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1. Introduction

Over the years, prominent mathematicians have shown very important and accurate results in frac-
tional differential equations research field, mainly because of its effectiveness, along with fractional
derivatives, as a tool of modeling different phenomena in physics, biology, chemistry, etc. Count-
less manuscripts have been published aiming to study the existence and uniqueness of solutions for
fractional differential, integral and integro-differential equations and inclusions. For recent devel-
opments in this field, see [1-8] and the references therein. Within this context, fractional calculus
has been receiving great attention in the scientific research community of mathematics, as well as
other sciences, due to its rapid growth and development in both theoretical and practical domains.
Consequently, the road was paved for the appearance of new and unified derivatives producing the
most recent applications. Following the same line of research, Sousa and Oliveira [9] introduced the
operator ¢ with Hilfer fractional derivative to get a new and general fractional derivative called ‘¢-
Hilfer fractional derivative’ which contains a variety of fractional derivatives (¢-Riemann-Liouville
and ¢-Caputo fractional derivatives ) in order to unify the enormous sum of such definitions in one
fractional operator. However, so far there have been only few works that deal with it, see [10-13].
Impulse conditions drive differential equations to provide an appropriate framework for math-
ematical modeling. That is due to the unexpected changes in such phenomena during particular
moments in their evolution process which cannot be described using regular differential equa-
tions. In this regard, impulsive fractional differential equations and inclusions have emerged as an
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active research field in recent times, which resulted in numerous research articles related to various
fractional derivatives [14-22].

Due to the fact that a lot of practical and applied problems within the fields of biology, chemistry,
physics, and especially in computer network, are modeled mathematically in the form of coupled sys-
tems of fractional differential equations, several authors were devoted to examine the existence and
uniqueness of the solution of such type of systems. In this framework of research works, some fruitful
achievements have been obtained in relation to coupled systems of fractional differential equations
[23-28], and yet results are almost rare about coupled systems of fractional differential inclusions. For
example, Alsaedi et al. [29] studied the existence of a solution for coupled systems of time-fractional
differential inclusions by using a new fractional derivative in the case of compact and convex val-
ued Ll—Carathéodory multi-valued map. Jin et al. [30] solved a coupled system of hybrid fractional
differential inclusions with coupled boundary conditions by using Bohnenblust-Karlin fixed point
theorem. In addition, Blouhi and Ferhat [31] investigated the existence of mild solution for a coupled
system of second-order impulsive semilinear stochastic differential inclusions by wiener process and
Poisson jumps. On the other hand, we noted that controllability results associated with the coupled
system of fractional differential inclusions are very rare and have not yet been processed. By pre-
senting this work, we aim to fill this gap in the literature. Therefore, our results are entirely new and
contribute to giving a valuable idea on this subject.

This paper is devoted to study the controllability of the following problem:

"D P ) (1) € Ot w1 (D), 0a(8)) + ﬁ / $' (@@ — p@)™ !

xJ1(0, w1(0), 2(0)) do + Cur (1), te€ I t# b

o o 1
D)0 € Qat,01(0,02(0) + / 96 (1) — (@) M
xJa(0, w1(0), @2(0)) do + Cuz(t) teI,t# 1
AL w1ty = AL e R, AL wy() = A} R, ke (L,2,....6)
supplemented with coupled nonlocal integral initial conditions of the form:
- b
(I ) (T) = f E1(0 0100 02@) do, 11 =01+ 81 — o1y, 2)
T
— b
I P wp)(T) = /T &2(0, w1(0), w2(0)) do, 12 =02 + 82 — 0282, (3)

where t € 7:=[T,b], 0< T <b<o00, j=1,2 and hD;j’(Sj;(P is the ¢-Hilfer fractional deriva-
tive of order o; € (0,1) and type §; € [0,1] with T its lower limit, I 1=7% s the left-sided frac-
tional integrals with respect to another function ¢ of order 1 —r; such that ¢ € C%&(Z) is an
increasing function and ¢’(t) # 0, for every t € Z. Moreover, Qj : 7 x R x R — P(R) are multi-
valued functions with convex and compact values, J;, & : I xR xR — Rare given functions, and

AIl 13 a)](t)—Il 1j3¢ 1 1j3¢ —1j3¢

](t ) — Ly 7 wj(ty ), whereas I
and ITJr a)j(tk ) =lim _,o- IT+ i wjtk +¢) with T =ty < t; <--- <ty < tgg1 := b. In addi-
tions, C is a bounded linear operator from K to R where K a Banach space, and u;(-) belong to
L*(Z,K).
Section 2 gathers all the definitions, lemmas, remarks and theorems that are needed in Section 3.
In this last, a controllability result is presented using Bohnenblust-Karlin fixed point theorem. The
last section concludes the work with an illustrative example.

a)](t ) =lim_, o+ I, I 7 wj(tk + )
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2. Preliminaries

LetZ :=[T,b],0< T <t <... <ty <b < ooandCr(Z) the space of all continuous functions on
7 endowed with the norm ||v||c = sup;.7 [v(t)|.

