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Using a one-dimensional model of Brownian motion of vortices over pinning wells, we derive a current-
voltage equation assuming a distribution of the effective pinning length. The model describes linear and
nonlinear regimes of theE(J) curves in a single-particle description. Thermally activated flux flow and flux
flow define the two limits of the dissipative process, respectively, at very low and high current. The pinning
relief is described by pinning well depth and pinning well gradient, respectively, which can be checked by
resistive and current-voltage measurements. The model is then applied to a YBa2Cu3O72d thin film. It provides
a phenomenological model of the dissipation induced by transport current.@S0163-1829~96!02045-0#

INTRODUCTION

The understanding of the pinning properties of high-
temperature superconductors is of particular interest and was
the subject of a great amount of work. Due to the important
contribution of the disorder in such materials, only equilib-
rium states or established dissipative states correctly reflect
the average macroscopical behavior of the superconductor.
Following this way one can check for static properties like
Bean critical current, or dynamic properties like dc or low-
frequency transport measurements. In this paper we focus on
the latter point considering current-voltage [E(J)] and resis-
tive [r(T)] results.

Due to the high temperature and the smallness of the co-
herence lengthj, the dissipative mechanisms are mainly gov-
erned by thermally activated processes including fluctuation
of vortices around an equilibrium position. Thus linear resis-
tivity follows an Arrhenius law.1,2 Vortices are pinned in
wells of depthU(T,B) and their escape rate is proportional
to exp(2U/kT). In the presence of bulk current, the com-
plete expression of the Kim-Anderson creep model is

E~J!52Bv0l expS 2
U~T,B!

kT D sinhS JBVcRP

kT D , ~1!

whereB is the flux density,v0 is the characteristic escape
rate, l is the mean jumping distance,Vc is the correlated
vortex bundle, andRp the pinning potential range. At suffi-
ciently low current, Eq.~1! describes an Ohmic regime,2,3

E~J!5
2B2v0lJVcRP

kT
expS 2

U~T,B!

kT D , ~2!

which is the thermally activated flux-flow~TAFF! regime.
If one considers sufficiently high currents, the pinning

wells become ineffective and dissipation occurs from a mac-
roscopical motion of the entire vortex lattice. This flux-flow
~FF! mechanism has been extensively studied during the
1960’s.4 The flow resistivity is proportional to the density of
vortices~i.e., the flux density! and the inverse of the friction
coefficient.

Thus

r ff5
BF0

h ff
. ~3!

One can note that creep and flow mechanisms have no
connection in between, the creep process diverges when cur-
rent is increasing. The single well hypothesis used in the
Kim-Anderson model partly explain the dissipative results
when only the average pinning energy is involved as in
current-constant resistive measurements. On the other hand,
this model fails when different pinning well effects are
checked separately. Such phenomena is observed when mea-
suring isothermal current-voltage characteristics. In this case,
the current acts as a probe for the pinning well. While in-
creasing, the current breaks down the efficiency of the well
starting from the weakest to the strongest one. When the
current reaches the value where no more wells are efficient
then flux-flow occurs.

On the other side, at very low current, the TAFF reflects
the breaking down of the weakest well. As we will show
later, this regime can be unobservable due to the smallness of
the corresponding dissipation level.

This simple description summarizes the natural connec-
tion which exists between TAFF and FF regimes. As done
previously in other papers,5–7 we also note the necessity of
introducing a distribution of the well efficiencies for a cor-
rect description ofE(J) shape though it is not so crucial
when considering isocurrent resistive measurements. Here
we propose a one-dimensional analysis of the dissipative
process assuming Brownian motion of noninteracting vorti-
ces in a distribution of wells.9,7 This one-dimensional~1D!
model does not consider thermal wandering of the vortex
lines along the magnetic-field direction. This restricts the ap-
plicability of the model to thin films, or 3D samples in the
low-temperature regime where line tension energy over-
comes thermal wandering. This approach provides a descrip-
tion of the low-temperature regimes where thermal activation
does not contribute much to vortices displacement. The cur-
rent dependent force, acting on vortices, is then the main
source of dissipation. Increased currents probe increasing
pinning wells slope~and not necessary deepest wells! and
then give an ‘‘overview’’ of the pinning relief of the sample
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in the form of a pinning well gradient distribution. When the
main contribution to dissipation comes from thermal activa-
tion this approach is no longer valid and extracted distribu-
tions are meaningless. These observations restrict the valid-
ity of the model to regimes where collective effects can be
neglected.

