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Abstract

The factorization (root finding) of scalar polynomials is
an important tool of analysis and design for linear systems.
This thesis is a part of an ongoing effort to generalize
these tools to multivariable systems via the factorization of

matrix polynomials.

The main contributions of this thesis can be summarized as

follows:

(1) the development of the Q.D. algorithm, which is a
g€lobal method capable of producing a complete factorization of

a matrix polynomial;

(2) establishment of an existence theorenm for the Q.D.

algorithm;

(3) production of convergence theorems for the Q.D.

algorithm;
(4) study of the initialization of the algorithm;

(5) applicability of Broyden’'s method to matrix polynomial

problems.

As a by—prodﬁct, some important results have been

produced:



(6) location of the latent roots of a matrix polynomial

in the complex plane;

(7) Investigation of the existence of the solvents of a

monic matrix polynomial;

(8) derivation of an incomplete partial fraction expansion

of a matrix rational fraction.
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Chapter 1

Introduction

In the early days of Control and System theory, frequency
domain techniques were the principal tools of analysis,
modelling and design for linear systems. The work of Nyquist
[(28] and Bode [3] laid down the foundations of feedback and
control science. However, only dynamic systems that can be
modelled by a scalar mth order linear differential equation
with constant coefficients are amenable to this type of
analysis (see ref. [9] for example). Those systems have sa

single input and a single output (SISO).

In this case, the transfer function is a ratio of two
scalar polynomials. The dynamic properties of the system (time
response, stability, etc...) depend on the roots of the
denominator or in other words on the solution of the
underlying homogeneous differential equation (difference

equation).

1 It 1is understood that the same results apply to discrete
time systems. The use of the z operator as forward shift
operator transforms a scalar mth order difference equation
with constant coefficients into a mth order transfer function.
This transfer function is also a rational fraction.



The advent of powerful computing facilities modified the
view of system engineers and the emphasis was put on time
domain analysis (the State Space approach) [44,45]. This
approach is essentially the modelling of the system by a first
order differential (difference) equation. It allows the use of

natrix theory [26] and powerful numerical procedures [41].

In the state space approach, the dynamic properties of the
system under study depend mostly on the eigenvalues of a state
matrix. This method has the advantage to model with the same
ease single input single output systems and multiple input

multiple output systems (MIMO).

When one studies high order MIMO systems, the size of the
matrices involved becomes prohibitive. This is why there is a
reappearance nowadays of transfer function (which become
rational matrices) description [5,21,24]. In this context, the
dynamic properties of the system under study are determined by
the latent roots of a polynomial matrix. This is why we find
quite a lot of publications at the present time about those
matrices in systen and control Jjournals. References

[1,31,32,35] are a few sample of this trend.

To clarify these concepts, let us consider the following

dynamic system:

Agy ™)+ A,y ™)+t Ay (t) = Byu(t) + Bou' (1) +...+ Buu™ () (1.1)
y(t)eC"’ u(t)ec®

A,eC™" B,eC™”



The "modes" of this system are the solutions of the

homogeneous equation:
Ay ™)+ Ay )+ + A y(t) =0 (1.2)

using y(t)=Ce*, CeC", A is a complex number, equation

(1.2) is transformed to:
[AA"+ AN '+ .+ A, 1CeM=0 (1.3)

In other words, (1.3) implies that y(t) belongs to the null

space of the following square matrix:
AN)= AN+ AN 4 44, » (1.4)

The square matrix A(A) is a matrix polynomial of degree m.

The general solution of (1.2) is derived in reference [10].

Another approach to equation (1.1) can be found by using

the Laplace transform. (1.1) is transformed to:

Y(s)=[A(s)) " B(s)U(s) (1.8)

where A(s) 1is the previously defined matrix polynomial,
B(s) is an r x p matrix polynomial with coefficients
Bi,...,Bm, U(s) and Y(s) are the Laplace transforms of u(t)
and y(t) respectively. Equation (1.5) defines a matrix

transfer function for the system (1.1)2. This particular

2 We obtain the same result by applying the z-transform to a
difference equation. Thus A as a variable in a matrix
polynomial can represent either the variable s of the Laplace
transform or the variable z (or z-1) of the z-transfornm.



matrix is called the "left matrix fraction description” (LMFD)
of the system (1.1). A right matrix fraction (RMFD) can be
defined [24]. 1In this representation the matrix polynomial

A(s) is a sort of denominator of the transfer matrix.

A state space description of system (1.1) can be found by
transforming the mth order differential equation (1.1) into a
first order differential equation. For details on this

analysis, the reader should consult references [5,21,44].

To see the importance of factorization, let us consider
equation (1.2). we assume that A(A)=A,(A)A,(\). In this case

(1.2) can be simplified to:

e

A
A

A is the derivative operator in this case [10]. Thus the

)YI“)'O

|

t)y(t)-v,(t) (1.6)

Q

mth order differential equation has been transformed into two

smaller order differential equations.

In chapter 2, we will derive a partial fraction expansion
for the inverse of a matrix polynomial and in chapter 4, we
will demonstrate that a factorization of the “denominator"” of
a transfer matrix 1leads to an incomplete partial fraction
expansion. Those partial fractions are of course transfer

functions of reduced order linear systems.



The purpose of this thesis is to derive a global method
for computing a particular factorization. This global method
is then followed by a 1local (but fast converging) method.
There have been some algorithms that have been published
[8,23,34,39]. However, those methods can factorize only a
linear factor at a time. The global method that we propose to
use is a generalization of the scalar quotient-difference
(Q.D.) algorithm [15-18]. The use of the Q.D. algorithm to
matrix polynomial factorization has been suggested by Hariche
in [(14]. The local method that we propose in our work is
Broyden’'s algorithm [6] which presents some advantages over

the classical Newton’'s method [23,34].

In the following section, we give a brief presentation of

the thesis.

Chapter two provides the basic theoretical tools for the

rest of the thesis.

Chapter three examines the existing global methods. The

proofs presented therein are different from the original ones.

Chapter four constitutes the heart of the thesis and
represents the main contribution of this work. In this
chapter, we study the convergence and the conditions of

existence of the matrix Q.D. algorithm.

Chapter five completes our analysis by providing an

alternate proof of convergence using block matrix methods.



In chapter six, we analyse 1local techniques and 1look at

the applicability of Broyden's method to our problenm.

In chapter seven, we present some numerical results. We
have tested the Q.D. algorithm and Broyden’'s method on a large

number of matrix polynomials.

Finally, in chapter eight, we provide the conclusions of

this thesis and we suggest topics for further research.



Chapter 2

Theory of Matrix Polynomials

2.1 General Definitions.

We have seen in the introduction that matrix polynomials
arise naturally in the study of linear time invariant dynamic
systems. In this chapter we will attempt to give a more
precise meaning to these polynomials. There exist a quite
large confusion in their definition. Dennis et Al. in [7],
Gohberg et Al. in [10] and Kucera in [24] give three different
definitions that do not correspond to the same entity. The
definition we will use in our work will be the one used by

Gohberg et Al.

Definition 2.1:

Given the set of rxr complex matrices Ao Ao, Ay, the

following matrix valued function of the complex variable N is

called a matrix polynomial of degree m and order r:
A= AN+ AN e v AN+ A, (2.1)

An equivalent definition is the one of A-matrices which

are also called polynomial matrices in Kucera [24]:



Definition 2.2:

The following rxr matrix:

au(h) ... a, ()

AN) = (2.2)

a,n(A) ..o a,(N)

Is called a AN-matrix of order r where a,(N) are scalar
polynomials over the field of complex numbers C.
Dennis et Al. definition of a matrix polynomial [7] is

called in our work the right evaluation of the matrix

polynomial A(A).
Definition 2.3:

The following rxr matrix valued function of the rxr matrix

X iIs called the right evaluation of the matrix polynomial A(\)

at Xx:
Ap(X)= A X"+ A X™ '+ .+ A, (2.3)
We also define the left evaluation of A(N) at X by:
A(X)= XRA+ X" A +..+ A (2.4)

So we can see that the two definitions 2.1 and 2.2 are
equivalent. However, definition 2.1 emphasises the polynomial
character of the matrix polynomial while definition 2.2
emphasises the matrix one. We will use most of the time
definition 2.1. Definition 2.3 is very different and will be

mostly used when we will present the local methods.



The following definitions are also useful.

Definition 2.4:

The matrix polynomial A(\) is called:

- Monic if A, is the identity matrix

- Comonic if A, is the identity matrix

- Unimodular if its determinant is a nonzero constant and

- Regular if its determinant is not identically zero.

There are also definitions (i.e. the Smith and Hermite
normal forms) which are very useful in the study of
A-matrices. However, because we will not use those concepts in
the rest of the presentation, we will not present them here.
The interested reader should consult the appropriate

literature on matrix theory (i.e. Lancaster et Al. ref.[26]).
2.2 Latent Structure of Matrix Polynomials.

Definition 2.5:

The complex number N\, is called a latent root if it is a

solution of the scalar polynomial equation detA(A)=0.

The non trivial vector v, solution of A(\,)v=0 is called a

primary right latent vector associated with Ao

From the definition we can see that a latent problem of a
matrix polynomial is a generalization of the concept of
eigenproblem for square matrices. Indeed, we can consider the
classical eigenvalue/vector problem as finding the 1latent

root/vector of a linear matrix polynomial AN -A. An



interesting problem is the number of latent roots in a given
region of the complex plane. This is answered by the following

theorem.
Theorem 2.1:

The number of latent roots of the regular matrix
polynomial A(M\) in the domain 9D enclosed by a contour I' 1is

given by:

l -1 ,
N En—jfrtracc[A (MA(M)])AA (2.6)

each latent root being counted according to its

multiplicity.
Proof:

In this proof, we will make use of the following result
from the theory of functions of a complex variable (see
Henrici ref.[15] for example):

"The number of zeros of a function f(z) analytic in a
domain P enclosed by a contour I is given by:

IR Y NCS)
anid fom) °F

each zero being counted according to its multipliecity.”

1 A*(\) is the derivative of A(A).



Let us now consider the scalar polynomial d(A)=daetA(N).

Being analytic in any domain in the complex plane then the
number of its roots inside a curve I' is given by:

l a’(\)

ETTI A TCS R

in ref. [25] Lancaster shows that:

da’'(\)

m - tra.ce[A' (A)YA'(N)]

(Q.e.d).

At this point, we can also define the spectrum of a matrix
polynomial A(A) as being the set of all 1its latent roots
(notation 0(A)). It is essentially the same definition as the

one of the spectrum of a square matrix.

A generalization of the latent root/vector is the Jordan

chain which is defined by:

Definition 2.6:

A set of vectors x¢.%X,,....X,€C" Is called a right Jordan

chain of length k+1 associated with the latent root A\, and

primary right latent vector x, if they satisfy the relations:

o1{%,1“”0\,,)::,_,,-0. j=0.1,....k (2.6)
Lip!

2 A®Y(N\) is the pth order derivative of A(A).



The set of all Jordan chains of a particular monic matrix

polynomial can be grouped in the following triple:

Definition 2.7: (the Jordan Triple)

The following matrices X,J and Y of size respectively

rxmr, mrxmr and mrxr Is called a Jordan triple of the monic

matrix polynomial A(\) of degree m and order r.

J is a block diagonal matrix composed of Jordan blocks

each corresponding to a particular latent root.

Esch column of X 1is an element of a Jordan chain
associated with the appropriate Jordan block in J and Y 1Is a

matrix of left latent vectors which can be computed by:

X 0
XJ
Y=,
. 0
lel-l I
Example 2.1:
let
AV ( A3 J'éx‘-x)
2 %+ A2

this matrix polynomial has the following spectrum

6(A)={0,1,-1}

each latent root has an algebraic multiplicity of 2.



To the latent root O correspond 2 independent latent

vectors which can be taken as:

1 0
”(‘o)'(o) ‘ "?)'(1)

To the latent root 1 correspond only one 1latent vector,
and we have to complete it by a generalized latent vector
belonging to the Jordan chain associated with the latent

root 1. v§}) is the primary latent vector:

()

10

and v§}’ is a generalized latent vector:

- (122)

the latent root -1 has exactly the same character. We have

the following Jordan chain associated with it:

vbn_(Ji*l) . wd)_(Ji’z)

10 1 11 o

and hence the Jordan triple associated with A(\) is:

0000 O O
0000 O O
0011 0 O
"l ooo0o1 o o
0000 -1 1
00 00 0 =1

X_(l 0 -y2+1 (J2-2 J2+1 J’é(;z)

o 1 1 0 1

- 13 -
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Another triple which is very important in the study of

matrix polynomials is the standard triple defined by:
Definition 2.8: (Standard triple)

A set of 3 matrices (Z,T,W) is called a standard triple of
the monic matrix polynomial A(MN) If it is related to the

Jordan triple (X,J,Y) by the following similarity

transformation:
Let S be a nonsingular mrxmr matrix, then

Z=XS"!' ; T=SJS' ; W=SY (2.7)

The standard triple allows a representation of a matrix
polynomial using its spectral infarmation and this is shown in

the next theorem:
Theorem 2.2:

Let A(\N) be a monic matrix polynomial of degree m and

order r with standard triple (X,T,Y), then A(\) has the

following representations:



1) right canonical form:
AN) =A™ = XT™(V +V A+ +V A" (2.8)

where V, are rmxr matrices such that:

X -1
XT
[VierVial= . (2.9)
XTn-l
2) left canonical form:
AN = AR = (W + AW, + .+ A" W OT™Y (2.10)

where W, are rxrm matrices such that:

-[Y.TY...T*'y]" (2.11)

3) Resolvent form:

(A ' = XM -T)'Y
Aga(A) (2.12)

Proof: see Gohberg et Al. ref. [10,11,12].

The following standard triples associated with A(A) will

be used quite extensively in the rest of the presentation:

- 15 -



The Lower Block Companion Form:

0
P,=[1,0,...,0] Q-

1

0 1 0 0

0 0 1 0 0

C,= . . . . . (2.13)
0 0 0 0 1
~An “Apy ~Ap, .. -4, A

The Right Block Companion Form:

!
0
P,=[0,...,0,/] Q,=
0—4
0 0 0 =-A,]
/1 0 0 -A.,
0l .. 0 -A,
C,= m-2 (2.14)
0 0 ... O -4,
L_O o “se I -Al _

We must remark that all the matrices defined above have
block elements which are themselves rxr matrices. From the
previous definition, it is clear that the Jordan structure of
a matrix polynomial A(A) 1is directly related to the Jordan
structure of its block companion matrices. The relation
between the eigenvectors of C, and the latent vectors of A(\)

is shown in Hariche ref. [14].



2.3 The Division Algorithm.

One can also remark that the coefficient space of matrix
polynomials is the non-commutative ring of square matrices. It
is useful at this point to present some general theorems from
Algebra. The most important ones being the “division theorem"

and the "remainder theorem".

For this presentation we consider a ring R with identity
and x is an indeterminate over R. We define also R[x] as the

space of polynomials over R.
Theorem 2.3: (The division theorem)

Let:

1

a(x)=a,x*+a,x” ' +...+a_ eR[x
o 1 n

b(x)=byx™+b,x™ ' +...+b, € R[x]
where ao,%0 and b, is not a zero divisor, then there exist
unique polynomials q(x) and r(x) in R(x) such that:
a(x)=q(x)b(x)+r(x) (2.15)
and r(x)=0 or degree of r(x) < degree of b(x).

Similarly, there exist unique polynomials s(x) and u(x) In

R[x) such that:
a(x)=b(x)s(x)+u(x) (2.16)
and u(x)=0 or degree of u(x) < degree of b(x).