Denote by Ci_pp(Z,R) = {v: (T,b] = R;(@(t) — (T "v(t) € Cr(Z);0 <r <1}, the
weighted space of the continuous function v on Z and we define the weighted space of all piecewise
continuous functions v on Cr—rp (ks ter1, R, k=1,...,¢,by

Hj:=PC1_rp(T,R) = {v: (T, b] > R;v € Ci_r;p((th k11, R),  which I;:’f”’v(t,j),l

;rj;(pv(tk),k =1,...,¢} for each j = 1,2, normed by

1—rj5¢
T+

_ . 1—r1;; _
v(t, ) exist and IT+VJ ¢v(tk y=1

[vli3;=sup {I(#(t) — (TN "iv(t)l,t € T}.
Furthermore, we define H := H; x H; as the product weighted space normed by

s ) lln = IvllH, + l@llH,-

Let (F, || - ||7) be given Banach space.

Definition 2.1 ([32]): The multi-valued map A defined from F into P(F) is

(1) convex (closed) valued if N'(p) is convex (closed) for all y € F;

2) b?unded on bounded sets if V(D) = Uye@ N (») is bounded in F for each bounded set ©
of F;

(3) upper semi-continuous (u.s.c.) if for every yo € F, the set A'(yo) is nonempty closed subset of
F, and for every open set 9B of F containing N (yy), there exists an open neighborhood B of
yo such that ' (By) C B;

(4) completely continuous if N'(D) is relatively compact for each bounded subset © C F.

Furthermore, if for each y € N, the function t — d(y, N'(t)) = inf{d(y, V), ¥ € N(¢)} is mea-
surable, then V is measurable.

Definition 2.2: Let A be a multi-valued map defined from F to a compact Banach space Z with
nonempty values then: if the graph of V is closed, thus NV is upper semi-continuous.

Definition 2.3 ([29]): A multi-valued map N : Z x F x F — P(F) is called Carathéodory if

(1) t+— N(t, w1, w,) is measurable for each wj€F,j=12;
(2) (w1,w3) — N (t, w1, @) is upper semi-continuous (u.s.c) for each t € Z.

Now, we define the selections set of a multi-valued map N at w; for each j = 1, 2 by

ONw; = {9j € L'(T, F); 9j(t) € Nj(t, 01(1), (1)), forae, t € T}, (4)

which are nonempty if dim F < oo.

Lemma 2.4 ([14]): Let Z be a separable Banach space and N : I x Z x Z — Peep(Z) be a
Carathéodory multi-valued map with © yr , is nonempty set (P cp(Z) denotes the family of nonempty,
convex and compact subsets of Z) and let Y : L1(Z, Z) — Cz(ZT) be a linear continuous function, then
YT oON:Cz(L) = Pep(Cz(D)), wherew — (Y o Opr) (@) = Y(O,) is a closed graph operator
in Cz(I) x Cz(T).

In the remainder of this paper, we recall the necessary basic notions and properties related to
fractional calculus then we give the fixed point theorem used to investigate our controllability results.
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Definition 2.5 ([9]): Let o > 0 and ¢ (¢) be an increasing and positive monotone function on Z' =
(T, b] having a continuous derivative ¢’(¢) on (T, b). The ¢-Riemann-Liouville fractional integral of
order 0 > 0 of a function R on Z is defined by:

I7R(1) = Mo )/ ¢'(5)(@ () — ()" R(s) ds.

In the following n — 1 < o < nwith n € N, and R, ¢ € C*(Z,R) two functions such that ¢ is
increasing and ¢’(¢) # 0,Vt € Z.

Definition 2.6 ([9]): The ¢-Riemann-Liouville fractional derivative of order o of a function R is
defined by

1

RO = R

n—o—1
(qb/(t) dt) f ¢'@B — PN I R()ds, >0,
such that n = [o] + 1.

Definition 2.7 ([9]): The ¢-Caputo fractional derivative of order o of function R is defined by

o %) R(t), t > 0.

CDG#)R(Z') — In—a;d) (

Definition 2.8 ([9]): The ¢-Hilfer fractional derivative of function R of order o and type 0 < § <1
is defined by:
"DTSOR(t) =IO DOR(t); t > 0,r =0 +8(n— o)

. 1 d\" 5oy
_Pn—0)¢ <¢/(t)&> [1=9(=0)bR (1) (5)

Remark 2.9: In the above definitions,

(1) if¢(t) = t, we find the classical fractional integral and derivative of Riemann-Liouville, classical
fractional derivative of Caputo and Hilfer, respectively;

(2) if ¢(t) =In(t), we find the fractional integral and derivative of Hadamard, the fractional
derivative of Caputo-Hadamard and Hilfer-Hadamard, respectively.