MODEL

In order to describe a typical well, we consider the con-
densation energy gain obtained when a vortex core stand on
a defect where the superconducting order parameteruCu is
depressed. If one assumesuC(r )u25uCu `

2 tanh(r /d),6,8 then
in one dimension, the potential energy of the vortex in the
well is given by

v~x!5V0UtanhS xd D U, ~4!

whereV0 is the well depth andd the effective width of the
well ~Fig. 1!.

The Brownian motion of the vortices is expressed by the
Langevin equation9,7

dv~x!

dx
5Fc~J!2h ffaẋ1L~ t ! ~5!

wherea is the moving vortex length,hff is the friction coef-
ficient, dv(x)/dx is the restoring force,Fc(J)5JaF0 is the
current-dependent force acting on vortices, andL(t) is a
Gaussian white-noise function @^L(t)&50,
^L(t1t)L(t)&5(2kT/hff!d~t!#.

In order to solve Eq.~5!, one can construct the associated
Fokker-Planck equation and solve it using the Kramers’s
method.10,9The average velocity of the flux line is then given
by

^ẋ&5
kT$12exp@2Fc~J!d/kT#%

h ffa*0
d exp@2Fc~J!x/kT#I 0@v~x!/kT#dx

, ~6!

where I 0(u) is the zero-order modified Bessel function.
@I 0(u).11u2/4 for u→0, I 0(u).exp(u)/A2pu for u@1#.
Due to the motion of the line, the phase slippage of the order
parameter induces an electrical field which allows current to

flow across the normal core of the vortex generating dissipa-
tion: E5B^ẋ&. The moving vortices flow with constant ve-
locity due to the compensation between current-induced
force and viscous damping force. According to Eq.~3! we
now get:JF05hff^ẋ& so,

E~J,V0 ,d!5
h ffrff
F0

^ẋ&. ~7!

Thus

E~J,V0 ,d!5
r ff
aF0

kT@12exp~2J/J0!#

*0
d exp~2Jx/J0d!I 0@V0tanh~x/d!/kT#dx

~8!

with J05kT/adF0 , which is proportional to the pinning
well gradient. We can easily rewrite Eq.~8! in the form

E~J,V0 ,J0!

5r ffJ
@12exp~2J/J0!#

*0
J/J0 exp~2x!I 0@V0tanh~J0 /Jx!/kT#dx

. ~9!

Only three parameters govern the dissipation process: the
flux-flow resistivityrff , the well depthV0 and the character-
istic currentJ0 which is related to the gradient of the pinning
well.

We present in Fig. 2 the obtainedE(J,V0 ,d) curve for
various pinning well depthsV0 . Equation~9! describes the
dissipation mechanism when a pinning well of depthV0 and
gradient proportional toJ0 are assumed. Thus Eq.~9! can be
expressed in the form

E~J,V0 ,J0!5
r ffJ

F~J,V0 ,J0!
~10!

with

F~J,V0 ,J0!5
*0
J/J0 exp~2x!I 0@V0tanh~J0 /Jx!/kT#dx

@12exp~2J/J0!#
,

~11!

FIG. 1. Normalized pinning well shape for various values of the
pinning well widthd/j51, 2, 5, 10. FIG. 2. CalculatedE(J,V0 ,J0) curves for various pinning well

depth. From the left to the right:V0/kT50, 1, 4, 8, 12, 16, 20, 24,
28.
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which describes the energy required to overcome for depin-
ning a vortex from a well. In other words, [F(J,V0 ,J0)]

21 is
equal to the vortex depinning probability. This expression
fully incorporates both the thermal activation process and the
current dependency contribution. Note that these two effects
are clearly separated in the expression. This allows one to
distinguish the thermally activated mechanism which probes
the pinning well depth, from the current-dependent process
which probes the gradient of the well more than its depth. In
other words, in isothermal current-voltage measurements,the
increasing currents probe increasing well gradients, while in
isocurrent resistive measurements,increasing temperatures
probe increasing well depth. Thus it is of great importance to
separate the pinning energyv(x) from theFc(J) work over
the well slope. At very low currents, the main contribution to
the dissipation is from the activated term andF(J,V0 ,J0)
reduces toF(V0) which does not depend onJ and is ap-
proximatelyF(V0).I0[0.78(V0/kT)]/[ 0.78(V0/kT)/211].