Proof: see Marcus ref. [28].



Theorem 2.4: (The remainder theorem)

If a(x)eR[x], a(x)#0 and ceR, then there exist uniqgue

polynomials q(x) and s(x) in R[x] such that:

a(x)=q(x)(x-c)+a,(c)
a(x)=(x-c)s(x)+a,(c) (2.17)

where a,(c) and a,(c) are respectively the right and left
evaluation of a(x) at c.
Proof: see Marcus ref. [28].

If a,(c)=0, ¢ is called a right solvent of a(x) and if

a,(c)=0, c is called a left solvent of a(x). If the ring R is

commutative, ¢ is called a root of a(x).

One can now specialize theorems 2.3 and 2.4 to matrix

polynomials and state the following corollaries:

Corollary 2.1: (The division theorem)

Given the matrix polynomial A(\) with A,+0 and B(\) with

B, nonsingular, there exist unique matrix polynomials Q(\) and

R(\) such that:
AN)=Q(N)B(M)+R(N) (2.18)

R(AM)=0 or degree of R(\) < degree of B(M\).

- 18 -



Similarly, there exist unique matrix polynomials S(\) and

U(N) such that:
ANY=B(AMYS(A)+UN) - (2.19)
U(N)=0 or degree of U(N) < degree of B(\).
When the divisor is linear, i.e. B(A)=A/-X, wWe can write:
Corollary 2.2: (The remainder theorem)

Given A(AN)#*0 and XeC™", there exist unique matrix
polynomials Q(A) and S(\) such that:

AN) = QNN = X)+ A (X)
AN)= (A1 =X)S(A)+ A (X). (2.20)

Corollaries 2.1 and 2.2 are simply a rewriting of theorems
2.3 and 2.4. We can now state the following re}ation between a

matrix polynomial and its right and left evaluation:
ANY= A (MDY= A, (\]) (2.21)

Corollary 2.2 also gives the fundamental relation that
exists between right solvent and right 1linear factor, left

solvent and left linear factor:

Ag(X)=0 iff AMN)=Q(N)(MI-X)
A(X)=0 iff AN)=(A-X)S(\) (2.22)

Along with this algebraic framework, the following
definitions (from Kucera ref.[24], Gohberg et Al.

ref.[10,11,12] and Hariche ref.[14]) will be used:

- 19 -



Definition 2.9:

Consider matrix polynomials A,B and C of order r. If
A = BC then B is a left divisor of A and A is a right multiple
of B, while C is a right divisor of A and A is left multiple
of C.

Consider matrix polynomials A and B of order r. If G1 is a
left divisor of both A and B, then it is termed a common left
divisor of A and B; furthermore, if Gi1 is a right multiple of
every common left divisor of A and B, then Gi is a 4greatest

common left divisor of A and B.

Similarly, if Gz is & right divisor of both A and B, it
is termed a common right divisor of A and B and if Gz is a
left multiple of every common right multiple of A and B, then

Gz 1Is a greatest common right divisor of A and B.

According to these definitions, it 1is clear that if a
matrix polynomial divides another, then the remainder of the
division is equal to zero. However, we can also remark that we
can define divisors even in cases where the division algorithm

cannot be used.

Another property of divisors of A(MA) is that their Jordan
chains are part of the Jordan chain of A(A) [14]. Thus if we
have an algorithm that can factorize matrix polynomials, we
will have a tool for the study of their Jordan structure.
Linear factors become thus very important and it is apparent

that the Jordan structure of solvents is part of the Jordan

- 20 -



structure of A(\). Given a particular matrix R, establishing
whether it is a solvent of a matrix polynomial A(A) or no is
important because this might lead to discover methods for
solving the matrix equation AR,(X)=0. Hariche 1in ref.{14]

characterizes R via its Jordan structure.

Theorem 2.5:

Given the matrix polynomial A(\N) and the rXr matrix

R = MJM-1, R is a right solvent of A(\) if and only if A is

rank deficient. 3
A=(UN) @A+ '0A,+..+JT@A, _+I®A,

Proof: see Hariche ref. [14].

Gohberg et Al. in [10] provide another characterization

via invariant subspace of the block companion matrix Cai.
Theorem 2.8:

The monic matrix polynomial A(\) has a right solvent R if

and only if there exists an invariant subspace M of the block

companion matrix Ci of the form:

X~

M=Im
Rn-l

3 ® is the Kronecker product of matrices (see [13]).

4 Im T stands for the range space (or image) of the matrix T.

- 21 -



Proof: see Gohberg et Al. ref.[10].

This theorem 1is the basis of the block power algorithm
{39] and as we will see later it can be wused also to
characterize the block Bernoulli method [{8)]. The next theorem
is based on the algorithm of synthetic division applied to

matrix polynomial.

Let R be a right solvent of the matrix polynomial A(\),

then using the relations (2.22), we can write:
AN)=Q(N)(M-R)

where

QUAN)=A™T'Qe+ A0, +...+ Qm.y
Qo=/

we can compute the coefficients Q, using the algorithm of

synthetic division:

Qo=!
Q1= QoA+ QR
Q:=QoA2+Q,R (2.23)

Q.=QoA,+ QR k=1,....m-1
O-QOAHL+Q»4-1R

let us introduce the following notation for the block row

vector Q of size rxmr:

6-(Qn-l Qum-2 - Qo)

- 22 -



then the set of equations (2.23) can be rephrased in block

matrix form:
GC,=(Qm-1R Qu-2R ... QoR)
so finally
QC,=Q[/®R] (2.24)
we can thus state the following theorenm:

Theorem 2.7:

R is a right solvent of the monic matrix polynomial A(MN)
if and only if Nul([C,-]I®R}=r .5

Proof:

Let C=C,-I®R then equation (2.24) can be written as

0Cc=0. However, the last block element of Q is the rxr
jdentity matrix. This implies that Q has a rank of r. So the

dimension of the null space of C is larger than r.

We also have:

-R 1 0
C,-I®R= ’ -.R 1 X -[C” C"]
0 0 o 1 Ca Ca
~Ap —Ap —Apa -A,-R

5 Null stands for nullity.

- 23 -



with: -R

0
Cu= Ca=[-4.]
0
Crpp=[~An- -A,-R]
I 0 0
Cum -R I 0
0 0 . 1

C,2 is a square matrix of size (@(m-1)rx(m-1)r and is

clearly nonsingular, this implies that the rank of C is larger
(or egqual) than (m-1)r so Null[C,-I®R]Sr and finally

Null[C,-]I®R]=r.
Conversely:
let Null[C,~-I/®R]=r, then Rank[C,~-/@R] " =(m-1)r. This

implies that we can find a full rank block row vector

Y=Y -1 -+ Yo) of size rxmr such that:
Y{C,-I®R]=0 (2.25)
If we develop equation (2.25), we obtain:

Y arR==Y,An

Yi=YoAp+Y o R k=1,....m-1
solving recursively this set of equations, we obtain:
YoAp(R)=Y o (R®+ A\R™'+...+A)=0 (2.26)

and

- 24 -



Ye=YoAs+Y R k=1,..m-1 (2.27)

so if Y,=71 then (2.27) defines the remaining blocks of Y

in a unigue manner and in this case (2.26) implies that R is a

right solvent.
(@.e.d.)
2.4 Spectral Divisors.

In the next sections we will consider only monic or
comonic matrix polynomials. It is evident that results that
apply to monic matrix polynomials apply also to comonic ones.
If A(A) is a monic matrix polynomial of degree m, then
F(z)=2z™A(z') is a comonic matrix polynomial of same degree
with inverse spectrum and same latent vectors (assuming that A

does not have zero as latent root).

We have seen in the preceding section that the spectral
information of a monic matrix polynomial is given by its
standard triple. If we multiply two matrix polynomials, then

the resulting triple is determined by the following rule:
Theorem 2.8:

If A,(\) are monic matrix polynomials with standard triple

Qe+ T4, R,) for kK = 1,2, then A(N)= A, (M)A, (N) has the following

standard triple:

T, R\Q, 0
Q=[Q. 0] T-[o Tz] R-[Rz] (2.28)
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Proof: see ref. [10].

The algorithms that will be described in later chapters
will all deal with a particular type of factorization of

matrix polynomials: The spectral factorization [10].

Definition 2.10:

If A(M)=A (M)A (N) 1Is a particular factorization of the

monic matrix polynomial A(MN), with o(A,)Ne(A,)=D, then the
nonic matrix polynomials A,(\) and A,(\) are called spectral

divisors of A(\).

Clearly, if =a matrix polynomial possesses spectral
divisors, then there exists a similarity transformation that
can transform the block companion matrix C, associated with
A(N) to a block diagonal one (see theorem 2.8). We can
accomplish this transformation directly on C, (see Bavely et

Al. ref.[4]) or act on the matrix polynomial A(A) using the

Q.D. algorithnm.

A particular class of spectral divisors is the class of
left and right spectral divisors corresponding to the same set
of latent roots. In this case, the matrix polynomial A(A) has
at least two different factorizations, A(A\)=A,(A)A,;(A) and
A(A)=B,(A)B,(\) with A, and B, being monic matrix polynomials,

9(Ag)=0(By).
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The following theorem from ref. [10] gives explicitly the

conditions under which the matrix polynomial A(A) has the

above mentioned property.

Theorem 2.9:

Let A(\N) be a monic matrix polynomial and T a contour

consisting of regular points of A(\N) having exactly kr
eigenvalues of A (counted according to multiplicities) inside
I'. Then A has both a I'-spectral right divisor and a I'-spectral
left divisor if and only if the following kr x kr matrix M,,

defined by

ANV e AETATIOO

1
M.,

- e aa
v 2njJr

ATTATION) L APTPATY )

Is non singular. In this condition, the TI'-spectral right
(resp. left) divisor AN)=A T+ AN Y+ L+ 4, (resp.

A,(N)= AT+ A\t + .+ A,,) Is given by the formula:

(A, .. A,,]--é—:l—jfr[k'/("(k) v ALY MG,

resp.

--M;},.——_f ‘ dh

Proof: See ref. [10].
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An interesting consequence of theorem 2.9 is the case
k =1, i.e. the existence of spectral right and left solvent.

Let I’ be a contour that contains r 1latent roots and let the

r x r matrix

1 -
M= Eu_jfr" (A)dA (2.29)

be nonsingular, then we have as right solvent:

1 f -1 -1
R=— A dA. .
Ty r)\ \) M (2.30)
and as left solvent:
a 1 f -1
L=M .2,”, rkA (\)da (2.31)
and we see that R M = M L, i.e. M is a similarity

transformation between R and L.

2.5 Complete set of solvents and complete factorization.

We have seen that solvents are quite important in the
study of matrix polynomials. 1In this section we are going to
study matrix polynomials which are completely described by a
set non-interacting solvents. However, we have to present

certain definitions first.

Definition 2.11:

Given the set of r x r matrices Ri,Rz,...,Rx, the

following rk x rk matrix
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! r ... 1

1 R, ... R,

V(R RyroonRy) = (2.32)

RT' R ... RPY]
is called a block Vandermonde matrix of order k.
Definition 2.12:

Given & monic matrix polynomial A(\), the following set of

solvents Ri,Rz,...,Rm 1Is called complete if the following

conditions are met:
O(R)NA(R,)=B ; k¥
0 a(Ry)=a(AN)
detV(R,,R3,....R)* 0 (2.33)
In this case, we can find a particularly simple standard
triple and we can express the inverse of a matrix polynomial

in partial fraction [14,40]. This is given by the following

theoren.
Theorem 2.10:

Let Ri,R2,...,Rm form a complete set of solvents for the
monic matrix polynomial A(M), then A(\) admits the following

standard triple:
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Xe{l I .. I] T 0 &, 0
0 o0 R,
0
Y =[V(R,,....R)I| . (2.34)
0
!

Proof:

Let us consider the standard triple corresponding to the

lower block companion form: Pi, Ci, Q1. From theorem 2.8, we

have:
- - T
R, R,
¢, - R,
| RET] LRTT
k=1,2,....m
so, the block Vandermonde matrix V({R,,....Rq) 1is a

similarity transformation matrix (it is non singular by

definition). We have:

R, 0 .. ©
0 R, ... O -

T= : =[V(R\,.. R .CL.V (R, ... . RY)
0 0 .. R,

while X=P,.V(R,,....Ra) and Y =[V(R,.,....R.)]".Q,.

(Q.e.d)
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Let us write the block column vector Y as:

Using theorem 2.2, we have the following result:
(A ' =X (NI -T)'Y

giving:

[AA)] ' = i(M—R,)".Y, (2.35)

k=1

The above result 1is a partial fraction expansion of the
inverse of A(M\) [14,40]. Furthermore, since Y is the last
block column of [V(R,.....R.)]"', its block elements Yu can be

computed if the m block Vandermonde matrices:
Ve V(R vo...n Ry Ry oo u RR)  k=1,....m
are nonsingular. The kth block element of Y is:
Y= R = (RN e RIS RIS RV LR RE LR

We can remark that this element is the inverse of a right

evaluation of a monic matrix polynomial of degree m-1, B,(\).

By(AN)=A"'I+B, A" %+ +8, n,

(Bromersoos B )= ~(RTT L RELRTN G RTTD VY

So, finally: Y,=[Bu(R.)]"
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Another standard triple 1is defined when A(A) has a

complete factorization:
AN)= (M =-Qu)(M = Q1) (M- Q) (2.36)

and it is the following one:

0
X,={/,0,..,0) Y,=
0
1
Q, I © 0]
0 Q, I .. O
T,={ . . . .. . (2.37)
0O 0 O !
|0 0 O Qn |

This result can be established either by repeated
application of theorem 2.8 or by using the concept of
linearization [10,14,268]. This 1is what we do in the next

theorem.

Theorem 2.11:

A -T, Is a linearization of A(\),

_[am) o
N =T, [0 1]

Proof:

We define the following two matrices:
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I 0 0 0 0
-(N] -
FOV) = (NM-=-Q)) I O 0 0
0 0 0 ... =(M=-Qu) [/
and
Bpoy(N) Baa(N) ... By(N) Bo(M)
-1 0 .. 0 0
F(\) = 0 -1 .. 0
0 o .. -1 o0
Bo(N)=1

By(M) =B (MM =Qpoger)  k=liom=1

We see that detF(A)==1 and detF(A)=1. So E and F are

unimodular matrix polynomials. Furthermore, by simply

computing the product, we have:

(M -=-Qu)...(N-Q,) O

5 I].F(k)

E(M(NI-T,)) = [

(QR.e.d)

We now show that X1, Ti, Y1 is a standard triple by using

the resolvent form of A(MA) equation (2.12).
(AW =X, (M -T )Y,
Theorem 2.12:

If A(\) admits the complete factorization (2.36), then X1,

T1, Y1 is a standard triple for A.

Proof:

- 33 -



[[A(x)r‘

5 ?]-F(x)(xur,)"s“(x) (2.38)

the first r columns of E~'(\) are:
Y, = |- (Bo(N)=1)

and we have: X,F(A)=X,. Let us multiply (2.38) by X, on

the left and X] © on the right. This gives:
AT = X, FOMN-T ) T'ETTOOXT
- A= X, (M -T )Y,
This implies that Xi, Ti, Y1 is a standard triple.
(Q.e.d)

Theorem 2.12 and the standard triple given by (2.37) will
be useful when we will present an algorithm that can factorize

A(A\) completely.

