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Abstract—This paper presents a novel control design 
methodology for a class of distributed parameter systems (DPSs) 
described by the nonlinear Burgers-Fisher equation model. The 
proposed approach is built upon a fuzzy Burgers-Fisher equation 
model of T-S type which is derived to approximate the nonlinear 
DPS dynamics over the spatio-temporal dimension. Relying on 
the geometric control theory, a complete control design 
procedure is developed based on the constructed fuzzy Burgers-
Fisher equation model with distributed control. The resulting 
fuzzy distributed controller is infinite dimensional showing good 
stabilizing effect and performs considerably well within the 
specified operating conditions.  

Keywords—Burgers-Fisher equation, fuzzy model, distributed 
controller, geometric control, stabilization.  

I. INTRODUCTION  

Although the application of linear geometric control tools 
to nonlinear distributed parameter systems (NDPSs) has shown 
some primary interesting results, this major research field of 
interest remains still less developed and many open problems 
need further attention [2] [3]. From practical viewpoint, it 
becomes actually relatively feasible to deal with distributed 
control problems with the growing technology of distributed 
actuators and sensors acting on the full spatial domain of the 
NDPS. Problem formulation and solving also gained 
interesting findings with the aid, for instance, of the  concept of 
semi-group [1] [4] which has been used to  extend the 
geometric control tools developed for lumped parameter 
systems (LPSs) to distributed parameter ones. 

Among the manipulated classes of NDPSs, nonlinear 
Burgers-Fisher equation models [5] [6], described 
mathematically by nonlinear partial differential equations 
(PDEs), can basically be controlled by distributed actuations. 
For control purpose, two main approaches are employed: the 
early and the late lumping approaches [7] [10]. The early 
lumping approach is based on approximation methods [10] [11] 
[12] that are applied to the infinite dimensional DPS in order to 
derive a finite dimensional representation. The late lumping 
approach involves the distributed dynamics directly in the 
control design procedure without any prior model reduction. 
Obviously, this may lead to an infinite dimensional control 

realization with distributed nature [14] [13] [15]. Designing a 
late lumping controller is generally achieved by assuming an 
operating point [7], which helps obtaining a local linear PDE 
model based on which appropriate linear control tools [16] 
could be applied considering a given operating region.  
Another interesting idea consists in using the multi-modeling 
approach by assuming multiple operating points [18] [24] [26] 
[17]. On this issue, fuzzy modeling represents an effective 
paradigm that has shown satisfactory results in a variety of 
applications of model-based control design methods [19] [22] 
[23] [27].   

In this paper, a fuzzy distributed geometric controller is 
developed for a NDPS represented by a Takagi-Sugeno (T-S) 
fuzzy Burgers-Fisher equation model with periodic boundary 
conditions. The design methodology is achieved from a local 
viewpoint assuming local dynamics described by nonlinear 
Burgers-Fisher equation models. To apply the geometric 
control tools, we considered a T-S fuzzy Burgers-Fisher 
equation model with distributed control based on which an 
infinite dimensional geometric control methodology is 
developed. The effectiveness of the proposed fuzzy distributed 
geometric controller is checked through numerical simulation.     

The rest of the paper is organized as follows. Section II 
describes briefly the Burgers-Fisher equation model and 
provides a general formulation of the fuzzy control problem to 
solve. The detailed control design procedure of the proposed 
fuzzy distributed controller is given in Section III. The 
performance of the proposed control strategy on the evolution 
of the forced Burgers-Fisher equation is shown in Section IV. 
The paper ends with a conclusion. 

