] ! in Theorem 3.22 and
proves existence of r > 0 small enough such that for all 7 € [0, 1] equation H;(¢,u) = u has no
solution in JK;. For a such r > 0 we deduce from homotopy and permanance properties of the

fixed point index and Lemma 3.4 that
i(T,K,,K)=i(H(1,"),K,,K) = i(H(0,-),K,,K) = i(N{,K,,K) = i(Ny,P,,P) = 1.

In similar way, consider the function H; : [0, 1] x K — K defined by H, (t,u) =tTu+ (1 —1)N>(u)
and let us prove existence of R > 0 large enough such that for all z € [0, 1] equation H,(f,u) = u
has no solution in dKg. By the contrary, suppose that for all integer n > 1 there exist ¢, € [0, 1]
and u, € dK, such that u, = t,T (u,) + (1 — t,)N2(uy,). Note that w, = u,/ ||u,| € IK; and

satisfies

Wy =ty (T () / |tn|) + (1 — 1) N2 (wn). (3.19)
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Then Ny (wy) = Na(tn (T (un) / ||unll) + (1 — £,)N2(wy)). Because of the compacteness and the

uniform continuity of N», there is a subsequence of integers (n;), 7 € [0,1] and w € P such that
limt,, =17, imNa(wp,) = imNa(wy, — (Gatty, / ||tn, ) = im Na(w, + (Gat, / ||un, ||) = w-

We claim that w > Og; Indeed, if limNz(wnl) = Og, then the normality of the cone K and the
estimate (7 (s} / |l ) < &N (Wi, + (Gt / 16 ) . lead t0 i (T () / |l ) = O and
this combined with (3.19) implies limw,, = O, contradicting ||w,, || = 1. At this stage, letting

| — o in

No(wny) = No(tw (T (un) / ([t [[) (1 =t JN2(wi))

= N2(tnl (NZ (an - (G2/ H”ﬂl H))) + (1 _tnz)NZ(W”z))

we obtain w > Now and 1 € AJI\JJZ. This contradicts the hypothesis 1 < l;,v ? in Theorem 3.22 and
proves existence of R > 0 large enough such that for all 7 € [0, 1] equation H(,u) = u has no
solution in dKg. For a such R > 0, we deduce from homotopy and permanance properties of the

fixed point index and Lemma 3.4 that
i(T,Kg,K) =i(H>(1,-),Kg,K) = i(H2(0,-),Kg,K) = i(N2,Kg,K) = i(Np, Pg,P) = 0.

This completes the proof.

Theorem 3.23. Assume that T (P) C P, there exist N1, N, € Q% (E) and functions G1,G, : K —
K such that N1,N, are lower bounded on P and uniformely continuous on B (0g,2), 9;,\’1 <l<

),;,Vz and forallu € K,
Ny (u—Gi(u)) 2T (u) 2Ny (u+ Ga(u)).

If either

Gi(u) = o (||u||) near 0 and G, (u) = o (||u||) near oo (3.20)

or

Gi(u) = o(||u||) near oo and Go(u) = o (||u||) near 0, (3.21)

then T admits at least one nontrivial fixed point.
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Proof. We present the proof in the case where (3.20) holds, the other case is checked similarly.

As in the proof of Theorem 3.20, we have to prove existence of 0 < r < R such that
i(T,P,,P)=1and i(T,Pg,P) =0.

Consider the function H : [0,1] X P — P defined by H;(t,u) = (1 —¢)Tu+tN;(u) and let us
prove existence of r > 0 small enough such that for all 7 € |0, 1] equation H| (,u) = u has no so-
lution in d P,. By the contrary, suppose that for all integer n > 1 there exist #, € [0, 1] and u,, € IP,
such that u, = H) (ty,un) = (1 —t,)Tu, +t,Ny (uy,). Note that v, = u,/ ||u,|| € dP; and satisfies
v = (1= 1) (T () / tl]) + 2Ny (). Them Ny (v) = Ny (1= 1) (T (2} / tal}) + 1N (v0)
Because of the compacteness and the uniform continuity of Ny, there is a subsequence of inte-

gers (n;), 1 €10,1] and v € P such that
limz,, =1, imN; (v,) = imN; (va, + (G (u,) / ||, ||) = v-
Moreover, we have that ||v|| = lim||N (v,)|| > Ny p > 0. Thus, letting / — o in