8 XT is the transpose of X
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Chapter 3

Global Methods

3.1 Some Definitions.

In this chapter, we are going to present some existing
algorithms that can factorize a 1linear term from a given
matrix polynomial. We will see later that the Q.D. algorithm
can be viewed as a gdeneralization of these methods. The
methods of interest are : Bernoulli's method [8,10] and
Traub’'s method {10]. However, we have first to define what a
global method is and what a local method is. Global methods

are defined by opposition to local ones.
Definition 3.1:

A numerical method for solving a given problem is said to
be local iIf it is based on local (simpler) model of the

problem around the solution.

From the definition, we can see that in order to use a
local method, one has to provide an initial approximation of
the solution. This initial approximation can be provided by a

global method. As we will see later, local methods are fast
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converging while global ones are quite slow. This implies that
a good strategy 1is to start solving the problem by using a

global method and then refine the solution by a local method.

The convergence of the global methods that will be
presented in this chapter is based on the following relation

of order (partial) between square matrices.[8,10]
Definition 3.2:

A square matrix A is said to dominate a square matrix B
(not necessarily of the same size) if all the eigenvalues of A

are greater, in modulus, than those of B.

As a notation, we will write A > B. This definition is
important because of the following lemma. In the remainder of
the thesis, we will use matrix norms for our convergence
proofs. Since we are working in a finite dimensional space,
all matrix norms are equivalent. The only specific property

that we require is the consistency property: |AB|<}|A||B].

Lenma 3.1:

Let A and B be square matrices such that A >B then A is

nonsingular and
lim|a*jla*|=0 (3.1)
A-te

Proof: see ref. [10]

The same lemma (in a slightly different form) is proved in

Dennis et Al. ref.[8]. In some of the results that we will
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present, we need to estimate the convergence rate. In that
aspect, the following result is interesting. Let the largest
modulus eigenvalue of the matrix A be A,, then for any matrix

norm [36,37], we have:
1
Um|A*|* = (A (3.2)

In particular, for any positive number p > € >0, we have

the following result:

A4
p-€

&
a,=0(") =+ aJa*l = O( ) (3.3)

We will extend definition 3.2 to matrix polynomials by
saying that the matrix polynomial A,(A) dominates A,(\) 1if

T,>T,, T, being a linearization of A,.
3.2 The Homogeneous Difference Equation.

The numerical methods that will follow are based on the
exponential nature of the solution of a homogeneous constant
coefficient matrix difference equation. This matrix difference
equation is associated with the matrix polynomial that we want
to factorize. In fact, we can associate two difference
equations with a particular matrix polynomial A(A): a right

matrix difference equation and a left one.
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To:
AN)=A"I+ AN+ .+ 4, (3.4)
we associate the following right matrix difference equation:
U+ AU+ v AU, =0 (3.5)
U,eC™  j=0,1,..
and the following left matrix difference equation:
Ve+V A+ 4V pAn=0 (3.6)

V,eC™  j=0,1,..

We should point that the 1left difference equation (3.6)
can be written as a right difference equation associated with
[A(M)]T and the right difference equation (3.5) can be written
as a left difference equation associated with [A(A)]T. So, for
the rest of the presentation, result will be presented only
for right difference equation. The result for the left one can

be obtained by transposition.

The general solution of (3.5) is derived in ref. [10] and
in ref. [8], we can find the solution for the complete set of
solvent case (see definition 2.12). This solution is presented

as a function of the standard triple in the following theorem.

Theorem 3.1:

Given a matrix polynomial A(\N) having (X,T,Y) as a

standard triple, the general solution of (3.5) is:

Ug=XT*C (3.7)

ceCc™™
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and the general solution of (3.6) 1is:

V,=DTtY (3.8)

D € Crlw
Proof:

Using the definition of a standard pair [10,11,12], the

following identity is satisfied:
XT®+ A XT™ '+ . +A.X=0 (3.9)
If we multiply (3.9) on the right by T*™C , CeC™, we
obtain:
XT*C+ A XT*'C+...+ A XT"™C=0

and thus XT!C verifies the equation (3.5).

The proof of (3.8) can be derived by using the fact that
the standard triple of [A(A))T is (YT, TT, XT).

(Q.e.d).

Corollary 3.1:

The solution of (3.5) corresponding to the initial

conditions:
Ug=U,=...oU 320 Up =1 (3.10)
is:
Uy=XT*Y 3.1

Proof:
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Using (3.7), we can write the following set of equations:

Xxc - 0

XTC = 0

XT"*c = 0

XT™'c = I

giving:
b'¢ 0
XT
C =

xr™! I§

which is the definition of Y.
(Q.e.d).
By using transposition, we obtain the following result.
Corollary 3.2:

The solution of (3.6) corresponding to the initial

conditions:
Vo=V, ==V po=0 Vp,=I!
is:
V.= XT"Y

We remark that for this particular set of initial
conditions, the right and left difference equations produce

the same result.
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The solution of the difference equation becomes
particularly simple if we have a complete set of solvents.

Corollary 3.3:

If the matrix polynomial A(\A) has a complete set of
solvents then the solution of (3.5) subject to the 1initial

conditions (3.10) 1is:

Uu, = likf)’, (3.12)
Y,
Y=
Ym

Proof:

From theorem 2.10, relations (2.34) give us the standard

triple:
R, © 0 Y,
0O R, ... O Y
X=[/,0,...,1] T= 2 y=|"?
0o 0 Ra Y m

Replacing in (3.11) produces (3.12).

(Q.e.d)

The result (3.12) could have been obtained directly from
the partial fraction expansion (2.35) by using the inverse

z-transform. Of course, in this case, we are considering that

A is the forward shift operator z.
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3.3 Bernoulli's Method.

In this section, we are going to present a global
algorithm, the Bernoulli's iteration, that is based on the
form of the solution of the difference equation (exponential)
and on lemma 3.1. Just as in the scalar case [15,17], the
matrix Bernoulli’s method 1is based on the "ratio” of two
successive iterates of the difference equation (3.5) (or
(3.6)). In the 1literature, we can find two different
statements for the convergence of the matrix Bernoulli's
iteration. In Gohberg et Al. ref.[10], it is stated in terms
of a general standard triple while in Dennis et Al. ref [8],
it is stated for the particular case of a complete set of
solvents. The next theorem, similar to the one in Gohberg et

Al. is thus the more general one.
Theorem 3.2:

Let A(N) be a monic matrix polynomial of degree m and

order r. Assume that A(\) has a dominant right solvent R and a
dominant left solvent L. Let U,,k=0,1,... be the solution of

(3.5) subject to the initial conditions (3.10).

Then U, is not singular for k large enough, and:

UmU,., Uy’ = R (3.13)

F &4
HmU'Upey = L (3.14)

I .00

Proof:
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The existence of a dominant right solvent and a dominant
left solvent implies (see theorem 2.8) that A(A) has the

following Jordan triple:

X=[{X, X J Ji 0 Y Y 3
[X, X.] o J, v, (3.15)

where X,, J, and Y, are r x r matrices. X, and Y, are

nonsingular and from the relations (2.30) and (2.31), we can

write:
ReX,J,X;} L=VYi'J,Y, (3.16)
We now use the result of corollary 3.1:

Up= XJEY = X\ JYY  + X337,

= (X, JEXT (X I5Y Y XTIXL Y
let M=X,Y, and E,=X,J3Y,, then

U, = (RE+E .M )M

3.17
U, = (U+E,M'RMR'M ( )

The same factorization can be done from the left, in which

case we obtain:
Uy = MLE(I+L"M'E,) (3.18)

As a general remark, from lemma 3.1, we know that R and L

are nonsingular.

For k large enough, we have:
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e MR < EHR* 1 IM]

and the right handside of the above inequation converges
to zero by lemma 3.1. This implies that U, 1is nonsingular for

k large enough. The same argument can be applied to equation

(3.18).

Finally:

Uy U = (U +Ey MR DR MM 'RY(I+E MR

So:
HmU,. Uy' =R
Lo

and from (3.18), we obtain:

HUmU' Uy, =L

f 1

(R.e.d).

It is interesting to look at the case of a complete set of
solvents. In this particular case, the convergence is stated

in terms of block Vandermonde matrices [8].

Theorem 3.3:

Let A(\) be a monic matrix polynomial of degree m and

order r such that:

(i) it has a complete set of solvents Ri, Rz, ... ,Rnm,

(ii) Ri1 is a dominant right solvent,

(iii) V(Ri, ... ,Rm) and V(Rz, ... ,Rm) are nonsingular,
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then:

imU,, U;'=R,

ko=

Proof:

From corollary 3.3, the solution of the difference

equation (3.95) is:

Looking back at relations (2.35), we see that ¥, 1is not

singular if V(R2, ... , Rm) is nonsingular. So:

n
U, = RYY,+ > Ry,

/=2

n
U, = (1+Z;R7Y,Y;'R;')Rf)’,
’-

Uy = (I+Ht)RTyl

and |H.| converge toward =zero. Thus, for large enough k,

U, is nonsingular and we can write:

U:nU;l =/ +Ht,,)Rf°l)’l)’;’R;'(l+ Ht)-l

So, finally:

imU,. U;' =R,

s
(Q.e.d)

There are some general remarks that we can make about the
conditions for convergence of the Bernoulli method. In the

above theoremnm, V(Rz, ... , Rm) nonsingular implies the
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4 [1 -1
R-x,J,x,‘-[o -1]

We can remark that Yi 1is singular. This precludes the
existence of a dominant left solvent. In this case Bernoulli’s
iteration breaks down. The solution of (3.5) using

Uo = U1 = 0, Uz = I as initial conditions is:

0O 0 1 0
Ua'[_l O] U4'[1 0] Ug=Uy Ug=U,

So, we see that the sequence of matrices, solution of the
difference equation associated with the matrix polynomial, is

a sequence of singular matrices.

3.4 Traub’'s Algorithm.

In Dennis et Al. ref. [8)], another algorithm is presented.
This method is a generalization of Traub’s algorithm [38] to
matrix polynomials. The algorithm is presented without a proof
of convergence in this section. However, since the Q.D.
algorithm of chapter 4 can be seen as a generalization of both
Traub’s and Bernoulli’s algorithm, the interested reader can

adjust the proof that we will present in chapter 4.

The Algorithm:

Let A(A) be a monic matrix polynomial of degree m and

order r. We define the following sequence of matrix

polynomials of degree m-1 and order r by:

B, (M) = By(MA- BN A(N) (3.20)

- 47 -



This implies that this algorithm has a built in deflation
process. And one can think of repeating the same iteration

starting from the limit of the iteration (3.20).

3.5 The Block Power Method.

Using block matrices, we can show that both Bernoulli’
iteration and Traub’'s method can be seen as an application of
the power method. For this purpose, we are going to use the

standard triple (P1,C1,Q1) defined in (2.13).

With the square matrix Cl, we can in fact associate two
jterations: a right block power method and a left block power

method [8]. The right block power method is considered 1in

{391.

The Bernoulli's iteration (3.5) can be written as:

—Ul-mozw 0 ! 0 —U(-Ut*l_}
(} - 0 0 . ! U (3.25)
: “Ap ~Ap e -4, ot
L Ui L U

Iteration (3.25) is a right block eigenvector powering

jteration if we define U. as:

Uiemer |

o= - (3.26)
Ui
u,

.

=

Theorem 2.8 shows that the fixed point of the above

defined iteration is the following invariant subspace:
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and this property is used in reference [39].
Using now block row vectors, we can define another
iteration:
8., =8.c, (3.27)
where:
B, =(8Y,.....B{") (3.28)

It is not hard to show that (3.27) is equivalent to
Traub’s iteration (3.20) (see ref. (8]). And thus the block
power method can be seen as a unifying concept between
Bernoulli’s and Traub’'s iteration. In the next chapter, we
will generalize (3.27) to obtain a method that can produce a

complete factorization of the monic matrix polynomial A(A).
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Chapter 4

The Quotient-Difference Algorithm

4.1 Introduction.

In this chapter, we are going to present a new algorithm
for factorizing matrix polynomials: the quotient-difference
algorithm (Q.D.). The proposed algorithm is a generalization
of the scalar Q.D. [17,18] algorithm to matrix polynomials.
The use of the Q.D. algorithm for such purpose has been
suggested by Hariche 1in reference [14]. The scalar Q.D.
algorithm is Jjust one of the many global methods that are
commonly used for finding the roots of a scalar polynomial.
Another global method that is quite popular is the Graeffe's
iteration [2,18]. However, it seems that it is quite dependent
on the fact the scalar polynomial coefficients commute. So, we

do not see how we can generalize it to matrix polynomials.

A major problem that we encountered when we wanted to
generalize the convergence (and existence) proofs of the
scalar method to matrix polynomials is the fact that those
proofs are given in terms of determinants [15,16,18]. The

proofs that we present in this chapter are based on a
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generalization of Traub’'s iteration as presented in chapter 3.
It is essentially the same approach as Stewart’'s [37], but

applied to matrix polynomials.

We have seen in the preceding chapter that we have two
Bernoulli’'s iterations due to the lack of commutativity in the
algebra of square matrices. Likewise, there exist two matrix
Q.D. algorithms: the right Q.D. algorithm and the left Q.D.
algorithm. The subsequent presentation will be given only for
the left Q.D. algorithm. We can obtain the same results for
the right Q.D. algorithm by transposition. In the next
chapter, we will be using block matrix methods to provide a

convergence proof for the right @.D. algorithm.

4.2 The Algorithnm.

The Quotient-Difference scheme for matrix polynomials can
be defined just 1like the scalar one [15,17,18] by a set of
recurrence equations. The algorithm consists on building a
table that we call the Q.D. tableau (in this chapter, we
define the 1left Q.D. tableau, the right one can easily be

defined by transposition).

The 1left Q.D. scheme 1is generated via the following

relations (the "“rhombus” rules):
PP B - Qv B
QU IEL"Y = EQ, 4.1)
EM=EMag

k=1,...m=-1 ; n=1,2,...
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These rules define the following table (the Q.D. tableau):

Q5
0 E®
s” Qg
0 EW E®
Qs e
0 E® EY (4.2)
o 3

The @.D. tableau can be generated by columns (we need the
first two columns as initial conditions) or by rows. In this
chapter, we will study the column generation of the @Q.D.
scheme (from Bernoulli’s iteration) and in the next chapter,
we will show that it is possible to generate the Q.D. tableau
by rows. This alternate generation of the scheme is more

stable numerically.
4.3 Applicable Class of Matrix Polynomials.

Because it simplifies notation, we are going to present
the Q.D. algorithm for comonic matrix polynomials. The reader
should recall that if A(A) 1is a monic matrix polynomial of
degree m and order r, then F(z)=z"A(z™') is a comonic matrix
polynomial of same degree with inverse spectrum and same

latent vectors. This of course imposes the restriction that
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zero is not a latent root of A(N). In this chapter, we are
going to consider comonic matrix polynomials that have a

nonsingular leading coefficient.

F(z)=l+A,z+Az%+.. .+ A 2" (4.3)

A, eC™" 5 k=1,2,....m ; ze€C

In order to have more concise statements in the
convergence theorems, let us define the following property

(see theorem 2.8).
Definition 4.1:
We say that F(z) has the property I'y 1if 1t possesses a
right and left TI'-spectral factor of degree k.
In other words, if F(z)=N,(z)F,(z) where M, is a comonic
matrix polynomial of degree k, Then F(z)=F,(2),(z) along with:
degl, =degll, ; degF,=degF,

o(f,) =a(l,) : o(F)=0(F,)

o(M,)Na(F,) =@ ; o(ll,)na(F,)=2

In particular, if F(z) has a right solvent R, it will also

have a left solvent L that possesses the same spectrum.
4.4 The Linear Diophantine Equation.