PINNING WELL DISTRIBUTION

Let us consider now a system where pinning wells are
distributed over their depth viaV0 and their width viaJ0 . In
this paper we will only focus on isothermal current-voltage
behavior. In this way and following the previous discussion,
we consider only the pinning well gradient distribution. As-
suming a distribution of parallel domains Eq.~10! becomes

E~J!5r ffJF E
0

`

s~J0!F~J,V0 ,J0!dJ0G21

~12!

with the normalization condition* 0
`s(J0)dJ051. To con-

clude this part, let us say that distribution of activation ener-
gies can be studied in the same way, if very low current is
assumed to avoid the perturbation ofs(J0) contribution to
the extracteds(V0) distribution.

FLUX FLOW AND THERMALLY ACTIVATED
FLUX MOTION

Following Eq.~12!, the current-voltage characteristics are
described by an Arrhenius process over a distribution of pin-
ning well efficient width. This result includes several previ-
ous analyses especially the Hagen-Griessen model5 in which
a distribution of pinning well energies induced a dissipative
expression with TAFF and flux-flow processes involved.

If one considers high currentJ/J0@1, the pinning effect
vanishes and thereby flux-flow dissipation occurs and ex-
pression~12! becomes Ohmic:

E~J!5
r ff
aF0

Fc~J!5r ffJ. ~13!

Let us now consider low dissipation level, i.e., low-
temperature, high pinning energy and very low currents,
J/J0!1. Then expression~12! becomes

E~J!5
r ff

F~V0!
J5rTaffJ, ~14!

with rTaff/rff5[F(V0)]
21. In other words, for a given tem-

perature, [F(V0)]
21 represent the moving fraction of vorti-

ces. If we consider typical pinning energies, sayV051250

K, at T550 K, thenrTaff/rff'231029. Thus the TAFF re-
gime inE(J) measurement can be rejected to unobservable
dissipation level. Here we want to point out that nonlinear
behavior in the low dissipation regime observed inE(J)
curves does not prove that dissipation occurs with a nonlin-
ear process at low current.6,5 If we now consider a single
well pinning process, then Eq.~9! simplifies to the creep
model:

E~J!5
r ffJ0
F~V0!

FexpS JJ0D21G . ~15!

EXPERIMENTAL RESULTS

In order to test the validity of our assumptions, we
recorded current-voltage measurements on a 500 Å YBaCuO
thin film with Tc587 K. The s(J0) distributions were
estimated considering the approximate probing function
Fapp(J,V0 ,J0)511(F(V0)21) exp (2J/J0) .F(J,V0 ,J0)
which summarizes the accumulated effects ofV andJ0 to the
depinning process.Fapp(J,V0 ,J0) andF(J,V0 ,J0) are plot-
ted in Fig. 3. One can see thatFapp(J,V0 ,J0) is not an exact
description ofF(J,V0 ,J0) but gives sufficient confidence for
data conversion over a wide range of current and voltage.
We easily get from~12!

Z~J,V0!5
r ffJ/E~J,V0!21

F~V0!21
5E

0

`

s~J0!expS 2
J

J0
DdJ0 .

~16!

Note thatZ(J,V0) is a very simple function to determine
because only flux-flow and TAFF resistivity have to be esti-
mated and by this the experimental treatments are easy to
perform. The extracted results are summarized in Figs. 4–6,
where bothE(J) curves ands(J0) distributions are pre-
sented. All the distributions present a sharp maximumJ0max
which correspond to the pinning well length mostly encoun-

FIG. 3. Comparison ofFapp(J,V0 ,J0) ~black circle! and
F(J,V0 ,J0) ~line! in reduced unityJ/J0 for three pinning well
depth. Plot is given in log-log coordinates in order to compare to
log-log E(J) plots.
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tered. In this model, the pinning well range distribution was
supposed to be temperature independent which is found to be
not the case in the results. In order to highlight this point, we
present in Fig. 7 theJ0max versus temperature and magnetic
field. The obtained curves show two parts separated by a
characteristic temperature sayTth . BelowTth , J0max are tem-
perature independent. This corresponds to the classical un-
derstanding of a distribution wheres(J0) describes the pin-
ning relief, which is temperature independent, with a
predominancy of a sharp pinning center of the orderJ0max

21 .

