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Abstract. The objective of this paper is to design new strategy using three
controllers for rotary drilling systems located in Algerian oil field. Torsional
vibration is one of the most challenges facing petroleum drilling technology, it
creates the stick- slip phenomenon that decreases Borehole quality, increases
drilling cost through additional operations, and reduces penetration rate. The
controllers are designed to minimize the vibrations so that maximize penetration
rate and decreases drilling operation costs through avoiding unnecessary oper-
ations such as side track. The simulations results were so promising; thus a 3D
prototype of rotary drilling systems has been realized in laboratory to validate
the proposed approaches. Moreover, a graphical interface has been created to
facilitate the use of this strategy by drilling field supervisors.
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1 Introduction

Petroleum industry has played a major role in the Algerian economy for the last few
years, wherein many researchers have focused on problematic of production costs
optimization regarding the increased need of this source of energy. Since drilling
system is one of the most expensive parts of petroleum production industry, therefore, a
deep study of new optimization control strategy is very important for efficient pro-
duction capacities increase. Rotary drilling system is designed by combining
mechanical and electrical subsystems for the purpose of drilling a well, the mechanical
part of the system can be simply seen as a beam rotating at constant speed and in its
limits drills with drill bit [1]. The stick-slip phenomenon appears under certain cir-
cumstances; sudden change of rock hardness stops the drill bit and creates the stick
phase, then the drill bit is released and starts again with speed higher than the drill
string surface speed and it creates slip phase [2]. Consequently, these two phases
generate torsional vibrations along the drill string. It has been noticed in the drilling
field that the torsional vibrations have many effects on drill string equipment, the
drilling system damage is subject to high couple created, and it also imposes very
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expensive extra operations to deal with the low quality of the borehole. Moreover, the
performance of drilling process is decreased in term of capacity due to postponing axial
advancement [3]. Many researchers have interested in decreasing the ‘Stick-slip’
phenomenon effects using different types of controllers ([4–7]). However, most of these
works are based on simplified mathematical model of the rotary drilling system and no
experimental validations have been realized [8]; we can find also that proportional
integral (PI) controller in used in [9], H infinity controller in ([10, 11]), and sliding
mode controller in [12]. On the other side, few researchers have taken the generalized
nonlinear model of the system in consideration to deal with this phenomenon,
wherefore; no control strategy is applied in rotary drilling system of oil field industry.
For these reasons, this paper takes the objective of designing strategy using PI, PID,
and Hinfinity controllers for the generalized nonlinear model of the rotary drilling
system. In order to experimentally validate this strategy, a prototype of rotary drilling
system has been designed in the laboratory.

2 Mathematical Model of Rotary Drilling System

The mathematical model proposed in this paper is the generalized model of n elements;
the special cases of this model converges to models used in [8], and in [11]. In this
study we consider that the drill-string behaves as a torsional pendulum, i.e. the drill
pipes are represented by torsional spring, the drill collar behaves as a rigid body and the
top drive rotates at constant speed (Fig. 1). The inertial masses Jp and Jb, locally
damped by dp and db, are connected one to each other by a linear spring with torsional
stiffness k and torsional damping l [13]. The equations of motion can be represented as
follows

Jp€hp þ dp _hp � _hb
� �

þ k hp � hb
� �þ lp _hp ¼ uT

Jb€hb � db _hp � _hb
� �

� k hp � hb
� �þ l _hb ¼ Tob _hb

� �
8<
: ð1Þ

hp; hb; uT ; and Tob _hb
� �

are the angular displacements of the top drive and of the

BHA respectively. The control signal uT is the drive torque coming from the top drive,
transmission box used to regulate the rotary angular velocity _hb. The frictional torque T
represents the torque on bit and the nonlinear frictional forces along the drill collars
[14]. The rotary drilling system is composed of Ns string elements (i ¼ 1 � � �Ns). For
i ¼ 1

J1€h1 ¼ T1 � T2 � l _h1 with T1 ¼ d1 _htd � _h1
� �

þK1 htd � h1ð Þ ð2Þ
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For i ¼ 2 � � �Ns � 1