If we have a comonic matrix polynomial F(z) of degree m

and order r that possesses the property I,, then any matrix
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polynomial of degree less than m can be expressed in terms of
its factors. In order to show this property we need the
following fact.

Theorem 4.1:

The following equation

X(z)A(z)+Y(2)B(z)=C(z) (4.4)

(X, Y, A, B and C are matrix polynomials) has a solution

if and only if the greatest common right divisor of A and B 1is

a right divisor of C.

Proof: see Kucera ref.[24].

Corollary 4.2:
If A(z) and B(z) are right coprime matrix polynomials,

then (4.4) has always a solution.

In our work, we consider natrix polynomials that have the

property I,. Then the factors of F(z) have disjoint spectra by
definition. In this case and using the notation of definition

4.1, we can state the following proposition.
Proposition 4.3:
Any matrix polynomial G(z) of degree less than m and order

r can always be written as:

G(2) = X(2)(2)+Y (2)F(Z) (4.5)

degY <k degX<m-k
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Proof:

(4.95) is a linear diophantine equation and since
o(l,)na(F,)=@, then it has always a solution. The general

solution of (4.4) is [24]:

X(2)=Xo(2)-T(2)B,(z)
Y(2)=Yo(2)+T(2)A,(2)
where T(z) 1is an arbitrary matrix polynomial, Xo(z) and
Yo(z) is a particular solution of (4.5) while A,(2) and B,(z)
are coprime matrix polynomials such that:

B\ ()T (2)= A, (2)F,(2)

Using the fact that F(z) has the property |
F(z)=MN(2)F,(z)=F,(z)=M,(z), so A,=N, and B,=F,. We divide VY,

by NI, giving:

Yo(Z)=U(2)N (2)+V(2) ; degV <k

Y(2)=U(2)0(2)+V(2)+ T(z),(2)

Using T(z) = -U(z) (T being arbitrary), we obtain:
Y(2)=V(2)
X(z)= Xo(2)*+U(2)F,(2)
So:

G(2) =Y (2)F, (2)+ X(2)T,(z)

- 56 -



and since :degF,<m-k, dagY <k and degG <m, then
degX(z)T,(z)<m. So degX<m-k.
(Q.e.d.).

The above proposition has the consequence that proper
matrix rational fractions can be expanded in incomplete
partial fractions. Let F(z) have the property I,, and C(z) be
the following matrix rational fraction, C(2)=G(2)F'(z), G(z)
being a matrix polynomial of degree less than m. In this case,

proposition 4.3 applies to G(z) and we can write:

F(2)=M(2)F(2)=F ()T (z) (T,)
G(z) = U(2)F (2)+V (2) ,(2)

degU<m-k : degV <k
So, the rational matrix C(z) becomes:
C(2) =U(2)M; ' (2)+V(2)F, () (4.6)
Each term in the above sum is a proper matrix rational
fraction.

4.5 Power Series.

In this section, we are going to present some useful
bounds on the elements of a Bernoulli's iteration. This is
achieved by identifying the solution of a difference equation

with the coefficients of a formal power series.
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Proposition 4.4:
Let V(z) and F(z) be matrix polynomials with:
V(Z)=Vo+V z+...+V 2™
F(z)=Ag+ A, z+...+ A 2"
along with A, nonsingular. C(z)=V(z)F'(z) can always be
developed into the following power series:

C(Z)=Co+C z+C2+... (4.7)

Proof:

let C(z)= ) C,z', we have:
(=Q

Vo - Cody
v, - C, A, + Co4h,

(4.8)

Vasr = Cuidy + Cpuad, + o+ Cod,

O = CA+C, A\ +...+C oA  k2m

(4.8) is a recursion that can always be solved since A, is

nonsingular.
(QR.e.d.).

The power series defined in (4.7) converges under the

following circumstances.
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Proposition 4.5:

Let N be the latent root of smallest modulus of F(z) (N is

different from zero since A, is nonsingular). The power series
(4.7) converges Ffor all =z such that |z|Sp< A and the

coefficients C, are given by:

1 f -a=1
C. T, rC(z):‘r dz (4.9)

I' is a circle of radius p.

Proof:

-1 - 1 ,
F(2) = gorregy @I F ()]

2 C(z)= V(z)ad}'[F(z)]&T}-‘(z_)

So the elements of C(z) are scalar rational fractions and
the denominator of each element is a factor of det F(z). So
all the elements of C(z) are analytic in I and we can develop

each one in Taylor series.
(Q.e.d.).

Corollary 4.6:

Under the conditions of proposition (4.5), the sequence of

coefficients C, is bounded as:

ICdsMp™ (4.10)

Proof:
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Let M=max|C(z)] ;: zel then using the Riemman definition

of the integral:

1 ds -
C. _f R 22 < Mot
| lszn r|C(Z)”z ||Z|S P

(Q.e.d.).

If now F(z) possesses the property I,, we can factorize it

and under this condition we can have a cancellation of factors
between the “numerator” and "denominator” of C(z). Keeping the

same notation as in definition 4.1, we can state:

Proposition 4.7:

Let F(z)=T,(2)F,.(z)= f,(z)ﬁ,(z) (property r,) and

C(z)=Q(z)F '(z) along with Q(z)=V(2)1,(z), then C(z) is analytic
for all z such that |z|sSp<|\.,| where N, is the latent root of

smallest modulus of F.(z).

Proof:
F(z)=T,(2)F (2) = F(2)T(2)
@ C(z)=V() (), (2)F, (2)
2  C(2)=V(2)F,'(2)
(Q.e.d.)
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4.6 A Generalization of Linear Independence.

The following definitions will be used in our work. In
this section, we show that matrix polynomials of a given
degree can be seen as elements of a left (right) module over

the non-commutative ring of square matrices.

Definition 4.2:

Let 3-(80.3,“N,Bn_0 be a block row vector (a rxmr matrix)

where each block is an rxr matrix. The set {3,.3,“”,3,) is said

to form a linearly independent set of block row vectors if and

only if the following matrix is of rank Kkr:

An easily proved proposition follows:

Proposition 4.8:

Let {Eljﬁz“u.ﬁ.) be a set of linearly independent block row

vectors, then:

AB,+A,B,+..+A,B,=0 @ A, =A,=...=A,=0

AeC™ ; n=1,2,....k
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The interest of proposition 4.8 is that it allows us to
write any matrix polynomial of degree less than m as a linear

combination of m linearly independent matrix polynomials. Let

us introduce the following notation.
Notation:
Let B(z)=B,+B,z+..+B,.,z2™' be a matrix polynomial. To

B(z), we associate the block row vector formed by it

coefficients E-(BO.B,““.Bnq)

We have the following relation between B(z) and B:

/
z/
B(z) = B
z'gl
zeC ; I=rxr identity

The above notation allows us to define linear independence

for matrix polynomials.

Definition 4.3:

The matrix polynomials B,(z).....B(2) are said to be

linearly independent if and only if their associated block row

vectors form a linearly independent set.
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Proposition 4.9:

Let B,(z).B3(Z),....Bn(Z) be a set of m linearly independent

matrix polynomials of degree m-1 and order r. Any  nmatrix

polynomial G(z) of degree m-1 or less and of order r can be

expressed In a unique manner &s:

G(2)= ) 8,B,(z) (4.11)
k=1
A.E Cr!r
Proof:
Let:
F‘gl 7
B,
B =
| B

Because of the hypothesis of the proposition, B is a

square nonsingular matrix. Thus the equation G=AB has a

unique solution.

(Q.e.d.).

A particular set of linearly independent matrix

polynomials is defined in Dennis et Al. ref.[7].
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4.7 A Generalization of the Power Method.

In this section, we are going to generalize Traub’'s
iteration using a Treppen like 1iteration [41]. Our
presentation of the Q.D. algorithm is essentially a
generalization of Stewart’'s paper on companion operators [37]
to matrix polynomials. Let us consider the following matrix

polynomial:
F(z)=2™A(z )=+ A 2+ A2 +...+ A 2" (4.12)
Ax are rxr matrices and Am is nonsingular.

To F(z) we can associate the following block companion

matrix:

0 ! 0 v 0 0 ]
0 ! v 0 0
C, = . , o - . (4.13)
0 0 0 v 0 /
| AL AJA, —AJA, o mAJAL, A AL

Since Am 1is nonsingular and (4.12) is comonic, this matrix

is nonsingular and has the following inverse:

-A, -A, ... =Ap, -An
! o .. 0 0

F =C;' = 0 J A 0 0 (4.14)
0 0 ! 0

It is clear that the spectrum of F is the same as the one

of A(MN) and is of course composed of the inverses of the

latent roots of F(z).
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To a matrix polynomisal B(z)=Bo+B,2+...+ B, ,z™", we

associate the block row vector §-(B°.B,NN.BM-J as in section

4.6.

We are going to apply the block power method to the block
matrix F. The iteration can be written more compactly as an

iteration between matrix polynomials.

Proposition 4.10:

If B =BF then

B (z)=z '[B(z)- B(0)F(2)] (4.15)

Proof:
In the equation (By,....Bm-1)=(Bo.....Bn-,)F, we use the fact
that B,=B(0). We obtain:

~Byl+By=0
-B,A,+B, =B,

~ByA,+B,= B:

-8,A, 'B;n-x

We multiply each equation respectively by =z°% z!,z%,...,z"™ and

we add them. The result is equation (4.15).

(QR.e.d.).

Notation:
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In the remainder of the thesis, we will sometimes use the

notation {EF}(Z) instead of the notation of equation (4.15).
Remark:

Equation (4.15) is the same as Traub’'s iteration (3.27).
The use of F instead of Ci comes from the fact that we are

using comonic matrix polynomials.

In the rest of the chapter, we will consider matrix
polynomials that have the property I, according to definition

4.1. So:
F(z)=T,(2)F(2)=F ()T, (2) (4.16)

where M (z)=/+M, ,z+...+M, ,2z* and F,(2)=/+A, 2%..+ Ap ne2™".

Let A, be the largest modulus latent root of M,(z) and A,,, be
the smallest modulus latent root of F,(z). We assume that

INel <|Aeerl. In this case F,(z) dominates M,(z). We have also:

0(F(2))Nno(N,(2))=2

0(F(2))Va(M,(2)) = 0(F(z))=0(C,)=a(F ")

From proposition 4.3, any matrix polynomial G(z) of degree

less than m can be written as:
G(2) = U(Z)F (2)+V (2)T,(2)
along with degU(z)<k and degV(z)<m-k.

For this particular factorization of F(z), we can define

two classes of matrix polynomials:
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P,={P(2)|P(2)=U(2)F,(z):deglU(z) <k} (4.17)

D, ={Q(2)1Q(z) =V ()T, (z):degV(z)<m=-k} (4.18)

It is not hard to show that if a matrix polynomial H(z)
belongs to ?, (resp. P,), then its image by the operator F
defined by (4.15) belongs also to P, (resp. P,). The case k=1

is particularly interesting.

Let F(z)=(1-L2)F,(z)=F,(2)(I-Rz). L and R being

respectively the dominant left soclvent and the dominant right
solvent of the matrix polynomial A(A). Let us consider also

the block row vectors associated with F,(z) and F,(z).

?1 ([ Ay s Ay mer)

=t — pa—
Fi=(l A 1sii Ay mey)
Applying the operator F to F,(z) gives:

(F\F}(2)=z"'[F (2)- F,(0)F(2)]
=z '[F\(z)- (I - L2)F (2)]

{F \F}(z)=LF (z)

In other words, ?l represents the span of a left invariant

subspace for the block companion matrix F.

FF=LF,

Applying now the operator F to F,(z) gives:
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{F,F)(2)=27'(F,(2)- F,(0)F(2)]

=z '[F(z)-F (2)(/ -R2)]=F ()R
The above relation can be rephrased as:
it -t
F,F=F (I®R)
which is the same as equation (2.24).

For the general factorization of F(z), the set P,

dominates P, in the following sense:

Proposition 4.11:
Let a,-aoF‘ with Q.(z)e®D,, then, Ffor any w such that:
lwl<p <|Aeet], we have:

K{F(w)lp™

jQu(w)| < =R

(4.19)

Proof :

We have:

Qa1 (2) = 27 [Qa(2) - Q,(0)F(2)]

Let us define the following rational matrices:
Huo(2)=Qu(2)F '(z). If we replace the definition of Qu., in H..,>»

we obtain:
H ooy (2)= 27" [H,(2)-Q,(0)]

However: H,(0)=Q,(0)F '(0)=Q.(0) because F(0)=/. Hence:
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H o (2)= 27" [H ,(2) = H,(0)] (4.20)
So if Ho(2)=Co+C,z+C,z%+... then H (2)=Co+Cray2+Co2%+..
Now, proposition 4.7 shows that H,(z) 1is analytic for
|z| <p <|Apei]. In this case, corollary 4.6 implies that:
ICul skp™

Thus, for |w|<p, we can write:

- ol Kp-“
H(w)s ) ko™ 'w|'S —=—
I [} I ‘-Z; p l I l_p-llwl

Since Q.(w)=H, ,(w)F(w) then:

[Quw)| S |H ()| F(w)l

KIF(w)le™®

= 1Q.(w)] s =
1-p7wl

(Q.e.d.).

Corollary 4.12:

Under the same conditions as proposition 4.11, If

Qa(2)= Qa0+ Qu12+...+Q,,,z! then

1QulSLp™ k=0,1,...,) (4.21)
Proof:

Any polynomial can be considered as a Taylor series around

zero. So we can compute the coefficients of Q,(z) from:
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1

- -&-1
Qu.s 2n}.fl._Q.‘(z):z dz

I' being a circle of radius r=|w|<p. Thus:

1 +ds
120l s 3 fleu 12 2

IQ-.&IS[K'F(w)'] 1 p"

1-p7Hwl f|wl*
Let
L= max KIE@NwIZ ) 61y
£ 1-p7Muwl
then
[QuslsLe™
(Q.e.d.).

Proposition 4.11 suggests that if we use the block power
method as defined by iteration (4.15) with an almost arbitrary
polynomial G(z) of degree less than m, then after a number of
iterations, the part of G(z) that belongs to P, will be
dominated by the part that belongs to ?,. As a consequence, we
can use a combination of matrix polynomials that will converge
toward an element of ®,. This is shown in more details in the

following theorem.
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Theorem 4.13:

Let G{®(z), i=1,2,...,k matrix polynomials of degree less

than m, define G®™(z) such that G¥ =G ”F* and F(z) as in
(4.16), then, wunder certain restrictionst on G®(2),
i=1,2,...,k, for large n, there exist rxr matrices

¢, 0, b, such that:

UP(z)= oM GV (2)+ ¢G50 (2)+ ...+ G (2) = 2" ' [1+ B 2+ BNy 2%+ ...] (4.22)

and if M1|<p<|hpd and |z|Sp then:

A

UM (z)- 2" F ()] = O( ) (4.23)

Proof:

Let GM(z)=PM(2)+ Q"M (), i=1,...,k along with

P(M(z)= P{)(z)+ PMz+...€ P, and QM(2)=QM+QNz+...eD, and let

(”) (n) (n)
Pl.o Pl.l Pl.k-l
MP = .
(n) (») (n)
Pt.o Pt.l P:.g-n

and

») (R) (n)
Qi.e Qi .- 1. k-1
N® - . . .
4
() tn) (r}
£,0 P B k-1

1 The restrictions will be defined in the proof.
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Let 3V =(e™,9%),...,9") be a block row vector of size

rxkr. We must have:

F(n)

$, (MPM+N™M) = (0,0,....0.1)

We have to show that the matrix M{M+N{® is nonsingular

for large n, so that 3?)is uniquely defined.
Let Fu(z)=I+A, 2+ A, ,z*+... and let us define H{*(z) such
that P™M(z)= H™(2)F,(z) (because P*(2)eP,). So we can write:

(n) - iR (n) (r} k-1
H{V(z)=H{ o+ Hz+...+H ;.2

Let us also define the following square matrices:

e 2~
A - o I At.l Ak.t-z
13
0 0 0 {
and
H® . HO
HYY -
HE . HEL,

We can see that M{®™=H{MA,.