II.  FUZZY CONTROL PROBLEM FORMULATION 

A.  The Burgers-Fisher Equation Model 

 Consider the class of nonlinear distributed parameter 
systems described by the one-dimensional nonlinear Burges-
Fisher equation with distributed control in the space domain:    ߲ݖ)ݔ, ݐ߲	(ݐ = ߥ ߲ଶݖ)ݔ, ଶݖ߲(ݐ − ,ݖ)ݔ ,ݖ)ݔ߲	(ݐ ݖ߲(ݐ + ݂൫ݖ)ݔ,  (1)																																									(ݐ)ݑ	(ݖ)ܾ+ ൯(ݐ
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subject to the periodic boundary conditions:  
,0)ݔ  (ݐ = ,݈)ݔ ,(ݐ ,ݖ)ݔ߲ ݖ߲(ݐ ቤ௭ୀ଴ = ,ݖ)ݔ߲ ݖ߲(ݐ ቤ௭ୀ௟ 							(2) 
and the initial condition:  ݖ)ݔ, 0) =  (3)                                     (ݖ)଴ݔ

where ݖ)ݔ, ݖ ,is the state variable (ݐ ∈ Ω = ሾ0, ݈ሿ and ݐ ∈ሾ0, +∞) are the space position and time variables, respectively, Ω is the spatial domain and ߥ is a  positive constant. (ݐ)ݑ 
denotes the manipulated distributed control input, ܾ(ݖ) is a 
known smooth function of ݖ that characterizes the distribution 
of (ݐ)ݑ on Ω and ݔ଴(ݖ) is the initial spatial profile. ݂൫ݖ)ݔ,  ൯(ݐ
is a sufficiently smooth nonlinear function in ݖ)ݔ,  that (ݐ
satisfies ݂(0) = 0.   

 Defining the controlled output (ݐ)ݕ, which represents the 
spatial weighted mean value of the state variable ݖ)ݔ,  along (ݐ
the z-axis, as:  (ݐ)ݕ = නܿ(ݖ) ,ݖ)ݔ (ݐ ௟ݖ݀

଴ 																									(4) 
where ܿ(ݖ) is a smooth shaping function of ݖ, it follows the 
general control objective which consists in the design of a 
distributed control (ݐ)ݑ for the DPS system (1)-(3) that should 
achieve perfect tracking of the desired set-point reference. 

Assumption 1: The function ܿ(ݖ) ∈ ,(ݖ)ܿ〉  ,on Ω, that is (ݖ)ܾ ଶ(Ω) is not orthogonal toܮ 〈(ݖ)ܾ = න ௟(ݖ)ܾ	(ݖ)ܿ
଴ ݖ݀ ≠ 0																						(5) 

Remark 1: ܮଶ(ݖ) being the space of square-integrable functions 
endowed with the inner product (5) and the norm ‖ܿ(ݖ)‖௅మ(௭) = ,(ݖ)ܿ〉  .ଵ/ଶ [28]〈(ݖ)ܿ

B. The fuzzy distributed control form  

The control design method described in the present 
contribution relies on a T-S fuzzy Burgers-Fisher equation 
model which is derived by means of the sector nonlinearity 
method [19], in order to describe exactly the dynamical spatio-
temporal behavior of the nonlinear Burgers-Fisher equation 
(1)-(3). Applying this concept, the following fuzzy IF-THEN 
model representation can be obtained:  

Model Rule i: IF	ߤଵ(ߞ, …	and	௜ଵܩ	is	(ݐ 	and	ߤ௣(ߞ, 	௜௣, THENܩ	is	(ݐ ,ݖ)ݔ߲ ݐ߲(ݐ = ߥ ߲ଶݖ)ݔ, ଶݖ߲(ݐ − ௜ߛ ,ݖ)ݔ߲ ݖ߲(ݐ + ,ݖ)ݔ	௜ߚ  (6)																													(ݐ)௜ݑ	(ݖ)ܾ+ (ݐ
subject to the periodic boundary conditions:  0)ݔ, (ݐ = ,݈)ݔ ,(ݐ ,ݖ)ݔ߲ ݖ߲(ݐ ቤ௭ୀ଴ = ,ݖ)ݔ߲ ݖ߲(ݐ ቤ௭ୀ௟ 					(7) 