Ji€hi ¼ Ti � Tiþ 1 � l _hi with Ti ¼ di _hi�1 � _hi
� �

þKi hi�1 � hið Þ ð3Þ

For i ¼ Ns

JNs
€hNs ¼ TNs � lþ lbð Þ _hNs with TNs ¼ dNs

_hNs�1 � _hNs

� �
þKNs hNs�1 � hNsð Þ ð4Þ

If we put _h1 ¼ x1;hi ¼ xi; i ¼ 2 � � �Ns � 1, _htd ¼ u,htd � hNs ¼ xNs þ 1, and hj � hjþ 1 ¼
xNs þ jþ 1; j ¼ 1 � � �Ns � 1 we can find the extended model of equations as follows:
For i ¼ 1

_x1 ¼ �ðd1 þ d2 þ lÞ
J1

x1 þ d2
J1

x2 þ K1

J1
xNs þ 1 � K2

J1
xNs þ 2 þ d1

J1
u ð5Þ

For i ¼ 2 � � �Ns � 1

_xi ¼ di
Ji
xi�1 � ðdi þ diþ 1 þ lÞ

Ji
xi þ diþ 1

Ji
xiþ 1 þ Ki

Ji
xNs þ i � Kiþ 1

Ji
xNs þ iþ 1 ð6Þ

For i ¼ Ns

_xNs ¼
dNs

JNs

xNs�1 � ðdNs þ lþ lbÞ
JNs

xNs þ
KNs

JNs

x2Ns ð7Þ

For i ¼ Ns þ 1

_xi ¼ u� x1 ð8Þ

For i ¼ Ns þ 2 � � � 2Ns we have

_xi ¼ xi�Ns�1 � xi�Ns ð9Þ

If we put Ns ¼ 4 we obtain the reduced system as below

_x1 ¼ � ðd1 þ d2 þ lÞ
J1

x1 þ d2
J1
x2 þ K1

J1
x5 � K2

J1
x6 þ d1

J1
u; i ¼ 1

_xi ¼ di
Ji
xi�1 � ðdi þ diþ 1 þ lÞ

Ji
xi þ diþ 1

Ji
xiþ 1 þ Ki

Ji
xiþ 4 � Kiþ 1

Ji
xiþ 5; i ¼ 2; 3

_x4 ¼ d4
J4
x3 � ðd4 þlþlbÞ

J4
x4 þ K4

J4
x8; i ¼ 4

_xi ¼ u� x1; i ¼ 5
_xi ¼ xi�Ns�1 � xi�Ns ; i ¼ 6 � � � 8

8>>>>><
>>>>>:

ð10Þ
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3 Controllers Design for General Model

A state space model of the drill-string torsional behavior can be derived from (11) as

_X ¼ AX þBuþEd
Y ¼ CX

�
ð11Þ

Where X ¼ _h1 _h2 � � � _h2Ns

� �T
is the state vector, Y ¼ _h1 _hNs

� �T
is the output

vector, u ¼ _h1
� �

is the top drive input velocity, d ¼ Tobð Þ is the known/measured

input torque-on-bit. C and E are known matrices with appropriate dimensions [15].

E ¼ 0 0 0 �1=J4 0 0 0 0ð ÞT
C ¼ 1 0 0 1 0 0 0 0ð ÞT

�
ð12Þ

The error is added in order to achieve some desired robustness performance.

3.1 Conventional PI, PID Controllers

Conventional PI (or PID) control is an implementation of error-based feedback control;
its fundamental theory is very simple. Suppose that yr tð Þ is the set of reference input,
and y tð Þ is the real output of the system. Then the error is e tð Þ ¼ y tð Þ � yr tð Þ, and the
classical PID control input is defined as follows

u tð Þ ¼ �a0

Z t

t0

y sð Þ � yr sð Þð Þds� a1 y tð Þ � yr tð Þð Þ � a2
d
dt

y tð Þ � yr tð Þð Þ ð13Þ

Where a0; a1; and a2 are the design parameters, they are called integral, proportional,
and derivative gains respectively [16]. PI controller Eq. (17) can be reduced into

u tð Þ ¼ �a0

Z t

t0

y sð Þ � yr sð Þð Þds� a1 y tð Þ � yr tð Þð Þ ð14Þ

3.2 Improved Ziegler-Nichols Tuning

The classical tuning rules have been widely used in industrial systems, however, the
obtained control system lacks of robustness especially for system with fast dynamic
[17]. For this reason, an improved Ziegler-Nichols tuning process has been chosen, the
process is obtained by fitting the model

P sð Þ ¼ a0
1þ sT

e�sTd ð15Þ

The process steady state gain K is found from the steady state value of the step
response [16].
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3.3 H Infinity Controller