Let us consider also the inverse of the block companion

matrix associated with M,(z): F,,. We can use it to perform a

block power iteration on matrix polynomials of degree

than  k, i.e. H =HF, with

less

H'(z)=z '[H(z)~- H(0)T,(2)].
Furthermore, if P(z)=H(z)F,(z), then P =PF gives:

- 72 -



P*(z)= 2z '[P(2)- P(0)F(2)]
P'(z)=z '[H(z)F ((2)= H(O)F ,(O)1,(2)F (2)]

P*(z)=z '[H(z)- H(O)1,(z)]F (2)
So we can write:

(BF)(z)=(HF, ) (2)F ()

and if P™(2)=H™(z2)F,(z) then P*V(z)=H{*'"(2)F,(2) along

with HVaHMF, =HFi.

Hence:
) ©ipa
Hp = H, l“n,
where:
€0) (0)
HY o .. Hia
(0}
H = . .. .
(0) (0)
Hio -« Hien

Finally, if H{? 1is nonsingular2, then MM will be

nonsingular and we have:
(M) = ALFRHE)
From (4.20) and corollary 4.12, we can write:
IN®|=00™) since  p <Myl

and from (3.3), the previous relation implies that:

2 This is the restriction stated in the theorem.
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- A
oy w] - of | 2

)

where € is an arbitrary small positive number ( less than

p). Thus there exists an integer N such that: for n>N M{®M+N®

is nonsingular and
(M + NP = B MET
with:

A

|s:”|-o( :

)

p' is practically equal to p (taking into account that €

is arbitrarily small).

To show (4.23), we introduce the following block column

vectors:

Gi(z) QiV(2) P{(z)

Gu(z)= ' Q(2) = ' P (2)=

G (2) QM (z) P (2)
We can write:

for lzl<p Q)| =007

and:
I A! 1 Ak.t-l At.t 1
P (Z)-H(,” / Ap ez Araea zl
R
0O o0 ! Aw, ey
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where the above matrix is a block Sylvester matrix. We can

thus write the following relations:

ez[“i"]-l?,(z) = 2" F L (2)
'el[M?)]-lP.(Z)l'O(l) for jek

where e,=(0,...,0,/,0,...,0) is a block row vector with k block

elements (each being an rxr matrix) and the jth block is an

rxr identity matrix. So:

UM (z)=3,7G (2) = e (M + N 6 (2)
=e (I +EMIMMTGL(2)

=e, (/+ ESNIMMIT (P(2)+Qu(2))
So:

U (z) = e [ MM P (2)+ e, EIMMT P (2)+ e (1 + ESNIMMTTQu(2)

-zt-lFl(z)"'Ku
where |K.|=0(A.70’|").

Thus, if the matrix polynomials G!* are selected such that

H{® is nonsingular and if |A.|<p<|A|, then, for |z|<p we

have:

limUM(z)=2""F (2)

RS

(Q.e.d.)

Remark: we have U{(0)=0 so (UMF)(z)=2z"'UM(2).

- 75 -



The set of polynomials defined by (4.22) 1is essentially
the same as Bauer’'s Treppen-iteration [41], but generalized to
block vectors. In [41] Wilkinson shows that the
Treppen-iteration is related to the scalar Q.D.. It is thus
normal that we find such relation for matrix polynomials.
Theorem 4.13 allows us to extract a factor from a matrix
polynomial F(z). The next proposition shows that it is
possible to generate the matrix polynomials UM (z)

recursively. However, we need the following definition first.

Definition 4.4:

We say that the matrix polynomial U®™(z) is well defined

if the corresponding matrix M®™+ N is nonsingular and if the

coefficient ¢{", is nonsingular also.

Proposition 4.14:

Let UM™z), UM™(z) and U™'"z) be well defined, then

there exists a nonsingular matrix Q™ such that:

2 UM(2)- U (2) = QMU V() (4.24)

Proof:

Let us compute =z 'U®™(2)-U'%z). According to (4.23) and

the previous remark, we have:
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2 UP(2) - U (=) = (BN - B

=(T®F)(z)-UL " (2)

Equation (4.22) implies:

-1
U(”(Z) U("”(Z) {[24,(.,-'(:)] }(z)_ Zq,::;'ll)cgnl)(z)

=

- 4’:.“()0:””"' Z(¢(” 4,5::1]))6(;01)(2)

So, we find that z 'U®™(z)-U*'(z) is a linear combination

of G™V,....6"™" and its lowest power is i-1. U"™'"(z) 1is well

defined, we can write:

UP(zym 2z e = @B () + L+ 0 NG M (2)

Let:
X= (ol - el el - e el
? (¢(l0|) ¢(A¢|). ¢(nbl))
So, we have:
XM+ NPT =(0,0,..., B0 - B
MO+ N2 (0,0,....0.7)
¥ being of rank r and M*V+N®" being nonsingular, the

above relation implies that B{-B{*!! is nonsingular. So,

X =Q"¥ along with Q"™ =8™-B"" nonsingular.

(Q.e.d.).

We can rewrite (4.24) as:
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Uffl’l)(z) - z'lufl)(z)_ Qf‘)Uf“”(z)

and this relation can be iterated if the whole table of
UM(z) is well defined. This generalization 1is given by the

following theorem.

Theorem 4.15:

Let the whole table U™(z), i=1,...,m-1 ,n=0,1,... be well

defined, then there exist unique constants rxr matrices

C{™(i,p) such that:

UL (2)=27°U®M+CM(, p)z P US (2) + ..+ CP(i, D)U S (2)  (4.25)

Proof:

Relation (4.25) is trivially verified for p=0 if we define
CM(i,p)=1. For p=1, (4.25) is just a rewriting of (4.24) with

C{M(i 1) ==-Q™.
Let us assume that (4.25) is true for p.
UL P (z) = 27 PUM(2)+ C(, p)2° T U (2) + ...+ (L, PIUS P (2)

multiplying the above relation by =z !, we obtain:

2 U (2= 27 P UM (2) + OV p)ZTPU T (2) L C(EL p) 2T UM P (2)
Using (4.24), we can write:
2 US P z) = UL P (2)+ QP UL P (2)

So:
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UL (2) =2 U (2)+ CM(L p)2 P U S () v C (L p) 2™ U P (2) - QDU 820 2)
However, U{;®»*'(z) can be expressed as:

UL N2y = 272U () » €L p) 2T U () -+ V(L PYUETT (2)
So, finally, we have an expression of U{;2;'(z) as:

USLE ()= 2P () + CIV (L p+ DU P (2)+ 1+ CPL (L p+ DU (2)

if we define the matrices C{(,p+1)by the following

recursion:

C.p)=1
CM(i, p+1)=Ci(i, p)=- Q&P Ci (i, p) (4.26)

J=1,....p+1

The uniqueness of the set of matrices C is demonstrated by

defining the following block row vector:

Y= (1.c¥, p)s....CE(EL P))
We can express (4.25) in block matrix form as:

! B .. Bf..l)’
(nel)
? 0 ! eee B(,p—l -(I,Bff;_pl)o-")
0 0 /

Since the block matrix on the left is nonsingular, Y is

uniquely defined.

(Q.e.d.).
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The set of matrices C for a given i,n,p can be constructed
from the recursion (4.28). Those coefficients can alsoc be used

to defined a new set of matrix polynomials. Let:
Vil(z)=1+CMW, p)z+...+CP(i, p)z* (4.27)

The comonic matrix polynomials V can be generated

recursively using the following algorithm:

Vi(z)=1

Vi (z)=V () -zQ P v,V (2) (4.28)

The matrix polynomials V are important because they

converge to factors of F(z) if the conditions of the following

theorem are satisfied.
Theorem 4.16:

Let F(z) be a comonic matrix polynomial of degree m and
order r that satisfies the properties I', and T',; k<1l. Let F(z)
have the following factorization: F(z)=N,(2)6,(2)F(z). Let
also N, be the latent root of largest modulus of MN,(z), Ag,
the latent root of minimum modulus of Gu(z), N, the latent
root of maximum modulus of G.,(z) and \,., the latent root
minimum modulus of F,(z) (degll,(z)=k and degl,(2)G.(z)=1). If

Ikg|<|kt'llslkl'<|kl’l|l then

Gulz)= l,‘il'!;l Vﬁff-.(l)

Proof:
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If we take the 1limit when n—=e® in theorem 4.15 (along with

izl and p=1-k), we find:

Um0 (z) = lm (27 C(L 1= k)z " e C(L 1= ))lim U0 (2)

R n

Using now theorem 4.13, we find:
F:(Z)'[l,.‘f'l V""'(z)]F((Z)

(Q.e.d.).

The recursion (4.28) for the particular case of p=1

generates the following first degree polynomial:
V()= 1-Qz
and this form of V provides the following corollary.
Corollary 4.17:
If F(z)=M,.,(2)(I-C'z)F,(z), F(z) has the property I, and
F,., and |Ae|< minAlS max [N <|\p.| then:
Aea(C)

hee(C)

limQ®™M=c™!

R

4.8 Relation with Dennis et Al. Algorithm.

Using the relation (4.24) given by proposition 4.14 with

i=1l, we obtain:
z U ()= U () = VUV (2)

Let Ul (z)=F(z), we have:
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2 U(2) - F(z) = QMU V(=)
We introduce now A=2z"' and A(A)=A"F(A"'), we find:
AN - AV =QVe ™ ()

with Gy =AU, If we define also

WM =AM (A™")). Corollary 4.17 shows under which condition
the above relation converges and at the 1limit, we have:
WM(A)=A/-L and G“(A)-G(\), the corresponding quotient (L
being the dominant left solvent). So we see that Dennis et Al.
algorithm I. 1is Jjust a special case of this more general

algorithm.
4.9 The Left Q.D. Algorithm.

In the previous section, we started the block
Treppen-iteration with an almost arbitrary set of matrix
polynomials G{®(z). Let us now use only one starting

=(0) "(O)F(-l
b

polynomial: G{”(z) and use G, =G, i=1,...,k. This implies

that G{™(2)=6{"""(=z).

For this particular choice of starting polynomial, the
conditions for convergence as stated in theorem 4.13 can be
expressed as conditions on G{”(z) only. However, the fact that
the starting polynomials are now related introduces another

recurrence relation among the matrix polynomials U{M(2).
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Proposition 4.18:

If UM (z), U™'(z) and UM (z) are well defined, then there

exists a nonsingular rxr matrix E™ such that:

Ut (z)- UM (z) = EMUS(2) (4.29)

Proof:

Let us compute the difference U™'(z)-U*(z). We have:

UL V(z)-UM(x)= eV () s 0 () - MG M ()~ - GI(2)
e VOG(2)Lr ETC (1) - 062~ -G ()

==+ (O - 0NCIT V(2 + (B - NG )+ 0 G T (2) = (B V- B X'
So, let
PETCL I NCHAET e NN C HARET TSI Host
We can write:
XM+ N =(0.....0, BNV~ BIY)

However, U{(z) 1is well defined, so ¥V=(¢% ,.....% .,

satisfies:
Y(MZ + N =(0....,0.1)
so X=(B™"Y-B"HYY and both X and ¥ are of rank r. So

EM=B"1-B" is of same rank and hence nonsingular.

(Q.e.d.)
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In this section, we have made the assumption that all the
matrix polynomials U{*(z), 1i=1,...,m-1, n=1,2,... are well
defined. In this particular case, we can combine (4.24) and

(4.29) to obtain the Rhombus rules (4.1).

Proposition 4.19:
Let all the table UM™(z) be well defined, then:
e E - Qe E

(R+1) p(n+1) (R) ~(R)
Q E, =EQ

i=1,....m=~1 ; n=1,2,..

Proof:

Since we make the assumption that the whole table defining
the matrix polynomials U{®(z) is well defined, then we can

write from (4.29):
2 UM N(2)- 2T UM (z) = 2 EMU S (2)
Using (4.24), we obtain:
AU (2)-QPUL N(2) = EMQNUE N (2)+ UL V() - U P ()« EMUS V' (2)
Now, from (4.29), we have:

Ufll‘l)(z) U(u*ZJ(z)- E(l‘l)u(ﬂ‘”(z)

V()= U (=) = BTV N ()

We obtain the following identity:
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[QiV+ BTV - QI - BV V() = [E{MQIN - QB UV (2)

The above expression is an identity between two matrix
polynomials of different degree. So, each term between

brackets must be identically zero.
(R.e.d.)

Using the above iterations, we can construct the @Q.D.
tableau (4.2). If we look back at corollary 4.17, we can see
that if some conditions are satisfied (the ones that are
stated in corollary 4.17), then the 1ith Q column of the
tableau converges. In this particular case, (4.29) shows that
both F{®} and E{® converge to zero. If a particular column E®
does not —converge to zero, we can extract factors by
generating the matrix polynomials V{*)(z) and use the more

general result of theorem 4.18.
4.10 An Existence Theorem for the Q.D. Algorithm.

The Q@.D. Tableau (4.2) as defined by the rhombus rules
(4.1) cannot be generated unless all the matrices Q, and E,
are nonsingular. This condition is satisfied if all matrix
polynomials U{"(z) are well defined. In this section, we are
going to show that is possible if and only if certain block

Hankel matrices are nonsingular.
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Theorem 4.20:

The d.D. algorithm exists for all n and all k if and only

if the following block Hankel matrices are nonsingular:

cn Cn'l te Cl‘l-l
H?)- Cn*l Clvz b Cn‘k
Cl*&-l Cu*t ant-z
for n=0,1,... and k=1,2,...,m and C, are the coefficients

of the formal power series:

Vi(2)=G{7(2)F T (2)=Co+ C iz +Co2% + ...

Proof:

We have proved (4.24) and (4.28) under the conditions that
all the matrix polynomials U{*(z) are well defined, 1i.e.

M{M+N{M is nonsingular and ¢{) is also nonsingular.

To obtain the Q.D. algorithm, we started the block power
method (4.15) with the m-1 degree matrix polynomial G{”(z) and

we used G (z)=G{V(2).

Let us define the following matrix rational fraction:
VMN(2)=G"(2)F ' (2)

We have seen in the proof of proposition 4.11 (equation

(4.20)) that:

anﬂ)(z) - Gqul)(z)F-l(z) - Z-I[Vf”(Z)" Vf”(O)]
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We can also write:

6{(2) = 6 (2) = V() F (2) = V™V (2)F (2)

with V{(z)=Co+C,z+C,2z*+.... Using theorem 4.13, we have:

UM = e GM(2)+ #0061 (2) %+ @G () = 2 T 4]

so
r) ) (r)
Glo Gia N

(n) ()
M®™+ NS¢ : : .

(r+2-1) (nek-1) (rek-1)
GI.O Gl.l i Gl.t-l

Thus from equation (4.8), we can wWrite:

C.  Cpuy oo Cuorey I A, A, ... A,

uaywa| G Cux oo Ca

CnOt-l Clvt o Cu‘zt-z 0
M+ N =HF,

F., being nonsingular, for a given n and k, the matrix

M{™+N™ is nonsingular if and only if H{"” is nonsingular. So,

in order to have the whole table of U{(z), H{" has to be

nonsingular for all k and n.
(n»)

In this case, we can have an explicit expression for ¢.7;.