Remark 2.10: (1) If§ — 0and 0 < o < 1, the ¢-Hilfer fractional derivative (5) equivalent to the
¢-Riemann-Liouville derivative;

(2) If 5 > 1 and 0 < 0 <1, the ¢-Hilfer fractional derivative (5) equivalent to the ¢-Caputo
derivative.For more details on ¢-fractional derivative, see [9].

Lemma 2.11 ([9]): Leto > 0,6 > 0,and r > 0. Then

(1) IR = I R@®;
2) ifR®) = @) — $(D) ", then ITIR(1) = (T(1) /(T (@ + )@ (1) — $(T)° L.

Theorem 2.12 ([9]): Let R € C'[T,b],0 > 0and 0 < 8 < 1, then

"DIFPITIR (1) = R(b).
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Theorem 2.13 (Bohnenblust-Karlin [14]): Let A be a nonempty subset of a Banach space F, which
is bounded, convex and closed. Assume that A : A — P(F) \ {0} is u.s.c. with closed and convex values
such that A(A) C A and A(A) is compact. Then A has a fixed point.

We conclude this section by defining the solution to our problem (1)-(3). Before that we will
present the following auxiliary Lemma.

Lemma2.14: Let0 <o <1and0<é<1l,r=0+8 —cdand W € Cr(Z). Then foreacht € L a
Sfunction w € Ci1_;,4(Z,R) given by

_ (¢(t) _¢(T))r71 1 o 1—r+o0;0 o)
wt) = T{ wb) = L0 i | + 170 ), (6)
is the solution of the ¢-Hilfer fractional differential equation

DIty = w(t), tel.

Proof: The application of the operator D ¢( -) to both sides of (6) gives us

_ r—1
O R e T L e R e IO}
I'()

As a consequence of the result hDﬂ 5 ¢((¢(t) —¢(T)) 1 =0, 0 <r < 1and Theorem 2.12, we can

conclude that
"DI W) = w(), tel. ]

Lemma 2.15: Let 0 <o < 1,0 <48 <1, and W € Cr(Z), then the impulsive ¢-Hilfer fractional
differential equations of the form

EDTPPwy () = W(t), teT,t# b %

AL wt) = I wth) — L7 w(t) = Ak e R, ke (l,....0) ®)

(I w)(T) = / £ w@)do, r=o+6—as, ©)
T

has a solution given by

_ )1 b

@O [y
1
Ty )/ &' (@) —d)’ W) dy, t € [T,1];
w(t) = 1 (10)

(@ (1) — ¢(T))
T(/ 5(n,w(n))dn+;1\)

o )[ &' M(P® — )W dn, e (tptil ke (L. 0k

Proof: First of all, we suppose that w € PC_r,4(Z, R) satisfies Equations (7)-(9) and we check that
w achieve (10)
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If t € [T, t1] : with the application of the fractional integral operator I;{f) (+) to both sides of (7)

and via Lemma 2.9 [11], we get

(@@ =gyt rt o3
wiy = SOOI /T E(nw(m) dy + LW (1)

If t € (t1, 1] : by means of Lemma 2.14, we obtain

- T -l Ty r s o;
w<t>=%[1 RCR R L TOY g B 70
_ (@@ —p(m)!

['(r)
In view of (11), we find
Iy ”’w(t)—/ E(m, () dy + I3 7w (),
then
1 b 1—r403p b
COwy) — L W () =y =/T Em, w(n))dn,
linking (12) and (13), we can see

_ Ty) 1 b o
w(t) = % {/T En,w(m) dy + Al} + 0w, € (0, 1].

Similarly, if (¢, t3], Lemma 2.14 implies that

(¢(t) - ¢(T))r_1 T3 r 05 0
w(t)=T{1 Pwt)) - LT ¢‘l/(t)|t:t2}+ITf’\IJ(t)
_ (@) — (7))}

I'(r)
In view of (14), we find

L w(n) = {/ 5(n,w(n))dn+A1}+ 0w (),

then

b
I: "Pw(ty) — Iy ’+”¢‘I'(t)|t t =f Em,w(m)dn+ Ay,
T

linking (15) and (16), we can see

_ )1 b o
= OO ety wman a1 ) w0

pursue the above process, we get for t € (f, tx+1],k € {1,...,¢}

w(t) =

@) — (M) /
I'(r)

Em,w(m) dn + Z A, } +ITPw ().

=1

Reciprocally, we suppose w € PCi_,(Z,R) achieves (10) and we check that is verify (7)-(9).

{L7 WD) + A = 70w 0 iz, |+ 1729 ).