where ܩ௜௝, ݅ ∈ ॺ ≜ {1, 2, … , ݆ ,{ݎ ∈ {1, 2, … , ,ߞ)௝ߤ ,are fuzzy sets {݌ -is the number of IF ݎ are the premise variables and (ݐ
THEN rules. ߛ௜ and ߚ௜ are real known constants. The operating 
domain is defined as ℑ ≜ ,ݖ)ݔ} (ݐ ∈ ℒଶ(ሾ0, ݈ሿ)|	ߙ௠௜௡ ,ݖ)ݔ≥ (ݐ ≤ ௠௜௡ߙ  ௠௔௫}, whereߙ ≥ 0 and ߙ௠௔௫ ≥ 0 are known 
parameters. 

 Applying fuzzy operators, the overall fuzzy Burgers-Fisher 
equation dynamics can be expressed as follows: ߲ ,ݖ)ݔ ݐ߲(ݐ = 	ߥ ߲ଶݖ)ݔ, ଶݖ߲(ݐ + ൭෍ℎ௜൫ߞ)ߤ, ൯௥(ݐ

௜ୀଵ ൱ × 

൭−ߛ௜ ,ݖ)ݔ߲	 ݖ߲(ݐ + ,ݖ)ݔ	௜ߚ (ݐ +  (8)							൱(ݐ)௜ݑ	(ݖ)ܾ
where  ߞ)ߤ, (ݐ = ቂߤଵ(ߞ, ,ߞ)௣ߤ	…(ݐ  ൧், and	(ݐ

 ℎ௜൫ߞ)ߤ, ൯(ݐ = ,ߞ)ߤ௜൫ݓ ൯(ݐ ∑ ,ߞ)ߤ௜൫ݓ ൯௥௜ୀଵൗ(ݐ , ݅ ∈ ॺ, 

with ݓ௜൫ߞ)ߤ, ൯(ݐ = ∏ ௜௝ܩ ቀߤ௝(ߞ, ቁ௣௝ୀଵ(ݐ  such that ݓ௜൫ߞ)ߤ, ൯(ݐ ≥ 0, ݅ ∈ ॺ and  ∑ ,ߞ)ߤ௜൫ݓ ൯௥௜ୀଵ(ݐ > 0 for all ݖ ∈ሾ0, ݈ሿ and ݐ ≥0. Then, we can obtain the following 
conditions: ℎ௜൫ߞ)ߤ, ൯≥0(ݐ , ݅ ∈ ॺ  and ∑ ℎ௜൫ߞ)ߤ, ൯௥௜ୀଵ(ݐ =1 for 
all ݖ ∈ሾ0, ݈ሿ and ݐ ≥0. 

 Based on the T-S fuzzy Burgers-Fisher equation model (6)-
(7), the fuzzy distributed controller for the nonlinear Burgers-
Fisher equation model (1)-(3) can be written as:  

Control Rule i:  
 IF	ߤଵ(ߞ, …	and	௜ଵܩ	is	(ݐ 	and	ߤ௣(ߞ, (ݐ)௜ݑ	௜௣, THENܩ	is	(ݐ = ,ߞ)ݔ)௜ߖ  (9)																																																											((ݐ
where ߖ௜(ߞ)ݔ,  .stands for a local distributed control law ((ݐ

 Applying the same fuzzy operators to (9) yields a global 
fuzzy distributed controller of the form:  (ݐ)ݑ =෍ℎ௜൫0)ߤ, ൯௥(ݐ

௜ୀଵ ,ߞ)ݔ)௜ߖ	  (10)																	((ݐ
III. THE FUZZY DISTRIBUTED GEOMETRIC CONTROL 

DESIGN PROCEDURE 

 With reference to the concept of characteristic index [10] 
manipulated in the framework of geometric control of DPSs, 
the calculation of the first-time derivative of the output variable (ݐ)ݕ gives: ݀ݐ݀(ݐ)ݕ = නܿ(ݖ) ,ݖ)ݔ݀ ݐ݀(ݐ ௟ݖ݀	