The mathematical model of the system given in Eq. (10) is written as

_x tð Þ ¼ AxþBu
y tð Þ ¼ Cx

�
ð16Þ

A more general state space representation of the system is given as follows

_x tð Þ ¼ Ax tð ÞþB1x tð ÞþB2W tð Þ
z tð Þ ¼ C1x tð ÞþD11x tð Þ
y tð Þ ¼ C2x tð ÞþD21x tð Þ

8<
: ð17Þ

Where the matrix form of Eq. (21) is given as

_x tð Þ
z tð Þ
y tð Þ

2
4

3
5 ¼

A B1 B2

C1 D11 0
C2 D21 0

2
4

3
5 �

x tð Þ
w tð Þ
u tð Þ

2
4

3
5 ¼ P ð18Þ

The solution of this H1 problem in Eq. (22) based on Riccati equations is implemented
and the following conditions are verified

• A;B2 is stabilisable and C2;A is detectable,
• D12 and D21 have full rank,
• A� jwI, B2;C1;D12 has full column rank for all wR hence,D12 is tall,
• A� jwI, B1;C2;D21 has full column rank for all wR hence, D21 is wide.

The expended model is produced by accounting for the weighting functions
W1;W2; and W3. To reach best control robustness, the outputs were chosen to be
transfer weight functions as:z1 ¼ W1 � e; z2 ¼ W2 � u; z3 ¼ W3 � y [18].
The cost function of mixed sensibility is given for

Ty1u1 ¼
W1S
W2R
W3T

2
4

3
5; S ¼ IþGKð Þ�1; R ¼ K IþGKð Þ�1; T ¼ GK IþGKð Þ�1 ð19Þ

Where S and T are called sensibility and complementary sensitivity functions
respectively. The transfer function from W to z1 is the weighted sensitivity function
W1S, which characterizes the performance objective of good tracking; the transfer
function fromW to z2 is the complementary sensitivity function T , whose minimization
ensures low control gains at high frequencies, and the transfer function from W to z3 is
Ks, which measures the control effort. It is also used to impose the constraints on the
control input [18].
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4 Results and Discussion

4.1 Simulation Results

Parameters used in this study are summarized in Table 1.

Table 1. Parameters used in rotary drilling system mathematical model

Parameters Definition Value

Dbit bit diameter 0.2159 m
kb Boussaada’s simplified model coefficient 0.3
ODs outer diameter of the string pipe 0.127 m
IDs inner diameter of the string pipe 0.1086 m
Lsp length of one string pipe 9.14 m
Nsp number of string pipes 383
Ysp Young modulus of string pipes 200*1e9
Gsp Shear modulus of string pipes 79.3*1e9
Psp Poisson’s ratio of string pipes 0.3
RHOsp density of string pipes material 7850
ODbha outer diameter of the BHA 0.1651 m
IDbha inner diameter of the BHA 0.0714 m
Lbhap length of one BHA pipe 9.14 m
Nbhap number of BHA pipes 22

(continued)

(a) (b)

Fig. 1. Rotary drilling system: a) Image of real system, b) Detailed schematic diagram
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The parameters of the generalized model have been calculated using basic equa-
tions ([19], [20]) as follows
Number of elements

Ne ¼ Nes þNebha ð20Þ

Length of one string element

Les ¼ Nsp � Lsp=Nes ð21Þ

Length of one BHA element

Lebha ¼ Nbhap � Lbhap=Nebha ð22Þ

Drilling depth

Depth ¼ Nsp � Lsp
� �þ Nbhap � Lbhap

� � ð23Þ

Moment of Inertia
For string elements

Jes ¼ p � RHOsp � Les � OD4
s � ID4

s

� �
=32 ð24Þ

For BHA

Jebha ¼ p � RHObhap � Lebha � OD4
bha � ID4

bha

� �
=32 ð25Þ

Jeff ¼ 4 � Jes= p2
� �� �þ Jebha ð26Þ

Stiffness coefficients vector

Kes ¼ Gsp � p � OD4
bha � ID4

bha

� �
= 32 � Lesð Þ ð27Þ

Kebha ¼ Gbhap � p � OD4
bha � ID4

bha

� �
= 32 � Lebhað Þ ð28Þ

Table 1. (continued)

Parameters Definition Value

Ybhap Young modulus of BHA pipes 200*1e9
Gbhap Shear modulus of BHA pipes 79.3*1e9
Pbhap Poisson’s ratio of BHA pipes 0.3
RHObhap density of BHA pipes material 7850
Nes number of elements of the drill string 10
Nebha number of elements of the BHA 4
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Mass