{7 w) + 82 = 70w 0 |1z, | + 1729 O,

(11)

(12)

(13)

(15)

(16)

(17)

(18)
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For t € [T, t;], we have

)~
w(t)=% f Em o) dy + 0w,

by implement the operator hD‘;’f ;d)(o) on both sides of the above equality, we obtain
) 1) — T r—1
D w(t) = / E0() d" D5 (%) DI ),
in fact that
"D @1 ()T =0, 0<r<1, (19)
and from Theorem 2.12, we can write

"DIIPw(t) = W), telTnl.

Arguing as above, for t € (fx, txy1],k € {1,..., €},

_ T r—1 )
w(t) = % {/ Em, () dn + ZA } +ITw (),
=1

by applying the operator hDa’f;‘pC) on both sides of the above equality, we have
Y applying P T Y

_ r—1
"DII () = {/ Em, () dn + ZA }hpaM <—(¢(t) F((br;T)) > NN g i TON
=1

via (19) and Theorem 2.12, we get

"DIFw(t) = W), te (il ke (..., 0

New, we show that w also satisfies (8) and (9) According to (10), for t € (#, tx+1] and k € {1,...,¢},
we have

_ r—1
1wt = {f 6(n,w(n>>dn+ZA} I “”(%)ul o)
=1

{ / 5(n,w(n))dn+ZA}+11 ), (20)

=1

and for t € (tp_1,tx], k € {1,...,£}, we find

_ r—1
" w(t) = {f 5(n,w(n))dn+ZA} i (%)—FII "ITO W (t)

k—1

b
U 5<n,w(n)>dn+ZA} +I ), (21)

=1
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as outcome of (20) and (21), we obtain
AL wt) = I wth) — L wa) = Y A=) Av= A ke (L0,

On the other hand, by the application of the operator I ; i () to both sides of Equation (11) we obtain

T3 I t) — T r—1 10 10
I w(r) = / () dnll 4’(%)# AT

b
/ Em,wm) dn + 127w (),

andthenIlT:ww(T) =/; EMm,w(n))dn. [ |

Consequently, we have the following definition.

Definition 2.16: (w1, ;) € H is said to be a solution for the coupled system of impulsive frac-
tional integro-differential inclusions (1)-(3) if it satisfies the nonlocal integral conditions (2) and (3),
and there exist ¢1, 95 € L'(Z,R) x L'(Z,R) with @j € Qj(t,w1(t), wy(t)) forae,t € Z,j=1,2, k €
{1,...,€} and

_ T ri—1
wj(t) = @ Ff;() 2k (/ Ei(m, w1(m), w2(1) dn + ZA])
J =1

F( )/ @' (M (@ (&) — p) 7 gj(m) + Cuj(n)] dn
9j

TR / &N (@(1) — B! / ¢/ (@) (@) — ()]
r (U]) T T

x Ji(0,w1(0),w2(0))dodn foreachteZ, and j=1,2.

Definition 2.17: The coupled system of impulsive fractional integro-differential inclusion (1)-(3) is
called controllable on Z, if for any initial state wr = (a)lT , a)zT ) € Hand any final state w, = (wi’, wé’ ) €
‘H, there exist two control functions u;, uy € L*(Z, K), such that the classical solution w (-) of (1)-(3)
fulfills w (b)) = wy,.

3. Assumptions and controllability results
Suppose that

(A1) The multi-valued map Q;: 7 x R x R — P(R) is Carathéodory;
(Ay) There exists a continuous function no;: 7 — RT, j = 1,2 such that

1Qj(t, w1 (1), w2 (D) [ Pw) = g (DA + llwjlin,),

foreacht € Z,wj € Hjand j = 1,2;
(A3). The functions Jj» & T x R xR — R,j = 1,2 are continuous and there exists two functions
ng, € LY(Z,RY) and ne; € Cr+(Z) such that foreacht € Zandj = 1,2

lo1(D] + |2 (D) )
14 [o1(D)] + [w2(D)]

|Tj(t, w1 (D), w2 ()] < p7.(0) (
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|<s;<t,w1(t),wz<t>>|sug,.a)( 1 O]+ Jox0)] )

1+ w1(®)] + |w2(D)]

(Ag). The linear operator ¥ : L?(Z, K) — R defined by

1 b 1 oj—
Vu; = TU])/T ¢' () (@ (b) — ¢ ()7~ Cuj(n) dn,

has a bounded inverse operator U ~! : R — L*(Z, K)\Ker(¥) and there exists a constant £y >
0 such that | W} < &y.

Theorem 3.1: If the assumptions (A_1)-(A_4) are satisfied, then the coupled fractional inclusions
(1)-(3) is controllable on T.