We have:

B = (o0, 00 980 = (04, 0. DFHPT
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So, #{" is the last block row of F;'[H®M]™. F;! is a block

triangular matrix with identity matrices on the diagonal, ¢

must be the last block element of [H{™]'.

Let us express H{® as a function of H®.

Hﬁ”- (H:‘:)l Ay )

Az! Cuozt-z

CuOl-l
Cl’!
A= . An = (Cuer-1:Cruprviis Cragpny)
Cv:k—l
Since H{™, H{, and H™*?=(,.,.. are nonsingular, we

obtain:
* =M A, (MR )
So we see that ¢{*), is nonsingular for all k and n and thus
QY and E{™ are nonsingular for all k and n.
(Q.e.d.).
Since ${") can be expressed as a function of C,, we can

also give an expression for Q¥ and FE{¥. From proposition

4.14, we can write:
(R) o ORI g (asl) () _ &R grel)q]
¢t.t Q& ¢k.t = Qt ¢t.t[¢t.t

and from proposition 4.18, we have:



(R*1) _ 1~ (R) 4 (R) ) (u*l) ) -1
¢t.l E ¢t0l E*1 - El [¢t¢l.k‘l

Remark:

Since H{™=C, we find that ¢{*,=C;' and ¢V =C:}, so:

QiM=c.'C,., (4.30)
and this is the left Bernoulli's iteration.

Equation (4.30) provides us with an initial column for the
Q.D. iteration. If we use also the fact that E¥=0, we can

generate the Q.D. tableau by columns:

Column Generation:

E(.ﬂ) Q(R‘” Q(l) (l‘l” (4.310)

D =EPQESY (4.310)

The derivation of the above relations was done using
comonic matrix polynomials, however we can use directly the
Q.D. tableau for monic matrix polynomials. We should keep in
mind that the spectrum of a comonic matrix polynomial is

composed of the inverse of the latent roots of the

corresponding monic matrix polynomial.

So, if all E{® converge toward zero then, Ffor a monic

matrix polynomial A(A) of degree m and order r, we have the

following result:

AN = (M =Q))(M = Q,)...(M - Q)
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where the following dominance relation exists:
Q1>Q;>...>Qn>0

and the matrices Q, are the limits of the columns Q™ when

n becomes very large. This is just a consequence of corollary
4.17. If it happens that a particular column £ does not

converge, we can use the more general result of theorem 4.16.

In this particular case, we extract a set of matrix

polynomials using the relations (4.28) which can be rewritten

for monic matrix polynomials as:

el¢SLY

Glper = MG (N - QTGN (4.32)

Example:

Let us assume that A(A) is a fourth degree monic matrix

polynomial, that the Q.D. scheme exists and that
limEM=0,1imEPM =0, while E{® does not converge. In this case

A-® AS

we have a right factor of degree two that can be extracted

from A(\).

GIA(N)=1
GCMN)=AI-Q
GOL(A) = A =AQM - Q& A - Q%™

GUR(A) = AT = A[Q4+ Q5]+ Q4 IQYY

In this case, we have the following factorization:
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AN)= (M =Q )M =Q)(N*I-AC+ D)
along with:

C=lim QP+Qe™ ;D= lim QIQED

R A=

We also have the following dominance relation:

Q,>Q,
min |A]> max A
red(Qy) Aeca(A3r-aC+D)

However, the column generation of the @Q.D. tableau is
numerically unstable. This can be understood from egquation
(4.31a). If the Q.D. scheme converges, then in (4.31a) we will
be subtracting numbers that are almost equal. This will lead
to a catastrophic cancellation of significant digits. And
since the matrices E{™ converge to zero, we will be adding a
large error to a small number. A more stable way for
generating the Q.D. scheme will be studied in the next

chapter.
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Chapter 5

The Q.D. Algorithm:

Block Matrix Methods

5.1 Introduction.

In the previous chapter, we have introduced the Q.D.
algorithm using power series. The derived algorithm was shown
to be a generalization of Bernoulli's iteration. In chapter 3,
we have seen an equivalence between Bernoulli’'s method and the
block power method. In this chapter, we are going to present a
block matrix method which 1is a generalization of the block
power method: The block L.R. method. This technique 1is a
generalization to block matrices of Rustishauser’s L.R.
algorithm [41]. The interest of this presentation is that it
provides us with an alternate way to start the Q.D. algorithnm,

the row generation, which is more stable numerically.

In this chapter, we will present the Q.D. algorithm for
the more restrictive case of a complete factorization of a
monic matrix polynomial. We will present only the right Q.D.
keeping in mind that the left Q.D. algorithm can be derived by

transposition.
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Note:

All the block matrices that will be used in this chapter

have rxr square matrices as block elements.

The matrix polynomial that we will consider in this

chapter is:

AN =A™+ AN+ AL A+ A, (5.1)

AN = (M = Q)M =Qun-r)- (M- Qy) (5.2)
5.2 The Block L.R. Algorithnm.

In chapter 2, we have seen that monic matrix polynomials
have standard triples which define their spectral properties.
A important set of standard triple 1is the set of block
companion matrices (2.13) and (2.14). However, in our case,
since A(\) can be factored as shown in (5.2), we can use
theorem 2.12 and use the standard triple (2.37). The problem
that we have to solve in this section is to find a
transformation (or a sequence of transformations) that will
lead us from a block companion matrix to a block bidiagonal
matrix T, as defined by (2.37). The use of block companion
matrices is obvious since their elements are the coefficients

of the matrix polynomial.

Let us first consider the block lower companion form:

- 93 -



P,=[1,0,...,0] ¥, =

0 ! 0 0 0
0 0 ! cer 0 0
C,= . . . e . . (5.3)
0 0 0 e O /
~An Amy Amy . —A, -4,

In reference [321], it is shown that the block companion

matrix (5.3) is similar to a matrix in block Jacobi’'s form:

M,, I 0 .. 0 0 7
My, M,, I .. 0 0

M=| 0 My, My, .. 0 0 (5.4)
L_ o O 0 b Mn.n-l Mn.n_‘

Being block tridiagonal, M, can be decomposed (under

certain conditions) into a product of two block bidiagonal
matrices L, and R,. L, is a lower block triangular matrix with
identity matrices on the main diagonal and R, 1is an upper
block triangular matrix. By using a "block LR" algorithm, we

obtain a sequence of similar matrices M,:

M,=L,R, M, =R,L, (5.5)
( ! 0 0 0 0]
E™ 1 o0 0 0

L,={ O E® [ ... 0 0 (5.6)
| 0 0 0 ... ERY 1]




Kol 0 .. 0 0]
0 w7 ... 0 0
R.,=| 0 0 Q¥ .. 0 o0 (3.7)
L 0 0o o 0 Q]

By identifying M, =-R,L, and M,,~L[,,R,., we obtain the

following "rhombus"” rules:

(aerl) (n+l1} (n) (n)
h +E ' =QM+E}
(R+1) A (K1) (R) ~(n)
Ey t =QiakEy (5.8)
EM=ER=0

i=1l,....m=1 ; n=1,2,...

It is clear from the expression of L, that if the matrices

E™ converge to zero, then the block companion matrix C, will

be similar to the following matrix:

[Q, I O .. 0 0]
0 Q |/ 0 o

M=l 0 0 Q, 0 0 (5.9)
(0 0 0 .. 0 Qn]

The following theorem shows that under certain conditions,

the "block LR" algorithm converges.
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Theorem 5.1:

Let M,=XAX"' where:

R, 0 .. 0
A=| 0O R, ... ©
0 0 .. R

If the following conditions are satisfied:

a) dominance relation between R,: R,>R,>..>R.>0

b) X'=Y has a block LR factorization L,R,

c) X has a block LR factorization L,R,

then the block LR algorithm just defined converges (i.e.

L,=1).
Proof:

The proof is similar to the one in reference [30].

We have M,=L,R, and M,,,=R,L, thus:
My =L L LM L Ly L= E'M,F, (5.10)
Defining H,=R,R,.,...R, and using (5.10), we have:
EH,=M*: (5.11)

E, being a product of block 1lower triangular matrices

having identity matrices on the main diagonal, will also have
the same form. So E,H, is the block LR factorization of M? and
we will express M} as a product of a block lower and a block

upper triangular matrix. We have:
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Mi=XA*Xx"!
Mi=XA*L,R,

Mi=X(A*L A" Y(AR,)
Since the main block diagonal of I, is composed of

identity matrices, we can write:

A*L,A*=1+B, where B, 1is strictly block 1lower triangular

and the (i,3j) block of B, is:

R{L,R;* for i > j and O for i <3j.
Using condition a) and lemma 3.1, we have:

lim(B,)=0 (5.12)

Using condition c¢), we have also:

M:-kax(1+at)(AtRy)

Mi=L,(I+R.B,R"R.(AR))
since B,—- 0, then:

I+R.B R} and it will eventually have an LR

factorization for k large enough. Thus:

[+R.BR}=L,R, and both L, and R, converge to the identity

matrix. So:

Mi=(L.L)(RRAR,)
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We see that we have factored M} into a product of a block

lower triangular matrix and a block upper triangular matrix.

Then:
Ey=L,I, and H,=R,R A*R,
using (5.10), we finally have:
My, =L LM L L,
and as k-9, the limit is:
M=L'M,L =R AR
Thus the sequence {M,)} converges to a block upper
triangular matrix.
(Q.e.d.).

5.3 The Right Q.D. Algorithm.

in theorem 5.1, we have made the implicit assumption that
an LR factorization exists at each step. If such factorization
cannot be made, it will lead to a breakdown of the algorithm.
Furthermore, this theorem is too general for our purpose. It
is not directly related to the matrix polynomial. In this
section, we are going to rephrase theorem 5.1 in terms of the
matrix polynomial and 1its solvents. We need first the

following lemma.



Lemma 5.2:

The nonsingular block matrix A of size mrxmr has a unique
block LDU* factorization if and only if all leading block

minors A" of size krxkr, k=1,...,m are nonsingular.
Proof:

A particular factorization can be found by using a block

gaussian decomposition.

Let
All Al.n-l Alm
A= _(BH Blz)
An-l 1 An-l.m—l An—l.n Bzx Bu
Anl Am.n-l Am.m

where B, =A,.. and B, = A"

We can factorize A in the following form:
A= B,y B, _([ 0) A, O (1 )’)
B, Bp) \x 1)\0 4,)\0 1
In order to have a unique solution X and Y, B, =A™ hsgs

to be nonsingular. We can now repeat the same process on B,,,
which can have the same decomposition if 4!*® is nonsingular.

We reiterate this procedure until we arrive at k=1.

(Q.e.d.).

1L is a unit block lower triangular matrix, U is a unit block
upper triangular matrix and D is a block diagonal matrix.
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There is a converse lemma which will be stated without

proof.
Lemma 5.3:

The nonsingular block matrix A of size mrxmr has a unigue
block UDL factorization if and only if all trailing block

minors AY! of size krxkr, k=1,...,m are nonsingular.

Lemma 5.2 and 5.3 can be used now to rephrase theorem 5.1

in terms of soclvents of A(A).
Theorem 5.4:

The right @.D. algorithm defined by (5.8) converges under

the following sufficient conditions:
a) 3 m solvents R,,R,;,....Ry, such that: R,>R,>...>R,>0

b) the following block Vandermonde matrices are

nonsingular:

V(R,,...R:) i V(Rp-gers-++Rp) + k=1l,....om

Proof:

In order to show the convergence of the algorithm, we have
to satisfy to conditions a), b) and c¢) of theorem &5.1. Let C,
be the block lower companion matrix of A(A). If V(R,.....R,) is

nonsingular, then (from theorem 2.10):

R, 0 .. 0
V(R v RIC V(R .. R)=| O R, ... O
0 0 .. R
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So condition a) of theorem 5.1 1is satisfied. Condition ¢)
means that X=V(R,,....R,) has a block LR factorization.
According to lemma 5.2, this is possible if all leading
principal block minors X{* of X are nonsingular. To satisfy
condition b), X '=¥ must have a block LR factorization. This
means that X must have a block RL decomposition. X can also be
decomposed into X=U,D,L, if all the trailing principal block

minors X' are nonsingular according to lemma 5.3. Thus we

must have

X*aV(R,,....R,) nonsingular for k=1,...,m and

XPl V(R popor s Rp)BlockDiagonal(R: ,.,.....R%)
nonsingular for k=1,...,m.

(Q.e.d.)

Theorem 5.4 provides us with a convergence proof which is
a generalization of theorem 3.3. The reader should remark that
if the conditions stated in theorem 5.4 are satisfied then

Bernoulli’'s iteration converges to the dominant right solvent

R,.
5.4 The Row Generation of the Q.D. Tableau.

We have see in the previous chapter that we can generate
the Q.D. tableau by columns starting from the column produced
from Bernoulli’s iteration. In section 5.2, the initial block

tridiagonal matrix (generated from the matrix polynomial by
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the algorithm in reference [32]) corresponds to a generation
of the tableau by diagonals. In this section, we are going to

see that we can generate the @.D. tableau by rows.

The main problem that we have to solve 1is to find a
transformation from a block companion matrix to a block
tridiagonal matrix. We are going to use block LR
decompositions starting from a block companion matrix. So let
us consider the following standard pair (the block 1left
companion form):

Py=[1.0,...,0]

— —

-A, I 0 ... 0
-A, O I 0

Cam| . A . (5.13)
-An., 0 O /
| -4, 0 O 0 |

Cy is similar to C, defined by (2.14). The transformation
matrix is the following permutation matrix:
0 0 o I
0 0 I 0
Pe=
I 0 ... 0 O
The transformation we seek is a sequence of LR

decompositions. Let:

.- Cny Ci _[1 O][A B]
P {Cy Caxn X Ijlc D

where:
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-A, I ... 0
Cu= : v o Gy
~Apo, 0 ... 0 /
Ciz=[-An.0,...,0] C,,=[0]
We want to have C=0. Let:
X=X, Xpoon X 4]
we obtain the following set of equations:
XA XAy m i~ X A=A,

X,=X,=..m X p=0

Xpo+D=0

Finally, we obtain the following decomposition for Ca:

(1 0 ... 0 0 o[ -4v 1 .. 0 0 ]
[ .. 0 o ol -4, o .. 0 0
Com| - - o . . . . v e .
0 0 .. 0 i ol ~4p., 0 ... © [

[0 0 . 0 ApAll Il 0 0 .. 0 =AnA7 ]

It is understood that we have made the implicit assumption
that A,., is not singular. C, has been decomposed into a

product of two matrices:
Cs = Lom-yR-(m-2y
let:

Cs = Rom-aslogm-2y
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Cs is similar to C, and the transformation does not modify

P;. We can continue this process on the block C,,. So, if all
the coefficient A, of the matrix polynomial are nonsingular,
we can start the LR algorithm from C, and we obtain the

following decomposition of C,:

Cs = Lom-gyl-m-3y+-LoRo

where:
- A, I 0 0 0 ]
0 =-A,A]" I 0 0
Ry=
0 0 0 An, AL, [
. O 0 0 0 -A,,,A,',,’_u
[ 0 0 0 O]
A,ATY 10 0 0
Ly= 0 o / 0 0
L 0 0 0 0 I
[/ 0 0 0]
]l 0 0 0
L,=1 0 A,A;' 1 0 0
0 0 O 0 I
etc... This set of matrices have the same format as in
equation (5.6). So, it means that we can start the Q.D.
algorithm with:
EP¥ = A, Ay 0 EVVeAGAY o L ESMP e Al (5.14)

and we deduce that:
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Q=-4, : QIP=0 : ... ; QK™Map (5.15)

Equations (5.14) and (5.15) provide us with the first two
rows of the Q.D. tableau (one row of @'s and one row of E’'s).
So, we can solve the rhombus rules (5.8) for the botton
element (called the south element by Henrici [17]). We obtain

the row generation of the Q.D. algorithm:

(el @ gy ptm EiY (5.16a)
ED a @ gy (5.160)
As a conclusion, we can state that given a monic matrix

polynomial A(AN) as in (5.1) with all its coefficients

nonsingular, we can generate the following Q.D. tableau:

-A, 0 0
0 A A7 A A

Qs Qs
0 EY E©

Qs o
0 E® E

Q5 Q5"

We have proved theorem 5.4 starting from the lower
companion pair C,, P, and the Q.D. tableau has been generated

from C,, P,. However, C, and P, are given by:
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C, = PC,P P, = PP,

and from Gohberg et Al. [10], it is shown that:

c, = BC,B™! P, = P,B”!
where:
[(An-y Ap- Ay 1]
An-z An-a I
B= .
A, I 0 0
7 0 0 0]
So:

( / 0 0 0]

Al 1 0 O

PB=| A, A, / ... O
_An-l An-z An-s 1_

In theorem 5.4, we can see that the transformation matrix
is a product of PB with the block Vandermonde matrix. So the
conditions of theorem 5.4 remain unchanged because all the

principal block minors of PB are nonsingular.
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Chapter 6

Local Methods

6.1 Introduction.

We have developed in chapters four and five a global
method for the factorization of monic matrix polynomials.
However, the Q.D. algorithm is only linearly convergent. It
can have a very slow convergence. This is why we will wuse it
only as a first step for a two stage algorithm. It will be
followed by a fast converging method derived from Newton's
method [6,23,34]: Broyden’'s method [8]. The proposed algorithm
enjoys superlinear convergence but needs an initial
approximation that is quite close to the solution (see

definition 3.1).
6.2 General Definitions.