AboveTth , we observe a strong temperature dependency of
J0max. This behavior can be explained using the following
image: due to thermal activation, the pinning relief is
smoothed so the applied current which acts as a pinning

gradient probe losses accuracy. The resultings(J0) image
becomes fuzzy. In other words, the observed dissipation is
mainly due to the work of the current-dependent force below
Tth and thermally activated processes above.Tth appears to
be the temperature above which the present model fails. As a
consequence, thes(J0) distribution is modified at high tem-
peratures. This would require a new description of the pin-
ning landscape where energy profiles would depend on the
presence of neighborhood vortices, though we will not deal
on this point in the present paper.

The E(J) measurements~Figs. 4–6! present non-Ohmic
regimes at low current for the lowest recorded temperatures.
Such an observation is not proof that an Ohmic regime
would not occur at lower currents. However, similar data
have been often studied in the framework of the vortex-glass
transition which predicts a crossover from Ohmic to non-
Ohmic regimes. This has been the subject for a great amount

FIG. 4. E-J data for a YBaCuO thin film for an applied field of
0.1 T along thec axis, the black circles are experimental points and
the line a phenomenological fit of the data~Ref. 5!. The tempera-
tures are given from the right to the left: 81.5, 82.1, 82.7, 83.4, 84.1,
84.9. Inset: extracted distribution of pinning well length. Vertical
axis: arb.units.

FIG. 5. E-J data for a YBaCuO thin film for an applied field of
1 T along thec axis, the black circles are experimental points and
the line a phenomenological fit of the data~Ref. 5!. The tempera-
tures are given from the right to the left: 76.3, 77.3, 77.9, 78.4, 79,
79.5, 80.2, 80.9. Inset: extracted distribution of pinning well length.
Vertical axis: arb.units.

FIG. 6. E-J data for a YBaCuO thin film for an applied field of
5 T along thec axis, the black circles are experimental points and
the line a phenomenological fit of the data~Ref. 5!. The tempera-
tures are given from the right to the left: 65.1, 65.7, 66.3, 67, 67.5,
68.2, 68.9, 69.6, 70.2, 70.8, 71.4, 71.9, 72.5, 72.9, 73.3, 73.7, 74.1,
74.5, 74.9, 75.4. Inset: extracted distribution of pinning well length.
Vertical axis: arb.units.

FIG. 7. Maxima of the distributions versus temperature. These
maxima correspond to the mostly represented pinning well profiles.
Tth(B) indicate the independent to dependent temperature behavior
of the maxima.
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of work on various YBaCuO samples.11–13 Using the same
analysis we also found a vortex-glass transition temperature
Tg(B) and critical exponentsn51.7 andz55.5 which are in
good agreement with previous results. On the basis of such
experimental results no conclusion can be derived in favor of
one or the other model. We present this result in Fig. 8. It
should be noticed thatTth(B) andTg(B) are roughly equal.
This can be understood sinceTth(B) represent the tempera-
ture above which the present model is no longer valid be-
cause dissipation is then mainly governed by thermal pro-
cesses. Note that this description also fails for very low
temperature and current regimes such as variable range hop-
ping where resistivity presents nonlinear behavior.16

CONCLUSION

On the basis of a dynamical Brownian motion of vortices,
we derive an expression of the current-voltage curves assum-
ing a pinning well gradients distribution in a one-
dimensional model which predicts Ohmic regimes in the
limit of vanishing currents. The study of the distribution
maxima reveal the existence of two dissipation mechanisms
separated by aTth(B) border line. BelowTth(B), the dissi-
pation is governed by the current-induced force acting on
vortices so the distribution describes the pinning relief and is

temperature independent. AboveTth(B), thermal activation
dominates and the extracted distributions become meaning-
less. This limits the validity of the model to regimes where
collective effects can be neglected.
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FIG. 8. Vortex-glass transition line extracted from the following
references: Hollow circles,~ceramic, dc transport! ~Ref. 11!. Black
circles, ~thin film, dc transport! ~Ref. 12!. Hollow triangles,~thin
film, ac transport! ~Ref. 13!. Black triangles,~single crystal, dc
transport! ~Ref. 14!. Hollow squares,~single crystal, ac transport!
~Ref. 15!. Black squares, this work. Black diamonds,Tth(B).
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