Proof: We consider the operator A :H — P(H) associated with the problem (1)-(3) defined
by A(w1,w2) = (A1(w1), A2(w2)) whereas the operator A;: H; — P(H;) is defined as follows
Aj(wj) = {j € H;} such thatfort € Z,¢; € Ogwpj =12, kell,..., £}

— (T~
o0 = 20 FZ; 2 ( f &(n (), w2<n>)dn+ZA’>
) =1

/ &' (M (P(®) — pM) T g (1) + Cujy (1)1 dy
I*( J)

F2( )/ AOICIGE U)X / ¢'(0)(P (M= ()7 Tj(0, w1(0), 2(0)) do dn.

(22)
Depending on assumption four, we can define the control function )., j = 1,2 as follows:
b) —¢(T))"
Uy () = \I/‘l[w}’ _@® —pm)7 f &j(n, o1(m), wz(n))dnJrZA’
F(rj) =1
T T ]) / ¢' ()P (b) — ()™ ¢j(m) dn
F2( ) / AOICIOREION KN / ¢’ (@) (¢ ()
— $(0)7 ™ Ti(e: @1(@),02(0)) de dn | (1), (23)

where gj € O g, forj=1,2.
To simplify the calculations, let us take foreacht € Z,j = 1,2,k € {1, .. ., £}

b) — &(T))i ! b k .
0, (D] < £ [m}w IC) Fg’:() ) (/T 1, 1), w2()| dn + Z |A{|)
]

b
/ @' () (@ (b) — )™ gj(m)| dn +

b [of
+l"(oj) . ])/ ¢’ () (@ (b) — p(m)7 ™!

r2(

n
X/T ¢'(0) (@) — ¢ ()71 Tj(0, w1(0), @2(0))] do dn}
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by utilizing (A,), (A3) and (A4), we find

b T))"
|ty (D] < Ew [|w}’|+ @) Ff;() Dl (f g, () dn+Z|AJ)
J =1

s / 'S ®) — p)T 0,1 + oyl di
]

/ oi—1 7 / _ oi—1
+W/T¢(n)(¢(b)—¢(n))f /T¢(Q)(¢(77) #(0)7 ij(a)dgdn}

(@ (b) — p(T)) ! o
<&y [| bl 4 s (||ug,.||u+§|m| +F( S0 + o)

b b
x /T ¢/ () (b) — S ()7~ dip + g fT ¢ ()@ (b) — p ()T

1
()
n
% fT ¢’(9)(¢(n)—¢>(9))”f_1d9dn}
b (@B — (T £\ (@) — (1)
< &y [|wj|+ o ||us,,||u+§|m| e el

(¢(b) — (T1))*7
Fz(aj +1

X (14 llojllzg) + ||ugj||] = upj = L2 (24)

Note that any fixed point of the operator A corresponds to the classical solution of problem (1)-(3).
The proof is given in the following steps:

The first step: The values of A are convex and closed.

Let ©, Q € A(wy, @) where © = (21, 22), 2 = (21, 2,) and (w1, ;) € H. Thus there exist
©j>Pj € OQg;wpj =12 such that k € {1,..., £}

_ T ri—1
@y = COLED ( / &m0, wz(n))dn+21\]>
J =1

/ ¢ (@ — M) [9i(1) + Ctjo, (1) dn

e J>
o 5 f &' () () (1) f 8@ — 6@ T, 1 (0 2(0)) do dn,
and
. _ T ri—1
oy = PV szrg 2 ( f &(nan(n), wz<n))dn+ZAf)
J =1

1 t 1A N
o) / ' (M @®) — pm)T @i (n) + Cilj; ()] dn
gj

F2( )/ '@ (1) — p()7~ /¢(Q)(¢(TI) $ (@)% Ti(0, @1(0), w2(0)) do dn.
%j
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Fory € [0,1],t € T,k € {1,...,£},andj = 1,2 we find

n — (1))
[y + (1 — ey = SO =M (

F(rj

/ Ei(m, 01(n) w2 () dn + > A’)

=1

t
/ oj—1 .
+ () /T AOICIOREIUN I (62710)

+ (1= 9)$1) + (¥Citj, (1) + (1 = ¥)Cilj, ()] diy
F2( )/ o' (M (P ()= ()7~ / ¢ (@) (P — ()7
0j
x Jj(o, w1(0), w2(0)) do dn,

as the values of Q; are convex then yQ; + (1 — y)fzj € Aj(wj),j = 1,2, and therefore y Q2 + (1 —
Y)Q € A(wr, w2). o
On the other hand, let (2], 2}) € A(w1, w,) forall (w1, w;) € H such that (27, 23) — (21, 22),
we need to show that (21, 2,) € A(wi, wy).
For (7, 2)) € A(wi, wy), there exists (p]" € 09, suchthatforj=1,2andk e {1,...,¢}

Qi = @O =9 <

F(r]

/ &, 01(n) w2() dn + > A’)

=1

f ¢ ((@(®) — p)T (0] () + Cu,, ()] dy
T J>

+ TG 5 / &' (B (t) — BT / ¢ (0) (@ ()—$ ()1 T (0,01 (0), @2(0)) do dn.