଴  

												= න (ݖ)ܿ ൭ߥ	 ߲ଶݖ)ݔ, ଶݖ߲(ݐ − ௜ߛ ,ݖ)ݔ߲	 ݖ߲(ݐ + ,ݖ)ݔ	௜ߚ ௟(ݐ
଴ + ൱(ݐ)௜ݑ		(ݖ)ܾ  ݖ݀
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											= න (ݖ)ܿ ൭ߥ	 ߲ଶݖ)ݔ, ଶݖ߲(ݐ − ௜ߛ ,ݖ)ݔ߲	 ݖ߲(ݐ + ,ݖ)ݔ	௜ߚ ൱(ݐ ௟ݖ݀
଴  

+቎නܿ(ݖ)	ܾ(ݖ)	݀ݖ௟
଴ ቏  (11)								(ݐ)௜ݑ

 As can be noticed, the manipulated distributed control input (ݐ)ݑ appears explicitly in the expression of the first-time 
derivative of the output variable (11). Hence, the characteristic 
index ߪ of the nonlinear Burgers-Fisher equation is equal to 
one. Consequently, a control law that enforces, in closed-loop, 
a dynamic behavior of a first-order system, i.e.   ߬	 ݐ݀(ݐ)ݕ݀ + (ݐ)ݕ =  (12)																													(ݐ)ߴ
can be easily developed. In Eq. (12), (ݐ)ߴ is the set-point 
reference and ߬ is the controller tuning parameter.  

 Combining Eqs. (11) and (12), the following local 
distributed geometric control law follows: ݑ௜(ݐ) = 1߬ ׬ ௟଴ݖ݀(ݖ)ܾ(ݖ)ܿ × 

ቌ(ݐ)ߴ − (ݐ)ݕ − ߬න (ݖ)ܿ ൭ߥ	 ߲ଶݖ)ݔ, ଶݖ߲(ݐ − ௜ߛ ,ݖ)ݔ߲	 ௟ݖ߲(ݐ
଴+ ,ݖ)ݔ	௜ߚ ൱(ݐ  ቍݖ݀

							= 1߬ ׬ ௟଴ݖ݀(ݖ)ܾ(ݖ)ܿ ۈۉ
(ݐ)ߴۇ − (ݐ)ݕ − ߥ߬ න (ݖ)ܿ ߲ଶݖ)ݔ, ଶݖ߲(ݐ ௟ݖ݀

଴ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ௃భ
 

௜ߛ߬+ න (ݖ)ܿ ,ݖ)ݔ߲ ݖ߲(ݐ ௟ݖ݀
଴  

௜ߚ߬− න ,ݖ)ݔ(ݖ)ܿ ௟ݖ݀(ݐ
଴ ቍ																											(13) 

 Integrating by parts the second integral term ܬଵ of equation 
(13), and taking into account the periodic boundary conditions 
(6), we get:  ܬଵ = නܿ(ݖ) ߲ଶݖ)ݔ, ଶݖ߲(ݐ ௟ݖ݀

଴  

				= (ݖ)ܿ ,ݖ)ݔ߲ ݖ߲(ݐ ቤ௭ୀ଴௭ୀ௟ − ,ݖ)ݔ (ݐ ݖ߲(ݖ)߲ܿ ቤ௭ୀ଴௭ୀ௟ + න ሷܿ(ݖ)ݖ)ݔ, ௟(ݐ
଴  ݖ݀

				= ሾܿ(݈) − ܿ(0)ሿ ,ݖ)ݔ߲ ݖ߲(ݐ ቤ௭ୀ௟ + ሾ ሶܿ(0) − ሶܿ(݈)ሿݔ(݈,  (ݐ

+න ሷܿ(ݖ)ݖ)ݔ, ௟(ݐ
଴  (14)																																		ݖ݀

Substituting equation (14) into (13), it results the following 
local controller: ݑ௜(ݐ) = 1߬ ׬ ௟଴ݖ݀(ݖ)ܾ(ݖ)ܿ × 