Ni(vn) = Ni((U =) (T () / [[ttn, ||) + 1y N1 (V)

= Ni((1 =) (N2 (Vi + (G () / [t [[))) + 0, N1 (Wiy))

we obtain v X Njvand 1 € @11\3]1. This contradicts the hypothesis 1 > 9;,\[1 in Theorem 3.23 and
proves existence of r > 0 small enough such that for all 7 € [0, 1] equation H;(¢,u) = u has no
solution in dP,. For a such r > 0, we deduce from homotopy property of the fixed point index

and Lemma 3.4 that
i(T,P.,P)=i(H\(1,),P.,P)=1i(H(0,"),P,P) =i(Ny,P,,P) = 1.

Consider the function H; : [0,1] X P — P defined by H,(t,u) = (1 —¢)Tu+tN,(u) and let us
prove existence of R > 0 large enough such that for all # € [0, 1] equation H(f,u) = u has no
solution in dPg. By the contrary, suppose that for all integer n > 1 there exist #, € [0, 1] and
up € P, such that u, = Hy(ty,u,) = (1 —t,)Tu, + t,N>(uy). Note that w, = u,/ ||u,|| € K,
and satisfies w, = (1 —1,,) (T (un) / ||un||) + 1,N2(wy). Then

Na(wn) = Na (1 = 1) (T () / |ttn|) + taN2 (W) - (3.22)
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Because of the compacteness and the uniform continuity of N,, there is a subsequence of inte-

gers (n;), £ € [0,1] and w € P such that
limz,, =7, HimNy(wp,) = HimNo (wn, — (G2 (un,) / ||, ||) = w-
Moreover, we have that ||w| = lim ||[N2 (wy,)|| > N, p > 0. Thus, letting [ — oo in

No(wp,) = Na((V =) (T () / N[ty |) + N2 () ))

= No((1 = 1) (N2 (Wi = (G2 () / ]t [[))) + 10, Na (Wi, ))

we obtain w = Mow and 1 € Ajl\fz. This contradicts the hypothesis 1 < A;JV ? in Theorem 3.23 and
proves existence of R > 0 large enough such that for all 7 € [0, 1] equation H>(z,u) = u has no
solution in dPg. For a such R > 0 we deduce from homotopy and permanance properties of the

fixed point index and Lemma 3.4 that
i(T,Pg,P) =i(Hy(1,-),Pr,P) = i(H2(0,-),Pg,P) = i(Ny,Pg,P) =0.

This completes the proof.

We consider now, the particular case T = NF where N € Q% (E), F : K — K is a continuous
and bounded map. We deduce from the above theorems, existence results for positive solution

to the abstract Hammerstein equation (1.1).

Corollary 3.24. Assume that the cone K is normal, N is uniformely continuous on B(0g,2) and
there exist three nonnegative real numbers o, B,y and three functions G,G>,G3 : K — K such

that a0} < 1 < BAY and for allu € K
Fu= au+Gi(u),
Bu—Go(u) < F(u) < yu+ G3(u).
If either
Gi(u) =o(||u||) at 0 and Gi(u) = o(||u||) at e fori=2,3 (3.23)
or

Gi(u) =o(||u||) at oo and Gi(u) = o (||u||) at 0 fori=2,3 (3.24)

then Equation (1.1) admits at least one positive solution.
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Corollary 3.25. Assume that N is lower bounded on the cone P and there exists three nonneg-
ative real numbers &, and two functions G1,G, : K — K such that 85 < 1 < BAY and for
allu € P~ {0g}
ou—Gi(u) X F(u) 2 Bu+ Gr(u).
If either

Gi(u) = o (||u])) at 0 and Gy (u) = o (||ul)) at =, (3.25)

or

G1 () = o (|lul}) at oo and Ga(w) = o (|jul) ar 0 (3.26)
then Equation (1.1) admits at least one positive solution.

Remark 3.26. Conditions 1 < A;JV 2 in Theorems 3.20, 3.21,3.22,3.23and 1 < l},v in Corollaries
3.24, 3.25 mean that operators N, and N have the SIJP.