Since Q),j = 1,2 has compact values and the set ®Q,-,w,- is nonempty for each wj € H; andj = 1,2, we

may pass to a subsequence to find that gz)j” converge to g; € LY(Z,R). So we conclude that ¥ € O9, ;-

Then from the Lebesgue dominated convergence theorem, we deduce that foreacht € 7,j = 1,2,and
ke{l,...,¢}

— — )"
@) > @ = LOLEDE ( / (1,1 (n), w2 () dn + ZA’)
J =1

e / ¢' M@ (O — S [F;(0) + Cljy ()] iy
0j

+ 5= / AOICIOER IO K f ¢’ (@) (@) — ¢0)7 !
r (0]) T T

x Jj(0, w1(0), w2(0)) do dn.

Then (Q1, Q) € A(w1, ®2).

The second step: A(X,) C X, where « is a positive constant and the bounded set £, C H
is given by T = {(w1,w2) € H, [[(w1, w2)l7 = lwilln, + llo2ll3, < k}. Tk is convex and closed
inH.

Let (1, 22) € A(w1, @) for each (w1, ;) € Xy, which means the existence of ; € ® g, . such
that €2;(t) achieves (22) for j = 1, 2. Thus, from (A;) — (A4) together with (24), for k € {1,..., £} we
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get

1 b £
(@) — (TN Q)] < — (/ E1(n 01 (1), 2m)) dnp + > IA}|>

- F( ) =1

_ T 177‘1 t

i (@) — & (T)) / ¢/(77)(¢(t) _ ¢(n))01_1|(p1(}7)| dn
I'(oy) T
_ T 1—n t

+ @O =) / ' () (P (1) — p(M) HICI u1,0, ()] dy
F(Ol) T

(@) — g [t o1-1

= /T & G (t) — ()

n
X/T ¢'(0)(d(n) — $ () T (0, w1(0), w2(0))| do dn

L - @) — $(T)' "
d A}
= Fo (/T e (mdn+ Y| [|>+ o

=1

t
x /T ' @® —dM)™ ™ 1o, (1 + llorllp,) dn

_ T 1-n t
;O e / & (M@ ®) — da) " dy
I'(o1) T

(@) —p(T)' "
I'2(o1)

n
x / ¢'(0)(d () — d () 17 (0) dodn

t
/T &' (D) — ()

1
=< F( 5 (Il,ugl Il +Z:IA I) Mo+ 1) g 1A + llewrlin,)

X ($(t) — ¢(T) " + IC 12w, (1) = $(T))! "+

1
T(o1+ 1)

1 _ 1—r1+207
+ ot D e 1@ (1) — o(T))

k
1 ) L @®) — ¢!
S (IIM& o + ; A |) L

b) — ¢(T))”!
@(b) — (D) 1] =r1. @3)

x [l 1040 +1C1Gw + = Z s e,

Following the same way, as before we find

(¢(b) — ¢t
T(o;+ 1)

(@) — p(TH' )] < m (nusznp + Z |A2]
=1
(p(b) — ¢(1))*
(o +1)
As a outcome of (25) and (26) for each t € Z, we conclude the existence of a constant ¥ > 0 such that

1201 = 21113, + 122114, < &1 + k2 := k. Namely, A(Z,) C Zy.

x [l 101+ K) + IClgu, + Inpl] =k @6)
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The third step: A(X,) is equicontinuous in H. Let (w1, w3) € X, and (21, ;) € A(w;, w,). For
this, there exist ¢, ¢, € ®Qj,wj such that ;(t) satisfies (22),j = 1,2. Take t1,t; € ], 1 < t3, and put

P = (¢(t2) — (1) Q1 (1) — (¢(h) — (7)1 (1], then

_ o) -yt ("

P < ' () (P(t2) — dM)™ 1 () + Cu gy ()] d
T(o1) H

I
+ — (P (t2) — P(TNH' "1 () (P (t2) — p)T ™ — (p(t1) — p(TH' ™"
(o) Jr

x ¢ () (@ (t1) — ¢ g1 () + Cuure, ()] dn

(@) —p(T)'™" [©
FZ(UI) t

- ' (M) (P (t2) — p()7 !

n
% /T '@ (1) — ()™ 17 (0, @1 (0), 02())| do dn

1

T T2y

5]
/T (P (t2) — P(TH' "¢ () (P (t2) — pN) ™ = (p(t1) — (T ™"

n
x ¢’ (M@ t) —dpm)™ | fT ¢ (0) (@) — (@)™ T (0, w1(0), w2(0))| do dn

_ (@) ~ P(T))
- I'(o1)