				ቌ(ݐ)ߴ − (ݐ)ݕ + ߬ ௜ߛ න (ݖ)ܿ ,ݖ)ݔ߲ ݖ߲(ݐ ௟ݖ݀
଴  

		+ ߬ ߥ ሾ ሶܿ(݈) − ሶܿ(0)ሿݔ(݈, (ݐ − ߬ ߥ ሾܿ(݈) − ܿ(0)ሿ ,ݖ)ݔ߲ ݖ߲(ݐ ቤ௭ୀ௟ −߬න ߥ) ሷܿ(ݖ) + ௜ߚ ((ݖ)ܿ ,ݖ)ݔ ௟(ݐ
଴  (15)																																ቍݖ݀

 Consequently, the overall fuzzy distributed geometric 
controller can be obtained as:  (ݐ)ݑ = ෍ℎ௜൫0)ߤ, ൯௥(ݐ

௜ୀଵ
1߬ ׬ ௟଴ݖ݀(ݖ)ܾ(ݖ)ܿ × 

ቌ(ݐ)ߴ − (ݐ)ݕ + ߬ ௜ߛ න (ݖ)ܿ ,ݖ)ݔ߲ ݖ߲(ݐ ௟ݖ݀
଴ 																											 

									+ ߬ ߥ ሾ ሶܿ(݈) − ሶܿ(0)ሿݔ(݈, (ݐ − ߬ ߥ ሾܿ(݈) − ܿ(0)ሿ ,ݖ)ݔ߲ ݖ߲(ݐ ቤ௭ୀ௟  				−߬ න ߥ) ሷܿ(ݖ) + ௜ߚ ((ݖ)ܿ ,ݖ)ݔ ௟(ݐ
଴  (16)																														ቍݖ݀

III.  SIMULATION RESULTS 

In order to check the stabilizing performance of the 
designed fuzzy distributed geometric controller, let us 
consider the following forced Burgers-Fisher equation with 
distributed control [5]: ߲ݖ)ݔ, ݐ߲	(ݐ = ߥ ߲ଶݖ)ݔ, ଶݖ߲(ݐ − ,ݖ)ݔ (ݐ ,ݖ)ݔ߲ ݖ߲(ݐ + ݂൫ݖ)ݔ, 	(17)																																									(ݐ)ݑ	(ݖ)ܾ+ ൯(ݐ
subject to the periodic boundary conditions:  0)ݔ, (ݐ = ,݈)ݔ ,(ݐ ,ݖ)ݔ߲ ݖ߲(ݐ ቤ௭ୀ଴ = ,ݖ)ݔ߲ ݖ߲(ݐ ቤ௭ୀ௟ 							(18)	
and the initial condition:  ݖ)ݔ, 0) =  (19)																																	(ݖ)଴ݔ
where ݖ)ݔ,  is the distributed (ݐ)ݍ is the state variable, and (ݐ
control input on the spatial domain Ω = ሾ0, ݈ሿ; ݖ ,ݐ and ݈ 
denote the independent time, spatial position and the length of 
spatial domain, respectively. The parameters of the forced 
Burgers-Fisher equation (17)-(19) are set as follows: ߥ = 1.5, ݈ = ,ݖ)ݔ൫݂ ,ߨ2 ൯(ݐ = cos൫ݖ)ݔ, (ݖ)଴ݔ and	൯(ݐ = sin(ݖ).  

Authorized licensed use limited to: Consortium - Algeria (CERIST). Downloaded on January 27,2021 at 10:22:41 UTC from IEEE Xplore.  Restrictions apply. 