4. Application to p-Laplacian BVPs

We discuss in this section existence of at least one positive solution to the boundary value

problem (bvp for short)

—(agy (W) (1) =b(1) f(t,u(t)) ae.1 € (0,1),
u'(0) =u(1) =0.

where p > 1, ¢, (x) = x|P"%x, a,b: (0,1) — [0,+o0) are measurable functions.

In all this section, we assume that a(r) >0 a. e. t € [0,1], mes{r € (0,1):b(t) >0} >
0, ¥, (1/a) is integrable on any compact subset of (0, 1] where y, is the inverse function of ¢,,,
b is integrable on any compact subset of [0, 1) and f : [0, 1] X [0, 4+o00) — [0, +o0) is continuous.

In all what follows we let for v = 0 or +oo

fv= liminf( min vy, (f(t,u)) /u) , ¥ =limsup (max v, (f(t,u)) /u) .

u—=v - \r€l0,1] u—v  \r€[0,1]
In all this section, we let E be the Banach space of all continuous functions defined on [0, 1]
equipped with its sup-norm (for u € E, |Ju|| = sup{|u(z)|: ¢ € [0,1]}) and K be the normal cone

of nonnegative functions in E.
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The regular case

We assume here that

v, (1/a), be L'[0,1] (4.2)
and

N

}%@/0 b(s)ds =0. (4.3)

Because of Hypothesis (4.2), the operator N), : E — E given for u € E by

Npu(x) = /xl v, (% /()zb(s)(l)p(u(s))ds) dr, (4.4)

is well defined. Let F), : K — K, the Nemitski operator defined for u € K by F,u(x) = v, (f(x,u(x))),
and T, = N,F),. It is easy to see that, N, is completely continuous (by Ascoli-Arzela theorem),
F), is bounded. Moreover if Hypothesis (4.3) holds, then all fixed points of 7, are positive
solutions to bvp (4.1).

Let P be the cone in E defined by

P={ueC:u(x) = pp(x)|lul in [0,1]} (4.5)

where
1

p =t [ A e [T
P Jx Wplalt))’ 0 Wpla(t))
Lemma 4.1. Assume that Hypothesis (4.2) holds, then we have that N, € Qﬁ (E) and N, is

lower bounded on the cone P and has a unique positive eigenvalue at which it has the SIJP.
Proof. First, let us prove that N, (K) C P. Letu € K, v = N,u and w = v — p||v||. Assume that

for some 7, € (0,1), w(z.) <0 andletty € (0,1) be such that

w(tp) = min w(t), w(t)=0.
t€[0,1]

In this case and since w(0) = w(1) = 0, there exists 71,7, € (0, 1) such that

T <ty < T and w'(1) <w(to) =0 < w'(m),

or

vi(m) = p'(2) Il <0 <V () — p'(=) IVII-
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Since for all x,y, with x # y, (¢,(x) — ¢,(y))(x —y) > 0, we obtain

a(t)(¢p(v' (1)) = $p(p"(7) V) < 0 < a(w)(9p(v(%2)) — dp (P () V1),

contradicting (a(¢,(v') — ¢, (p")|IvI)) (t) = —b(t)§,(u(t)) < 0. This shows that N,u € P and
N, (K) C P. Consider the space

X={uec'([0,1]), u(1) =0}

equipped with the C!-norm denoted ||-||; defined for u € X, by ||ul|; = sup;fo,i] [’ ()] and let
O be the subset of X defined as follows,

O={u€cKy: u'(l)<Oandu(x)>0Vxe[0,1)}

where Ky = KN X is a cone in X. Arguing as in the proof of Lemma 4.5 in [4], we obtain that O
is an open set in X and if N, x : X — X is the restriction of N, to X, then Nx (Kx ~ {Ox}) C O.
Therefore, we conclude from Corollary 3.17 that N, x admits a unique positive eigenvalue L,
at which it has the SIJP.

Letu € P~ {0} and 6 > 0 be such that N,u = Ou, because of N, (0z) = {0 } and N, (E) C
X, we have Ngu = ON,u. Hence, we have proved that (E)g = G)II\?‘ and 6},\/ = Ollgx = Up. Similarly,
we have A} = %X and A} = 7LI]<VX =u,=0) = BI](VX. This shows that N, has as a unique positive
eigenvalue at which it has the SIJP.