In this chapter, we are going to change the statement of
the problem. Instead of looking for general factors, we are
going to look only for right linear ones. In this case, we can
invoke the remainder theorem (corollary 2.2) and use the
equivalence given by relation (2.22). So, for the monic matrix

polynomial A(A) of degree m and order r, we have:
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Ap(X)=0 iff AN)=QNY(NI-X) (6.1)
where:

Ag(X)= X"+ A, X" s .+ A, (6.2)

and A,(X) is the right evaluation of A(A\) at X according

to definition 2.3. A, is a nonlinear operator that maps the
space of square rxr matrices onto itself. Since the space of
complex rxr square matrices is a Banach space under any matrix
norm, we can use powerful results from functional analysis
[22,43]. This space is also a finite dimensional space and as
such the equation A,(X)=0 1is a set of r2 nonlinear equations
with r2 unknowns. In reference [6], Dennis et Al. provide the
general theory for solving this type of problems using Newton
and secant methods. From functional analysis, we have the

following definition for a derivative [43].

Definition 68.1:

Let B, and B, be Banach spaces and F a nonlinear operator

from B, to B,. If there exists a linear operator L from B, to

B, such that:

| FCOX+H)-F(X)-LH | = o(lHI)
H,XeB, F(X),LHeB,

then LH is called the Frechet differential of F at X and
Is written dF(X,H). L is called the Frechet derivative of F at

X and Is written as %(X).
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The Frechet derivative is also called strong derivative by
Kantorovitch et Al. in [22]. This concept of derivative is
used by Kratz et Al. in [23] to prove the convergence of
Newton’s method. We can relate the Frechet derivative concept
and the Jacobian of a vector valued function of a vector by

introducing the "vec" operator [13,28].

Definition 6.2:
Let X be an rxr matrix of complex numbers:
xll e xlr

X, ... X,

then x = vec(X) is a r2 column vector consisting of the

columns of X written one after the other:

x = vec(X) =

The vec operator can be used because we are working in a

finite dimensional space. We obtain the following result:

vec(dF(X.H)) = J(x)vec(H) (6.3)
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where F is a nonlinear operator from the space of rxr
square matrices to itself, dF(X,H) is the Frechet differential
of F at X, x=vec(X) and J(x) is the Jacobian of the r2 column

vector valued function vec(F(X)).

The vec operator can be used also to rephrase the initial

problem.

The problem that we have to solve is to find an rxr matrix
X such that A,(X)=0. Let x = vec(X) and f(x) = vec( A(X)),

thhen the problem that we have to solve becomes:

Find x e€C"” such that f(x) = 0, 1i.e. solve a set of r2
nonlinear equations with r2 unknowns.

At this point, we can derive the expression of the Frechet
differential of the right evaluation of the matrix polynomial
and as a consequence of (6.3) the expression of the Jacobian

matrix of the function f(x).

In reference [23] and 1in reference [34], we can find the
following -expression for the Frechet differential of A,

evaluated at X:

dA(X . H) = iB,(X)HX"" (6.4)
t=1
where:
2-1
By(X) = ) A XTI (6.5)
1=0
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Using the properties of the vec operator (see reference
(13,26]), we obtain the following expression for the Jacobian

of f(x):

Jx) = STyt e ) (6.6)

kel

As a general remark, we can see from the expression of the

Jacobian of f(x) that it is quite expensive to evaluate and

furthermore that it is an r2xr2 matrix.

The numerical methods that we are going to vuse will
produce a sequence of matrices (or vectors if we use the vec
operator). This sequence will ultimately converge to the
solution. The speed of convergence is an important factor in
the selection of a particular numerical procedure. So, we

present in this section some important definitions.
Definition 6.3: (order of convergence)

Let B be a Banach space and x.eB, x,€B, k=0,1,2,... then:

the sequence ({(x,}={xo.X,,X;,...} Is said to converge to x.

if:

limfx,-x.] = ©

kow
If 3ce€l0,1[ and an integer N20 such that:
Yk2N  Jxp., - x| Sc|x, - x.)

then {x,} is said to be g-linearly convergent to x..

- 111 -



If for some sequence of positive numbers {c,} that

converges to zero, we have:

[%ei-x] <€ e, ]%,-x.|
then {x,} is said to converge g-superlinearly to x..

If 3p>1, ¢>0, p.ceR and an integer N>O such that:

limx,=x. and Vk2ZN |x,.,-x.|Sc|x,-x.|*

£ X

then {x,} iIs said to converge to x. with order at least p.

If p =2 o0orp =3, the convergence is said to be g-quadratic

or g-cubic respectively.

In order to present the methods, we need also the

following notations.

Definition 6.4:

Let g be a mapping from a Banach space B to itself. We say
that g is Lipschitz continuous in WCB with constant Y If for

every x,yelW, we have:
lg(x)-g(x)l < ylx-yl
As a notation, we use: gelip (W).
We define also the neighborhood of a point x in B by:

N(x.p) = {(yeB | ly-xi<p}
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6.3 Newton 's Method.

All the published 1local methods for finding the solvents
of a matrix polynomial use Newton's method. This method enjoys
q-quadratic convergence for solvents for which the Jacobian is
nonsingular. The most general convergence theorem is given by
Kantorovitch in reference [22]. Kratz et Al. present a
particular proof of convergence for the special case of right
evaluation of matrix polynomials in reference [23]. However,
in our work, we are going to present Dennis et Al. theorenm (B8]

because we are going to use it for the next section.

The Algorithm:

Given f(x), an n-dimensional vector valued Ffunction of an
n-dimensional vector x, with Jacobian J(x) (it is an nxn

matrix) and an initial vector x,, at each iteration, we solve:

J(x,)s,=-f(x,) (6.7a)
Xpoyp ™ Xp*+S, (6.7b)
The convergence is given by the following theorem:

Theorem B.1:

Let f(x):R*"-R" be continuously differentiable in an open
convex set DCR". Assume 3Ix.e€R" and p,B>0 such that N(x.,p)<D,
f(x:)=0, J'(x.) exists with |J ' (x.)|$B while JeLip (N(x..p)),
then there exists €>0 such that Ffor all xXo€ N(xX.,€), the

sequence generated by:

- 113 -



Xpa = Xy=J (%) F (%) k=0.1,...
is well defined, converges to x. and obeys:

|0 -x.] € Bylxe-x.}? k=0.1,...
Proof: see Dennis et Al. reference [6].

Theorem 6.1 simply states that if the Jacobian is
nonsingular at the solution, then Newton's method converges
quadratically to the solution if the initial approximation Xo
is close enough from the solution. The Lipschitz continuity of
the Jacobian of f(x) = vec( A,(X)) can be proved by noticing
that the elements of this Jacobian are polynomials with r2
unknowns and as such they are continuously differentiable. So
the above theorem is immediately applicable to right
evaluation of matrix polynomial with the following

adjustments:

n = r2, f(x) = vec(A(X)), x = vec(X), J(x) evaluated by

(6.8).
6.4 Broyden s Method.

We can see that the use of Newton's method means that we
have to evaluate the Jacobian J(x) and the function f(x), then
we have to solve a system of r2 linear equation at each step.
So Newton’'s method has a quite high computational cost.

Broyden’'s method is a generalization of the secant method to
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the multivariable case. It is shown in [6] that it has only a

superlinear convergence rate. However, it |is much less

expensive in computations for each step.

The Algorithm:

Given f(x), an n-dimensional vector valued function of an

n-dimensional vector x, an initial approximation xo, and an nxn

matrix A,, at each iteration, we compute:

Xpoy = X, = AF'f(x)) (6.8a)
(Ye= Aps,)s]
Aoy = Ay + T (6.8b)

Ye = f(xXp) = f(xp)

Sg = Xpoy - X,

The convergence is given by the following theorem:

Theorem 6.2:

Let all the hypothesis of theorem 6.1 hold. Assume also

3€,6>0 such that, if |xo-x.l,8¢ 1 and |A,-J(x.)|,$6 2, then the

Sequence generated by Broyden's algorithm is well defined and

converges g-superlinearly to x..

Proof: see Dennis et Al. reference [6].

Theorem 6.2 states that we have to provide not only a good

approximation of the solution but also a good approximation of

the Jacobian evaluated at the solution. Its applicability to

1|'.L is the Euclidean norm.

2 This is the induced matrix norm.
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right evaluation of matrix polynomials is the same as the
previous theorem. We can remark also that the evaluation of
the Jacobian is avoided in Broyden's method (aside from
initializing the algorithm). Step (6.8a) implies the solution
of an r2xr2 system of linear equations. This computation can
be avoided if we calculate directly the inverse of the matrix
A, at each step. This can be accomplished by using the

Sherman-Morrison-Woodbury formula as stated in [(B6].

Proposition 8.3:

Let u,vueR" and let the square nxn matrix A be nonsingular.

Then A+uv’ is nonsingular if and only if:
0 = 1 + vTA 'uwo

Furthermore:
(A+uv™)' = A”-%A”uNA” (6.9)

The use of (8.8) in (6.8b) provides directly the following

update for the inverse of the matrix A4,:

(sa=Ar'y,)st Ay
STAY'Y,

A;:l - A;l +

(6.10)

The use of (6.10) requires 0(n2?) operations (0(r4)) then
the update (6.8a) requires only an additional O0(n2) (0O(r4)

operations since it is only a matrix vector multiplication.
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Chapter 7

Implementation and Numerical Results

7.1 Data Structure.

In order to test the algorithms described in chapters
four, five and six, we have developed a set of computer
programs. The language used is VAX-11 FORTRAN which is a
dialect of FORTRAN-77.

The first problem that we had to solve was to provide an
appropriate data structure to represent matrix polynomials. We
have opted for a three-dimensional array. We made use of the
fact that FORTRAN stores arrays in column major order. So to a
matrix polynomial A(A) of degree m and order r, we associate
the array A(l:r,l:r,1:m) 1 (The coefficient A, is not
represented because we are using monic matrix polynomials).
The last index in A(I,J,K) is used to point to a particular
matrix coefficient while the first two ones point to a

particular element of this matrix.

We have also made use of the fact that FORTRAN passes data

to subroutines by reference.

1 This represents an rxrxm array.
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Example: A, in A(\) is passed as A(1,1,2) to a particular

subroutine that will process it.
7.2 The Q.D. Algorithm.

The Q.D. algorithm basic iteration uses two
three-dimensional arrays as input (Q and E) and produces two
other ones as output. We have selected the row generation
algorithm of chapter five. Our implementation uses also an
in-place computation: the output 1is produced in the same

arrays that are passed as input.

The row generation of the Q.D. tableau is selected for the
following two reasons: numerical stability as discussed at the
end of chapter four and the fact that rows have finite size
while columns do not. So Q@ and E are declared as

Q(l:r,1:r,1:m) and E(l:r,1:r,0:m).

We have seen that there exist two Q.D. algorithms: one
that factorizes the matrix polynomial from the right and one
that factorizes it from the 1left. So, we have provided two
different subroutines: QDRF and QDLF for the right and left
factorization respectively. Those two subroutines are

straightforward applications of the formulas (5.18).

right factorization:
Q= QI+ EM - £ (5

ED - QW EMIQ ] @.1)
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left factorization:
QY= QM EM-EXY

- + =1
E," ”"[Qf“ 1)] E‘(A)Q‘(ﬁ (7.2)

n is the iteration counter. In order to appreciate the
convergence of a particular algorithm, we have coded a real
valued function called AMAXNORM which produces the modulus of

the largest element of a two-dimensional array.
Cost of a Q.D. iteration:

We have used LU factorization in order to compute the
solution of a linear matrix equation AX=B or XA-=B. (A, X and B
are rxr square matrices). So, from formulas (7.1) or (7.2),
for a matrix polynomial of dedree m and order r, we have
0(2mr2) additions and O(g(n—l)ra) multiplications for each
iteration (see reference [6,18,20]). For most machines, it is

the multiplication time that dominates the computation time.
7.3 Broyden s Method

Broyden’s method has also been coded as a straightforward
application of formulas (6.8a) and (6.10). The initial value
of the matrix A, in those formulas is taken to be the Jacobian
evaluated at the initial approximation. The function f(x) is
of course computed as vec( A,(X)) and the variable x is equal
to vec(X). So, we have provided a subroutine that transforms
an rxr square matrix into a r2 vector (one-dimensional array).

The right evaluation of a matrix polynomial Ax(X) is computed
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by Horner’'s algorithm (see equations (2.23)).
Cost of a Broyden's method iteration:

For a matrix polynomial of degree m and order r, the cost
of one iteration seems to be mostly dependent on the order r.
The degree m appears in the cost only in the evaluation of
f(x) (computation of A,(X)). So, from chapter six, we have
O(kr4) multiplications for the evaluation of (6.8a) and
(6.10). To this number, we have to add O((m-1)r3)

multiplications for the evaluation of f(x).
7.4 The Complete System.

The complete program starts with the Q.D. algorithm. It is
then followed by a refinement of the right factor by Broyden's
method. After deflation, Broyden’s method 1is again applied
using the next @Q output from the @Q.D. algorithm and the
process is repeated until we are left with a linear term. Of
course, this process can be applied only to polynomial
matrices that satisfy the conditions of theorem 5.4 (i.e.
complete right and 1left factorization and complete dominance
relation between solvents). In cases where those conditions
are not satisfied, we extract second order matrix polynomials

using equations (4.32).