As mentioned above, the first task is to construct a T-S 
fuzzy forced Burgers-Fisher equation model for the nonlinear 
DPS (17)-(19) by using the sector nonlinearity method. For this 

purpose, let the nonlinear terms ݖ)ݔ, (ݐ డ௫(௭,௧)డ௭  and cos൫ݖ)ݔ,  ൯(ݐ
in Eq. (17) be denoted as ߤଵ(ݖ, ,ݖ)ଶߤ and	(ݐ  .respectively ,(ݐ
The first term ߤଵ(ݖ,  can be found in the local sector bounds ሾ−1,1ሿ which is described by two lines 1 and −1, while the (ݐ
second term ߤଶ(ݖ, can be found in the local sector bounds ሾcos(88) (ݐ , 1ሿ, which is represented by two lines ݖ)ݔ, and cos(88) (ݐ ,ݖ)ݔ    .(ݐ

 
 Fig. 1.  Open-loop profile of the fuzzy approximation error.  

 The two nonlinear functions in the forced Burgers-Fisher 
equation (17)-(19) can be written as:  

,ݖ)ଵߤ  (ݐ = ቀܩଵଵ൫ߤଵ(ݖ, .൯(ݐ (1) + ,ݖ)ଵߤଶଵ൫ܩ .൯(ݐ (−1)ቁ డ௫(௭,௧)డ௭   

,ݖ)ଶߤ  (ݐ = ൫ܩଵଶ൫ߤଶ(ݖ, .1	൯(ݐ + ,ݖ)ଶߤଶଶ൫ܩ .൯(ݐ cos(88)൯ݖ)ݔ,   (ݐ
 Therefore, the resulting membership functions ܩଵଵ൫ߤଵ(ݖ, ,ݖ)ଵߤଶଵ൫ܩ ൯ and(ݐ ,ݖ)ଵߤଵଵ൫ܩ :൯ are obtained as(ݐ ,ݖ)ଵߤ	൯=ቐ(ݐ (ݐ + 12 ,ݖ)ݔ										,	 ≠(ݐ 0											1											,								 ,ݖ)ݔ	 (ݐ = 0 ,ݖ)ଵߤଶଵ൫ܩ (20)							 ,ݖ)ଵߤଵଵ൫ܩ−൯=1(ݐ 																					൯(ݐ (21) 
while the membership functions ܩଵଶ൫ߤଶ(ݖ, ,ݖ)ଶߤଶଶ൫ܩ ൯ and(ݐ ,ݖ)ଶߤଵଶ൫ܩ :൯ are given as(ݐ =൯(ݐ ቐ	ߤଶ(ݖ, (ݐ − cos(88) ,ݖ)ݔ 1)(ݐ − cos(88))ݖ)ݔ, (ݐ ,ݖ)ݔ								,	 ≠(ݐ 0																			1																												,							 ,ݖ)ݔ	 =(ݐ ,ݖ)ଶߤଶଶ൫ܩ (22) 0 =൯(ݐ ,ݖ)ଶߤଵଶ൫ܩ−1 																					൯(ݐ (23)  
 Labeling the fuzzy sets as ‘ܩଵଵ =	Big’, ‘ܩଶଵ =	Small’, 
ଵଶܩ‘ =	Positive Big’, ‘ܩଶଶ =	Negative Small’, the forced 
Burgers-Fisher equation (17)-(19) can be approximated by a T-
S fuzzy model subject to the periodic boundary conditions (18), 