Let u € P, we have

1

Il = M) = [ v (15 [ o610y(p(5) lulyas )

>l [ v (5 [ 000n(pts)s )

and shows that N, is lower bounded on the cone P. This ends the proof.

Theorem 4.2. Assume that Hypotheses (4.2) and (4.3) hold and let |, be the unique posi-
tive eigenvalue of N, then bvp (4.1) admits at least one positive solution whenever one of the

following conditions

£ <1ty < fer (4.6)
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and
foo < 1/,LLp < fo (4.7)

holds true.

Proof. We present the proof in the case where Hypothesis (4.6) holds, the other case is checked
similarly.
Let € > 0 be such that 0+ ¢ < Uy < fo, It follows from definitions of £ and f.. that there

exits a positive constant C such that for all 7 € [0,1] and u > 0,
(fo—&)u—C < f(t,u) < flutga(u)
where g>(u) = max (0, f (t,u) — fOu) . Therefore, we have

(fo—&)u—Gi(u) <Fu< (f0+£)u+G2(u) forall u € P,

where for all u € K, Gju(t) = C,Gou(t) = g»(u(t)) and Hypothesis (3.6) holds. At the end

Corollary 3.25 guaranties existence of a positive solution to bvp (4.1).
The singular case

We assume in this subsection that

/0 v, (% /0 tb(s)ds) dt < . (4.8)

As in the regular case, because of Hypothesis (4.8), the operator N, is well defined and if
Hypothesis (4.3) holds, then all fixed points of 7}, are positive solutions to bvp (4.1).
Let (u,) and (v,) be two sequences in (0, 1) such that limu, =0, limv, = 1, a(u,) < e and

b(vy) < oo, and let for all integer n > 1, a, and b, be defined by

a(r), ift € (Hn, 1),
sup(a(?),a(in)) if 7 € (0, n),

ay(t) =

b(t), ift € (0,v,),
inf(b(1),b(v,)) if 1 € (Vp, 1).

bu(t) =

Since all integer n > 1, ¥, (1/ay,), b, € L'[0,1], the operator N,, , : E — E given by

Myt = [ v (s [ 60ntuto)s ) a
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is well defined. Let for all integer n > 1, P" = {u € K : u(x) > pn(x)||u|| in [0,1]}, where
1 b dr _ L dr
p (x)::/ —andp:/ _—.
" P Jx Wplan(?)) 0 Yplan(?))
Lemma 4.3. Assume that Hypothesis (4.8) holds, then the operator N, € I (E) and so it has a
unique positive eigenvalue L, at which it has the SIJP. Moreover the operator N), is subadditive

on the cone K.

Proof. We have from Lemma 4.1 that for all integer n > 1, N, , € Qﬁ (E) and N, , is lower
bounded on the cone P" and has a unique positive eigenvalue at which it has the SIJP. Note
also that the sequence (N I’,‘) is increasing, therefore, we have to prove that N, — N, in operator
norm. Let u € E with |ju|| = 1, taking in account definitions of (u,), (v,), (a,) and (b,), we

obtain by straightforward computations

[Npu(x) = Np ata(x)]
1

< [ 1w (st [ 200atatsias) < v (s [ outr0ntutoas)

< /0“" v, <$/Otb(s)ds) di + an v, (% /Olb(s)ds> dt.

Therefore, we have

Un t 1 t
[Ny — Np | < / 72 (L / b(s)ds) dt+ |, (L) / b(s)ds) dt — 0 as n — oo,
0 0 0

a(t) Vo a(t

dt

This ends the proof.
Arguing as in the proof of Theorem 4.2, we obtain from Corollary 3.24 the following result.

Theorem 4.4. Assume that Hypotheses (4.3) and (4.8) hold, then bvp (4.1) admits at least one

positive solution whenever one of the following conditions

o<1y < fuo < f7 <o (4.9)
and
fP</uy, < fo<f<oo (4.10)

holds true.