7}
/ ' M@ (t) — )™ o, M + lwillrg,) + ICN¢u ] dn
5]
t
+—— | o) — (M) ¢ @(t) —pm)T ! — (p(t2) — p(T)H' "
I(o1) Jr
< ' M@ (1) — p)™ o, M + lwill,) + ICN¢u ] dn

(p(t) —p(T)' ™ [P
FZ(UI) t1

n
+ ' (g(t2) — ¢(77))°1_1/T ¢' () (@) — (@)™ ' 117, (0) do dn

1 i
+—— f (@ (1) — ¢ (DN ¢ NP (t) —p)T ' = (P(12) — p(TN' "
[“(o) Jr

n
X ¢' (¢ (t2) — ()™ '] /T ¢'(©)(¢() — ¢ ()" ' 117, (0) do dn

_ o) -t "

=< oD i ¢’ (@ () = d M) g, (DL l@illzg,) + ICN1 w1 dn

1 _ 1-ri+o1 __ _ 1—r1+40
+ Flo + 1)[IIM91 11+ llo1 ) +HICNEuy 1[(P (1)~ (T)) (@ (t2)—o(T)) ]
— (M) 7] n
+ o® rzg(o ) ¢ (@ (1) — )™ fT '@ —p ()" 17 (0) dody
t

1 _ o1 _ 1-ri+o1 _ _ 1—ri+o1
+ g kAl @® — (M7 (@) = ¢(D) (@ (t2) — p(T)) ].

The second term of the previous inequality shows that [(¢ () — @ () "1Q1(t) — (¢ (t1) —
d(TH'Q (t1)| — 0, as |t, —t;| — 0. By following the same process, we find |(¢(t2) —
d(THI2Q,(t) — (p(t1) — ¢(T) " 2Q(t1)] — 0, as |t —t;| — 0. This results prove the
equicontinuity of A(X,). Therefore, we conclude from step two and three with Arzela—Ascoli
theorem, the compactness of the operator A.
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The fourth step: In order to proof that A is u.s.c we have to show that its graph is closed.

Let (R, Q_Z”) E_.A(a)i’,a);‘) such that (Q7, Q7)) — (€1, () and (0}, ) = (w1, 2) in H, we
ensure that (Q1, Q) € A(wy, @3).

From ($27, 23) € A(wf, @}) follows the existence of ¢}’ € ©g;wr such that for eachj = 1,2,k €
{1,...,¢},

k
t) — (1))~ .
Q) = @ F;’;() ) (f S(n,w1<n>,w;’<n>)dn+ZA{>

v 1)/ @' (@ (1) — dM)T ™ [¢]' () + Cutl, ()] d

b / ¢ @ (D) — )7 / ' () (¢ () — ()"
r (U]) T T
x Ji(0, i (0), w5 (0)) do dn,

and there exist 9; € © g, 5, with j = 1, 2 such that

o _ T ri—1
a0 = Y0 Ff’rg 2 ( f &n, @ (), wz(n))dnJrZA])
J =1

t
* /T ¢ (1) — D) () + Citjoy ()] d

1 t ]
+2—/ ¢/(n)(¢(t)—¢(n))"f_1/ ¢' (@) () — (@)
I'“(oj) Jr T
x Jj(0,@1(0), w2(0)) do dn,

To reach the desired result, we define the following function Y : L' (Z,R) — Cgr(Z) as

1 t
T@O =5 f @O — )7 o) — Cw!
J

(F( ])/ P (O)(@(b) — ¢(0)7™ <p(9)d9)]

Moreover, through the above definition of T we note that

v @)~ ()
Qj @) — ¢ I‘ij) (/ 5(77 0)1(77) wz(ﬂ)) d77+lz;A])
b) — (1))
- sapricnof -
e L[ vm@n - s S

x(/T f:jw,w'f<e>,w3(9>)de+;/x{> o 5 f 9/ O) () — $ ()7

0
X/T ¢'(0)(9 () — ¢(0)% ' Ti(0, 0} (0), @5 (0)) do d9] dn
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1
()
x Jj(0. 0} (@), 03(@) dodn € Y (Og,u), j=12 ke (L,....e),

t n
/T &' (M (P(t) — ()" /T ¢'(0)(d(n) — p(0)T?