which is composed of four fuzzy rules on ℑ ≜ ,ݖ)ݔ} (ݐ ∈ℒଶ(ሾ0, ݈ሿ)| − 2 ≤ ,ݖ)ݔ (ݐ ≤ 2}: 
System Rule 1: 
IF ߤଵ(ݖ, ,ݖ)ଶߤ is Big and (ݐ ,ݖ)ݔis Positive Big, THEN߲ (ݐ ݐ߲(ݐ = ߥ ߲ଶݖ)ݔ, ଶݖ߲(ݐ − ଵߛ ,ݖ)ݔ߲ ݖ߲(ݐ + ,ݖ)ݔଵߚ  (ݐ)ଵݑ	(ݖ)ܾ+																	 (ݐ
System Rule 2: 
IF ߤଵ(ݖ, ,ݖ)ଶߤ is Big and (ݐ ,ݖ)ݔis Negative Small, THEN߲ (ݐ ݐ߲(ݐ = ߥ ߲ଶݖ)ݔ, ଶݖ߲(ݐ − ଵߛ ,ݖ)ݔ߲ ݖ߲(ݐ + ,ݖ)ݔଶߚ  (ݐ)ଶݑ	(ݖ)ܾ+															 (ݐ
System Rule 3: 
IF ߤଵ(ݖ, ,ݖ)ଶߤ is Small and (ݐ ,ݖ)ݔis Positive Big, THEN߲ (ݐ ݐ߲(ݐ = ߥ ߲ଶݖ)ݔ, ଶݖ߲(ݐ − ଶߛ ,ݖ)ݔ߲ ݖ߲(ݐ + ,ݖ)ݔଵߚ  (ݐ)ଷݑ	(ݖ)ܾ+																	 (ݐ
System Rule 4: 
IF ߤଵ(ݖ, ,ݖ)ଶߤ is Small and (ݐ ,ݖ)ݔis Negative Small THEN߲ (ݐ ݐ߲(ݐ = ߥ ߲ଶݖ)ݔ, ଶݖ߲(ݐ − ଶߛ ,ݖ)ݔ߲ ݖ߲(ݐ + ,ݖ)ݔଶߚ  (ݐ)ସݑ	(ݖ)ܾ+																	 (ݐ
 The parameters of the rule-consequents of the fuzzy forced 
Burgers-Fisher model are obtained as: ߛଵ = ଶߛ ,1 = ଵߚ ,1− =1 and ߚଶ = cos(88). 
 The overall T-S fuzzy forced Burgers-Fisher equation 
model can be written as follows:  ߲ ,ݖ)ݔ ݐ߲(ݐ = ߥ ߲ଶݖ)ݔ, ଶݖ߲(ݐ +	൭෍ℎ௜൫ݖ)ߤ, ൯ସ(ݐ

௜ୀଵ ൱ ×	 
൭−ߛ௜ ,ݖ)ݔ߲ ݖ߲(ݐ + ,ݖ)ݔ	௜ߚ (ݐ +  (24)							൱(ݐ)௜ݑ	(ݖ)ܾ

where 

,ݖ)ߤଵ൫ݓ           ൯(ݐ = ,ݖ)ଵߤଵଵ൫ܩ ൯(ݐ × ,ݖ)ଶߤଵଶ൫ܩ ,ݖ)ߤଶ൫ݓ												   ,൯(ݐ ൯(ݐ = ,ݖ)ଵߤଵଵ൫ܩ ൯(ݐ × ,ݖ)ଶߤଶଶ൫ܩ ,ݖ)ߤଷ൫ݓ												 ,൯(ݐ ൯(ݐ = ,ݖ)ଵߤଶଵ൫ܩ ൯(ݐ × ,ݖ)ଶߤଵଶ൫ܩ ,ݖ)ߤସ൫ݓ												    ,൯(ݐ ൯(ݐ = ,ݖ)ଵߤଶଵ൫ܩ ൯(ݐ × ,ݖ)ଶߤଶଶ൫ܩ  ,൯(ݐ
and    	ℎ௜(ݖ)ߤ, ((ݐ = ௪೔൫ఓ(௭,௧)൯∑ ௪೔൫ఓ(௭,௧)൯ర೔సభ ,					݅ = 1, … ,4. 