5. Application to Urysohn type integral equations
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We consider in this section the integral equation of Urysohn type

)= 0.u) ¢ (1. [ Gl5)uluts)as). 5.1)

where « is a positive real number, g (x) = [x|*'x, G: [0,1] x [0,1] — [0, 4-0) is continuous
and does not vanish identicaly and f,g : [0, 1] x [0,+o0) — [0, +o0) are continuous functions.
This type of integral equations has been discussed in [7], [8], [9], [11] and [12]. The main
goal of this section is to derive existence results for positive solutions to Equation (5.1) from

Theorems 3.20 and 3.21. We assume in all this section that f is a contraction, i.e.

there exists k € [0, 1) such that for all 7 € [0, 1] and x,y > 0,

(5.2)
|f(t7x) _f<t7y)| S k|x_y’
We set
Flru) = f(t,u)ifu >0,
f(£,0)ifu<0.
Clearly

| (£,x) = f(2,y)] < klx—y] .

Note that because of (5.2), we have that the function (IR — f(z, )) is an homeomorphism for all

-1
t € [0,1]. Moreover 4 : [0,1] x R — R defined by A(t,x) = (IR — f(t, )) (x), is continuous.
Set for v = 0,40

= hmlnf( min w) W = limsup (max h(t,g(l,u))) ,
u=ve \eel0.1] Ya(u) u—sv \e€0,1] Yo l(u)

where W, be the inverse function of ¢@,. Let E and K be respectively the Banach space and
the normal cone introduced in Section 4. Let N : E — E be the operator defined for u € E
by Nu(t) = yu( fol G(t,5)@q(u(s))ds). Clearly, N is positive, positively one homogeneous and

completely continuous.

Lemma 5.1. Assume that
there exists [&,m] C [0,1] such that G (t,s) >0 forallt,s € [E,n]. (5.3)

Then 9[]}] > 0.
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Proof. Let ug : [0,1] — [0, 4o0) be the function defined by

(

0ifr €[0,&],

e -8 ifre &5,
up(t) =4« 1ifre [ﬁ#,gf#},
pog(n—1)ifre [T,n},
0ifr e [n,1]

\

and 6y = Wy (Go (n — &) /2) where Go = min{G(z,s) : t,s € [E,n]}. We have for all t € [0,1],

Nug (1) = Yy (/01 G(t,5) Qg (uo (s))ds> > Yy </((63+n)/4 G(t,s)ds> > Boup (1)

36+m)/4

This shows that 6y € ®Y and 6 > 6, > 0.

Lemma 5.2. Assume that

there exists [§,n] C [0,1] such that (5.4)
G(t,s)>O0forallt € [£,n] and s € [0,1]. '
Then AY > 0.

Proof. Let A > 0 and u € K~ {Og} such that Nu(t) < Au(t) for all r € [0, 1]. It follows from
Hypothesis (5.4) that u(r) > /’L’llya(fol k(t,s) Qg (u(s))ds) > 0 forall 7 € [§,n] then

n
A min u(t) > mln/Gts min/Gt,sds min u(s).
relgn) NE) Pulu())ds) = Yal i, [ G:5)ds) moin «(s)

Leading to A > y(min,c g fgn G(t,s)ds) > 0and AY > Vo (mine g 5 fgn G(t,s)ds) > 0.

Lemma 5.3. Assume that

{ there exists [§,m] C [0,1], p > 0 such that (5.5)

G(t,s) > pmaxyc)o 1 G(T,s) forallt € [§,n] and s € [0, 1]

and let P be the cone in E defined by

P={uecK:u(t)= e (p)|ul forallteg,n]}.

Then N (K) C P and N is lower bounded on P.
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Proof. We have foru € K and r € [, 1],

1

1
Nat) = Wi | G(t.9)galus))ds) > via( | p( max G (2.))uuts))ds) > via (p) Ve

which proves that Nu € P and N (K) C P. Now, we have for all u € P

> > nk ds) > ! d
IVl Nat) > Vi [ K(0,5)9uu))ds) > pyea max. | K1, s)as)

which proves that N is lower bounded on the cone P.
Remark 5.4. Note that if (5.5) is satisfied then (5.4) is satisfied and obviously (5.3) is satisfied.

LetT1:E—E, T,:K—Kand T : K — E be the operators defined by
Tiu(t) = f(t,u(t)), Tu(t) = g(t,Nu(t)) and T = (I~ T) ' T.