Mes ¼ RHOsp � Les � p � OD2
s � ID2

s

� �
=4 ð29Þ

Mebha ¼ RHObhap � Lebha � p � OD2
bha � ID2

bha

� �
=4 ð30Þ

Axial Spring constant

Ses ¼ Ysp � p � OD2
s � ID2

s

� �
= 4 � Lesð Þ ð31Þ

Sebha ¼ Ybhap � p � OD2
bha � ID2

bha

� �
= 4 � Lebhað Þ ð32Þ

Dynamic Viscosity coefficient

ETAes ¼ Ses � Jes= Mes � Kesð Þð Þ1=2 ð33Þ

ETAebha ¼ Sebha � Jebha= Mebha � Kebhað Þð Þ1=2 ð34Þ

Damping coefficients vector

des ¼ 30 � Les � D2
bit � OD2

s � ETAes= D2
bit � OD2

s

� � ð35Þ

debha ¼ 30 � Lebha � D2
bit � OD2

bha � ETAebha= D2
bit � OD2

bha

� � ð36Þ

Torque on bit

Tob ¼ 2 � kb � xNsð Þ= k2b þ x2Ns

� �
þ 1= x2Ns

þO2
0

� �1=2
� �� �� �

þ p � O0ð Þ= x2Ns

� �
þ O2

O

� �� �� �� �

� xNsð Þ=O1 � 1ð Þ
ð37Þ

Simulation results of the designed controller are show in Fig. 2
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Fig. 2. Open loop, closed loop responses for PI, PID, and Hinfinity controllers – linearized
model
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4.2 Experimental Results of the Drilling System Prototype

A graphical user interface has been developed (Fig. 3) and implemented with DSpace
interface so that it can facilitate the controllers manipulations of prototype system.

The dimensions of rotary drilling shown in Fig. 4. A have been reduced by keeping
the proportionality between them (Fig. 4.B).

Fig. 3. Graphical user interface for the developed control strategy

(a) (b)

Fig. 4. Rotary drilling system; a) Image of realized prototype, b) Detailed schematic diagram
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The torque on bit of the prototype has been given in Fig. 5; it is stabilized at 8 T
after 160 s.

The open loop responses for five elements model are shown in Fig. 6 where it is
noticed that this responses are stabilized after 160 s also, the torsional vibrations have
affected the velocity responses in the interval [0 160 s]. It is also noticed that element 3
has the highest velocity response value (Fig. 6), where it has the most remarkable
vibration effect, it can be interpreted as the most risky point of drill string damage.

In order to generalize the designed algorithm, many input references have been
used (Figs. 7, 8, and 9); these signals can represent any type of input signals in oil field
drilling system. As it is shown in Figs. 7, 8, and 9 the controller have tracked different
types of input signals, where it is noticed that PI and PID controllers give the same
tracking performances. However, Hinfinity controller offered a better tracking perfor-
mance with better minimization of torsional vibration and time response, it can be
considered as the best solution in the status of stuck or slip phases, however it can

0 20 40 60 80 100 120 140 160 180 200
0

1

2

3

4

5

6

7

8

9

Torque on bit response

Time (s)

To
rq

ue
 o

n 
B

it

Fig. 5. Torque on bit response of the nonlinear model of the system
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Fig. 6. Five elements responses of the nonlinear model of the system
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reduce the axial advancement, thus a switch between PI (unfavorably derivative term)
and Hinfinity controllers will increase the efficiency of control tasks; PI controller in
normal situation without any vibrations, as soon as there is stuck of drill bit automatic
switch to Hinfinity controller is done, when the drill bit speed return near to the drill
string surface speed an automatic switch back to PI controller is done and so on.
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Fig. 7. Response of the nonlinear system with second type of top drive velocity input
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Fig. 8. Result of nonlinear system with third type of top drive velocity input
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Fig. 9. Result of the nonlinear system with fourth type of top drive velocity input
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5 Conclusion

This study dealt with the design of control strategy for the purpose of controlling
torsional vibrations in rotary drilling system, the strategy is based on PI, PID, and
Hinfinity controllers’ responses; it combines these controllers to have desired maxi-
mum system performance with minimum drill string vibrations. The promising simu-
lation results guided us to design, experimentally, a prototype of rotary drilling system,
it gave the opportunity to validate the proposed algorithms, thus propose the implement
of the developed strategy to an operating Algerian drilling system so that extra drilling
cost can be avoided.
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