 The constructed T-S fuzzy model (24) represents the forced 
nonlinear Burgers-Fisher equation in the region ሾ−1, 1ሿ ×ሾcos(88) , 1ሿ. Here, it can be easily found that: ݓ௜(ݖ)ߤ, ((ݐ ≥ 0,	 ݅ = 1,…	,4 and ∑ ,ݖ)ߤ)௜ݓ ସ௜ୀଵ((ݐ > 0 ℎ௜(	ݖ)ߤ, ((ݐ ≥ 0, ݅ = 1,…	,4 and ∑ ℎ௜(ݖ)ߤ, ସ௜ୀଵ((ݐ = 1. 
 The profile of the fuzzy approximation error between the 
original nonlinear model (17)-(19) and the proposed fuzzy 
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model (24), obtained for (ݐ)ݑ = 0, is depicted in Fig. 1. The 
global approximation error is in the scale 10-5 which is very 
acceptable. Setting the values of the control parameters of 

Eq.(16) as ܾ(ݖ) = (ݖ)ܿ ,1 = ߬ ,ݖ = (ݐ)ݕ ,1 = ׬ ,ݖ)ݔ	ݖ ଶగ଴ݖ݀	(ݐ  
and (ݐ)ߴ = 0, we get a fuzzy distributed geometric control of 
the form:   (ݐ)ݑ = ∑ ℎ௜൫ߞ)ߤ, ൯ସ௜ୀଵ(ݐ ଵ׬ ௭	ௗ௭మഏబ × 

ቌ−න ,ݖ)ݔ	ݖ ଶగݖ݀	(ݐ
଴ − 1.5 ,ݖ)ݔ߲ ݖ߲(ݐ ቤ௭ୀ௟ + ௜ߛ න ݖ ,ݖ)ݔ߲ ݖ߲(ݐ ଶగݖ݀

଴ 	
− ௜ߚ න ,ݖ)ݔ	ݖ ଶగ(ݐ

଴  (25)																																																																	ቍݖ݀
 Applying the obtained distributed control (25) to the forced 
Burgers-Fisher equation (17)-(19), it results the closed-loop 
trajectory of ‖ݔ(. ,  ௅మ(௭) shown in Fig. 2. From the obtained‖(ݐ
results of Fig. 3 and Fig. 4, it can be observed that the 
stabilization of the system output around the specified set-point 
reference has been indeed achieved under a smooth evolution 
of the manipulated control variable.  

 

Fig. 2.  Evolution of the closed-loop trajectory of ‖ݔ(. ,  .௅మ(௭)‖(ݐ
In addition, the resulting closed-loop profile of evolution 

of the fuzzy forced Burgers-Fisher equation model is 
illustrated in Fig. 5. From that figure, it can be clearly seen 
that the proposed fuzzy distributed geometric controller (25) 
was able to ensure an efficient stabilizing task of the forced 
Burgers-Fisher equation (17)-(19) under the periodic boundary 
conditions.  

V. CONCLUSION  

This paper has addressed the problem of control of the 
nonlinear Burgers-Fisher equation model by means of fuzzy 
reasoning. More precisely, a fuzzy distributed geometric 
controller has been designed and applied to a nonlinear forced 

. 
 

 
Fig.3.  Evolution of the controlled output (ݐ)ݕ. 

 
Fig. 4.  Evolution of the manipulated variable (ݐ)ݑ. 
 

Burgers-Fisher equation model under periodic boundary 
conditions. To this end, a T-S fuzzy forced Burgers-Fisher 
equation model with distributed control has been first 
proposed. The constructed fuzzy model has then been used to 
derive an infinite dimensional fuzzy controller that stabilizes 
the DPS around its equilibrium state. A simulation study has 
been performed in order to demonstrate the effectiveness of the 
proposed fuzzy distributed controller. The obtained results 
have clearly shown the performance of the resulting closed-
loop system which impacted considerably well the control of 
the complex dynamics of the nonlinear forced Burgers-Fisher 
equation model. Moreover, it is worth noting that, with regard 
to the described design procedure, the proposed fuzzy PDE 
model-based controller is easy to derive, through “fuzzy 
blending” of local distributed control laws, and easy to 
implement as well.   
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Fig. 5. 3-D profile of the controlled Burgers-Fisher equation model. 
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