In addition, by linking the continuity of J; and &; for each j = 1,2, Cx(D) C LP(D, H)(1 < p < 00),
and Lebesgue dominated convergence theorem, we acquire the uniform convergence of the previous
relationship to

— — ()i ! b k ]
Q- LO¢DY ( / 5j(n,al<n),@(n)>dn+ZA{)
(7’]) T =1

1
(o)

t — ri—1
/ AONCIGER IO e [w%’_(‘f’(b) ¢(T))"
! ! ()

b koo 1 b
x < /T &i(0,@1(0), ,(0)) db +;A{> " ) /T ¢'(0) (B (b) — (6))7 "

6
X/T ¢'(0)(@(©) — ¢(0)7 ' Ti(0,@1(0), @2(0)) do dG} dn

1 t 7
~ T f ' () (P (1) — p(n) " f ¢ (0) () — p(0)T !
J T T

x Jj(0,®1(0),w2(0)) dodn, asn — +oo Vji=1,2, ke {l,...,¢}. (27)

According to Lemma 2.4, T 0 © ¢, is a closed graph operator and since wj” — wj, for n € N and

j = 1,2, so the formula (27) belong to T(©g,m) for j = 1,2. Thus, (Q1,2,) € A, ). i.e. the
graph of A is closed. Subsequently, we deduce that A is u.s.c.

Consequently, all the conditions of Theorem 2.13 are realized and therefore the operator A
has a fixed point, which represents the solution of the fractional coupled system (1)-(3). More-
over, through (23) It is clear that any solution of (1)-(3) achieves @ (b) = wy, this result means the
controllability of (1)-(3). [ |

4, Applications

In this section, we provide an example to illustrate the applicability of the theoretical techniques
presented in this paper.

We consider the following coupled system of impulsive fractional integro-differential inclusion
with nonlocal integral condition by taking ¢ (¢) = t:

s 3/2 | cos v (8) -
(DM gy ¢ | EESNDEA T ODE T (O ~ 1, t2+4f) 20, (1)
: Itt PR
1 ! _p31n (0* +2)(v1(0) + v2(0) sin 0)
- d b4 I: > - > I >
TG /1 = T T 4 @ L algy @ TCm® rel=IL3l-1234)
3, t 7/4 | sin vy (£)| 3
D)) € (¢ + cosH(Et+ 7 Tva(De ,<|V1(t)| 1+«/¥(4+t)) /419, (1)|
1 St EYGE
1 ‘ —1/3 2e1/3 (v () + v2(0) cos 0)
- d C > I: > - >y J> 5>
) /1 = @ Tt v + ey @O0 reT=0s -3y

ALty = ALe R, AL vt = A2 e€R, t=k+1k={1,23)},
(28)
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with the coupled nonlocal integral conditions:

5 -20
7V ]y = / ¢ )+ () do, 29
I+ 7 vD() L (04 8)2(1 + vi(0) + v2(0)) )
o > 012e In(1 + v1(0) + v2(0))
13 ) — / o' 1 do, 30
I+ 77 va) (1) L (220 4 vi(0) + v2(0)) (30)

where o] = %,81 = ;11,02 = % and §; = %, here for each j=1,2, Q;, J; andé'j are given by

el +sin ) (¢ + 3% |vy el 52l [ p,]2 — 1
Outvvy — | ¢ )( ul v1]) ,(| o =1 t2+4t) RICI
2
(Int? 4+ 2)(v; + v2 sint)

P +3)1+v +v)
e (v + )

(t+8)2(1 4+ vy + )

Ji(t, v, ) =

E1(tv,va) =

and

et + cos ) (t 4+ 174w, el sl /1y 3 — 1
Ot ) =| ¢ N De T (MEZT ) Vit o) /i)
3+t [v1]

2e'3t (v + v, cost)

(e +12)(1 + vy +12)
126t In(1 4+ v + v2)

(t+2)20+ v+ )
Clearly, Q; satisfies (A1), and J, &; are continuous for j = 1, 2. In addition

\72(t3 V1, VZ) =

52(t; 120 V2) =

1Q1(t, v, v2)ll < e(e" + DL+ Ivillgg),  11Q2(t,v1,v2) Il < e(e' + (1 + [Iv2ll94,),

I In(£2 + 2)|(Jv1] + [v2]) 2e31(Iv1] + Ina)
1t vi,v2)| < S Dt v vl < 2
(= +3)A + |vi| + [v2]) (el +12)(1 + |[v1] + [v2])
—2t 1/2 .t
e ([vil + [v2]) t2et (Jvi] + |val)
[E1(t,v1,v2)] < — . &t < 5 :
(t+8)=(1 + |vi| + [v2]) (t+2)=(A + |vi| + [v2])
Whereas
2 1/3t
. IIn(£2 + 2)] 2e
. = 1 > = - = N
ng; =ele +1), png 213 K=o s
o2t #1725t
o= e e =Gy

Thus, the assumptions (A;) and (A3) are satisfied. Now, we suppose that the linear operator v :
L*(Z,K) — R defined by

1
r' ()

5
V() = /1 (t = m)~2Cur () dn,

1 > —-1/3
= — - C dn,
Yua(t) F(%)/l t—mn uz(n) dn

has a bounded invertible operator and satisfies the assumption (A4).
From above, we note that all the condition of Theorem 2.13 are met, so the coupled sys-
tem (28)-(30) is controllable on 7 = [1, 5].
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