It is easy to prove the following lemma.
Lemma 5.5. Assume that
h(t,x) >0 forallt €[0,1] and x>0 (5.6)
then T (K) C K and K is completely continuous. Moreover, u € K is a solution to Equation (5.1)
if and only if u is a fixed point of T.
Our first existence result for Equation (5.1) is obtained by means of Theorem 3.20.

Theorem 5.6. Assume that Hypotheses (5.2), (5.4) and (5.6) hold. If either

R <1/0F <1/AY < hew <h™ < oo (5.7)
or

B < 1/08 <1/A¥ < hy < h® < oo, (5.8)
then Equation (5.1) admits at least one positive.

Proof. We present the proof in the case where Hypothesis (5.7) hold, the other case is checked
similarly. Let € > 0 be such that (h +¢€)0Y < 1 < (h. — €)AY, then there exists two positive

constants Cj,C, such that for all x > 0 and ¢ € [0, 1]

h(t,g(t,x)) < (B° +€) Wo (x) + fi (1,x),



1-HOMOGENEOUS POSITIVE MAPS AND FIXED POINT THEOREMS 31
(oo — &) Yo (x) = C1 < A1, 8(1,x)) < (K™ + &) W (x) + G2,

where fi (¢,x) = maxsup{h(t,g(t,x)) — (h° + €)x,0}. These inequalities lead to
Tu(t) < Nyu(t)+ Gu(t),

Nou(t) — Gou(t) < Tu(t) < yNyu(t) + Gau(t),

where
Nu(t) = (h°+€)Nu(t), Noau(t) = (how—€)Nu(t), y= (k" +¢)/ (K’ +¢),

Gu(t) = f1 (t,Nu(t)), Gou(t) = C) and G3u(t) = C;.
Clearly, we have
0y = (W +-€) 6F <1 <A = (he—€) A,
Giu = o (||u||) near 0 and G;u = o (||u||) near o for i =2,3.

Therefore we conclude from Theorem 3.20 that 7 admits a nontrivial fixed point and then from

Lemma 5.5 a positive solution to Equation (5.1).
Arguing as above we obtain by means of Theorem 3.21, the following existence result.
Theorem 5.7. Assume that Hypotheses (5.2), (5.5), (5.6) hold and T (K) C P. If either
RPY <1< hoAp, (5.9)
or
h2eY < 1 < hoAy, ((5.10)
then Equation (5.1) admits at least one positive solution.
Example 5.8. Let G(z,s) = s¢ (¢) with
0ifr €10,1/2],
t—(1/2) ift €[1/2,1].

It is easy to see that G satisfies (5.5) with [§,n] = [3/4,1] and p = 1/2; in this case we have (

as in the proof of Lemma 5.2) AY = 1) > p rr}ax] f3l/4K(t,s)ds =7/128, where
10,1

P={ucK:u(t)>1/2|u| forallz € [3/4,1]}.
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We have also, 8 = 0 < max [ K(,s)ds = 1/4.

t€[0,1]
CaseA.Letar=1and f,g: R™ — R with f(x) = —x/ (x+¢), c > land g(x) =ax?/ (x¥* + 1).

In this case we have

(= (e 1-x)+ e+ T—x)7 +4ex) if x>0,

xif x <O0.

h(x) =

Simple computations lead to /g = 4° = 0 and k., = ™ = a. Thus, we obtain from Theorem 5.6
that Equation (5.1) admits a positive solution whenever a > 128 /7.
CaseB.Let @ =2and f,g: R" — R with f(x) = —x/2 and g(x) = a\/x+bx, a,b > 0. In
this case we have
2
Lifx>0,
xifx <0,

and hg = h° = 2a/3 and he, = h™ = +o0. We have also T (P) C P, indeed, if u(t) > (1/2)||u]|
for all 7 € [34,1] then

g(u(r)) = av/(1/2) |lul +b(1/2) |Jull = (1/2) g (lull) = (1/2)[lg ()] -

Thus, we obtain from Theorem 5.7 that Equation (5.1) admits a positive solution whenever
a<3/2.

Case C.Leta=1/2and f,g: RT — R with f(x) = —x/2 and g(x) = ay/x+ bx, a,b > 0.
In this case we have hy = h® = +o0 and he, = h*™ = 0.

Thus, we obtain from Theorem 5.7 that Equation (5.1) admits a positive solution whenever

a<3/2.
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