We can see that, for a complete factorization, we have to
run the @.D. algorithm for N iterations then we have to use

m-1 times Broyden’'s method and perform m-1 deflations. It is
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quite difficult to find an optimum value for N. We must not
forget that Broyden’'s method needs a good approximation of the

solution in order to converge.
7.5 Numerical Results.

To provide a reliable test of the proposed algorithms, a
quite large number of matrix polynomials have been used. Some
of them have been constructed especially to show a particular
property of the algorithms while others have been generated

randomly.

The first matrix polynomial has been used in reference [8]
and in reference [14]. This polynomial is not very informative
on the matrix @.D. algorithm because its coefficients commute.
So basically, it behaves as a scalar polynomial.

-6 6 2 -42 18 66
3 2
A4, (A) k'”‘(-a -15)”‘(21 65 )+(—33 -81)

After 30 iterations of the right Q.D. algorithm, we obtain
|E¢| =6.053107* and |E{™|=1.86310° (The norm used is the one
computed by the function AMAXNORM). We obtain the following
factors:

Q¥ - (3.99999 - 2.00002)
1.00001 7.00002

(30) _ (Z.OOOOI -1 .99998)
0.99991 4.99998

(”,_(0.1810" —2.00000)
? 1.00000  3.00000
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Because of commutativity, the left @Q.D. algorithm will
produce essentially the same factorization. The only
difference is attributable to round-off error. In this case,

we obtain the following approximate factorization:
A (M) = (M =QE (AT = QP (AT - QP

The next example (from [34]) is more informative:

4 2 12 11 19 14
A(N) 7\.1"'%.(_2 7)*)"(—2 28)’(16 36)

Using the right Q.D. algorithm, we obtain the following

tableau:

1) N - N U B P

n
0 6.687S  1.86S 0 1
0 11.15 1.26 0 2
0 8.656 0.137 0 3
0 4.99510°° 0.729 0 27
0 2.86310°°* 1.03 0 28
0 1.26510™® 0.88 0 29
0 3.76610°% 0.26 0 30

It is apparent from the above tableau that the E{ column

does not converge. So, we extract the following matrices:
@9y [ 5.40678 —5.47458)
Q -
! 13.491S -9.40678

@9 _ ( -7.09819 3.50457)
2 -10.1949 4.46236

o _ [ ~2.30859 -0.2999810")
? -1.29662  -2.05558
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and:

0% o 5.40678 -5.47458
! 13.4915 -9.40678

(30) _ -7.35051 3.61065
2 -11.0796 4.83318

ooy [ —2.05627 -0.136071
3 -0.411944 -2.42640

It is manifest from the results that A,(N) can be factored

only as a product of

a second degree polynomial and a linear

one:

A(N)= (NP1 =C )+ D )(N = Q)

where C, and D, are evaluated according to (4.32)

transposed.
€= Q5™+ Qg™
30 29
D, "Q(a )Q; !
Giving:

9.40678 -3.47458) (15.9831 -7.81356
2y _ - 2
Aa(R)=NT=C,A+D\ =) “"(11.4915 -2.4-0678)+(27.6610 —12.2712)

We can check the convergence of the algorithm by comparing

the spectra of the factors with the spectrum of A(N). Using

the QR algorithm [41] on the block companion matrix of A (N),

we obtain the following spectrum:
0(A;) = {(-2.0+/4.3589,-2.0-/4.3589,-1.5+/1.65831,-1.5-1.65831,-2.0,-2.0)

and the factors have the following spectra:
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0(Q{™) = (-2.0+,4.3589,-2.0 - j4.3589)
6(Az)={-1.5+/1.65831,-1.5-1.65831,-1.99994, -2.00006})

We remark a total agreement between the spectrum of the
matrix polynomial A,(A) and the one of its factors as computed

by the right Q@.D. algorithm.

Similarly, the use of the left Q.D. algorithm on the same
matrix polynomial shows the same type of convergence (|E™|
converges to zero while |E{| does not). So, after 30

iterations of the left @.D. algorithm, we obtain:

-1 -5
(29)
(7
29 _ ( -0.642995  3.02245 )
* "\-0.917371 -1.99283

9y _ [ ~2.35701 -0.224474 10")
3 -1.08263 -2.0017

and:
-1 -§5
(0)
Ql (4 _3)

(”)_(-0.5094-38 3.3275 )
z -1.13930 -2.00789

00 _( -2.49056 - 0.32752410")
3 -0.860699 -1.99211

We make use of (2.32) to obtain:
A(N)= (AT =QP (N1 -C A+ D))

where:
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C,=QE + Q™

D, = QEmQs™

3 -3 -1 -6
An(k)-kzl-KCz+Dz-x’I+k(2 _4)+(4 4)

Let us now consider the combined application of the Q.D.

algorithm and Broyden's method. The considered matrix
polynomial is:

-6 -3 12 11} (-9 -12
- 2
As(M) "'”‘(-1 -6)”‘(4 13)*(-3 -a)

15 iterations of the right Q.D. algorithm produce the

following matrices:

QU ( 2.99752 2.02064)
! -0.18573010"' 3.15478

2 1.01851 1.84523

1o _ 1.00066 1.00002 )
S 0.59907910™* 0.999999

as (2.00182 - 0.206580 10") |

Using Q{'"® as initial approximation for a right solvent,

Broyden s method needs 13 function evaluations to produce:

3 2
oF -0.18103310°° 3

We deflate A/-Q, from the right of As(N) to produce:

i -3 -1),(3 2
Ay (N)=A 1+x(_1 _3) (1 2)
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We use now Q{'® as initial guess for the right solvent of

An(M). In this case, Broyden’'s method produced the following

result after 14 function evaluations:

2 0.33997810°"°
Q.= 1 2

The last factor is of course obtain by deflation from

Az (M)

1 1
Q"(o.27371310" 1)

For this particular matrix pelynomial, we have thus

obtained the following factorization:

As(N) = (A= Q3) (M = Q) (M =Q,)
1 1 2 0 3 2
'(“'(o 1))(“’(1 2))(“'(0 3))

We have considered as zero any number less than 10°°.

We will obtain an alternate factorization if we use the
left @.D. algorithm. After 20 iterations of the left Q.D.
algorithm, we obtain:

Q™ (-3.13121 - 9.25156)
! 4.08525 9.16344

(zo)_( 4.13207 4.25326 )
2 -1.08570 -0.164324

a0 _ [ 4.99914 7.99830)
3 -1.99955 =-2.99911
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We should point out that now Q{® is the approximation of

the right solvent. So, we use it as an initial value for
Broyden’'s method. We obtain the following matrix after 7

function evaluations:

@-(5 %)

Deflating A/ -Q; from the right of A,(A), we obtain:

-1 S -3 =12
Aau.()»)')\.zl*)\.(_a _9)*(7 16)

Using the above matrix polynomial and starting from Q{,

Broyden's method need s 10 functions evaluations to produce:

4 4
Q. -1 -0.929954107'°

The dominant 1left solvent is obtained by deflation from

As(N) .

3 9
Q"(—4 -9)
So, we have obtained the following factorization for

As(N):

As(M)= (M =-Q)M - Q)(M =-Qy)

(- (3 N2 )5 %))
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The next example is the same matrix polynomial as the one

given in example in chapter 2, but with a shift in order to

avoid singular coefficients (we can thus start the algorithm).

6 1.41421 12 4.6568S 8 3.65685
- <] 2 K
Ay(A)=A ”"(1.41421 6 )" (6.65685 12 )+(7.6‘5685 8 )

It has the following spectrum:

a(A)=(-1,-1,-2,-2,-3,-3}

10 iterations of the 1left @Q.D. algorithm produce the

following tableau:

-5 O Ul TR V-3 I V2o IO
0 0.6 0.3 0 1
0 0.3 0.24 0 2
0 0.410"" o0.17107" 0 10

giving:
o) (-5.56925 -1 .53491)
Qi 0.203550 -2.4012S

(-2.10532 -0.156707)
0.4956510' -1.91053

(- 0.325425 0.277404 )

(10)
2 -

(o)

S -1.66733 -1.68822

Q{” is an approximation of a right solvent. Broyden’s

method needs 10 function evaluations to refine it to:

-0.292893 0.292893 )
S -1.70711 -1.70711
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and |Ax(Qs)|=0(10™"). After deflation, we obtain:

.707 1.707 414 .
A“(k)-le'*)\.( 5.70711 11)+( 7.41421 341421)

-0.292893 4.29289 -0.585786 4.58579

Broyden's methods needs 11 function evaluation to refine

Qe to:

0 ( -2 0.210")
2 \-0310" -2

and the right evaluation of A,(A) at Q. produces a matrix

whose elements are no greater than 10°. Another step of

deflation produces the dominant left solvent:

_(-3.70711 -1.70711
2 0.292893 -2.292893

The next polynomial has been constructed to have a triple
latent root. This should prevent the Q.D. algorithm from

converging.

-6 -4 13 13} (-12 -1IsS
3 2
As(A) "“"(-2 -5)”‘(8 13)+(-6 -9)

-(r-(o D)= D) 3))

The constructed spectrum can be read directly from the
factored form of the matrix polynomial. However, the computed

spectrum (using the QR algorithm) does not contain any triple

root:

0(Ag)={3.0+;1.881077,3.0-,1.881077,2,1,1+/10°%,1-;10"%}
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After 11 iterations, the right @.D. algorithm produces:

o ( 2.99993 3.01106)
: -0.728529107° 3.02694

an (2.24182 - 0.133381)
: 2.02353 0.961442

an L 0.758246 1.12232
3 -0.228005107" 1.01162

We can remark that Q{'"’ is a good approximation of the

right solvent. However, Qf" and Q{" are both gquite far from
the correct factors. Starting from Qi as initial
approximation, Broyden’'s method needs 10 function evaluations

to produce:

3 3
o3 0.7107*° 3

After deflation, we obtain the following matrix

polynomial:

. -3 -1) (4 1
A,,(k)-k1+x(_2 _2)+(2 1)

Using Q" as 1initial approximation, Broyden’'s method

applied to Agq(A) needs the impressive number of 62 function

evaluations to produce:

1.99945 0.27475107°
Q.= 2 1
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Newton s method needs 30 iterations to produce the same

result. So, we can see that for this particular case,

Broyden s method, even though slow, is still more economical

than Newton’ 's method.

The left solvent is produced by another step of deflation:

0 1.000SS 0.999725
¥\ -0.30195510°° 1

The spectra of the factors are:

0(Q,) = {3.2.9999}
0(Q,) = {2,0.99945)

0(Q4) = {1.00027 + j4.8107*,1.00027 - j4.8107*}

We remark a close agreement between computed spectra.

It appears from the previous example that if the
multiplicity of a latent root exceeds the dimension of the
matrix polynomial, then the local methods (Broyden and Newton)
have slow convergence. So this case affects adversely both
local and global methods (The Q.D. algorithm can converge

because round off will create the needed dominance relation).

The last example is a fifth degree matrix polynomial that

has been generated randomly.

12 8 S 8l

1 10 4 0) (100 1
2
K(IO 2)”‘(0 2)*( 1 100)

A.(k)-x’1+x‘(l 2)+x’(20 3)+

- 131 -



After 21 iterations of the right Q@.D. algorithm, we obtain

the following tableau:

Ul I Ve I |EL LE] |EL n
0 17.98 2.410* 353 0.29 0 1
0 11.9 0.2 35.3 0.3 0 2
0 17.8 21072 1.05 9.5 0 3
0 6.3410™* 29107 39.2 5.7 0 21

The above tableau shows that the first two @ columns
converge, so we can extract two linear factors at the right of
Aq(\) and that there will be a third degree factor on the

left.

The output of the Q.D. algorithm is:

o (4.26379 —2.829‘57)
! 43.0452 -13.4859

. ( -5.46907 0.974266)
2 -54.4052 5.50082

Q¥, Q¥ and Q" are not used because the corresponding E
columns did not converge.

Using Q¥ as initial approximation, Broyden’'s algorithm
used 8 function evaluations to produce:

4.26427 —282974)
' \43.0455 -13.4861

After deflation, a new application of Broyden’'s method

produces the following matrix with 8 function evaluations:
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(-5.46955 0.974437
Qe -54.4055 §5.50098

Another step of deflation produces the third degree left

factor:

4 (K)_k,l‘k,(-O.ZOSZBI 0.144696)’ (-0.0177626 -0.110659)*( S5.40769 -0.145837)
ol 0.639988 0.0149194 -0.733192 -0.073443 -0.270976 1.26159

We have obtained the following factorization:
Ag(N)= A (MY(NT=Q)(M-Q,)

The smallest latent roots of A,(\) are the latent roots of

As(N) while the dominant ones go with the linear terms. 1In

this particular case, we could not obtain a complete

factorization.

- 133 -



Chapter 8

Conclusion

As already expressed in the introduction (chapter one),
matrix polynomial have become an important mathematical tool
for the analysis and design of linear time invariant systems
(1,5,21,24,31,32,35,40]. The spectral data of the
“"denominator” of the matrix transfer function determines the

dynamic properties of the system under study.

The work done 1in this thesis provides tools for the
analysis of the structure of complex time invariant linear
systems. The matrix Q.D. algorithm enjoys practically the same
properties as the scalar algorithm. We tried to present a

quite thorough theory of the algorithm (as complete as we

could).

In the development of the matrix Q.D. algorithm, some
important theoretical results have been produced as
by-products. We can cite theorem 2.1 which could be used for

the analysis of the stability of matrix polynomials, theorem



2.7 which characterizes solvents of matrix polynomials and
theorem 2.12 which provides the standard triple of a matrix

polynomial having a complete factorization.

In chapter four, aside from the main objective which was
the convergence of the @Q.D. algorithm, proposition 4.3
provides us with an important tool for the decomposition of
matrix transfer functions into incomplete partial fraction

expansion.

In chapter five, theorem 5.1 is a convergence theorem for
a numerical method that is more general than the matrix Q.D.

algorithm.

finally, we have shown that numerical techniques that are
commonly used for solving nonlinear equations can be applied
with advantage for finding the solvents of a matrix

polynomial.

Looking Dback at the different numerical examples
presented, we can also view our numerical methods as tools for

investigation of the structure of a linear system.

If some E column in the Q.D. tableau converges, it implies
that there exists a factorization of the matrix polynomial
that splits the spectrum into a dominant set and a dominated
one. If the system under consideration is a digital system, we

know that the largest modulus latent roots have the
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preponderant effect on the dynamic properties of the system.
In such case, the Q.D. algorithm can become a tool for system

reduction (using the dominant mode concept).
Suggestions for Further Research.

(L In the scalar case (i.e. SISO systems), the @Q.D.
algorithm is directly related to continued fraction expansions
[16]. These expansions have been used to provide criteria for
studying the stability of scalar polynomials [5]. An
interesting idea would be to investigate relations between the
matrix Q@.D. algorithm and matrix continued fractions. This
could lead to the discovery of criteria for the study of

stability of matrix polynomials.

(2) In chapter five, we have investigated the convergence
of a block LR algorithm. However, the proposed algorithm has a
slow convergence because of the lack of shift factor. In the
scalar case, the use of shift factors produces an important
acceleration of the LR algorithm [41]. We should explore the

use of matrix shift factors.

Another acceleration of convergence can be accomplished by
using an inverse power method. The research in this case
should be oriented toward the lines of theorem 2.7 and formula

(2.24).
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(3) The @.D. algorithm as used in our thesis converges to
factors of a matrix polynomial. By using the transformations
defined in [33], we can derive the solvents. However, it would
be convenient to have a global algorithm that converges

directly to all solvents.
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